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https://www.youtube.com/watch?v=OgFY5R4kATk
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Stratton-Chu formulas for calculating EM Fields of antennas: (by L. J. Chu)

E(F) = jﬂ[—jwehﬁve —J, xV'GIAV+ff[- jeuG(a, x H) + (4, - E)V'G + @, x E) x V'G]dS'
v £ &

H (F) = m[—ngsjm +”7mve + ij‘G]dV'Jrﬁ[jaxeG(én xE)+ (4, -H)V'G+ (4, x H)xV'G]dS'
V' S’

— jkr

where G = is Green’s function in the free space.
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Chapter 1 Electromagnetic Field Theory

1-1 Electric Fields and Electric Dipoles
divergence

Gauss’s law : <j’:J’DSE,dg=%=%m.pdV' _theom ﬂ V. Edv' __J‘J'J‘ pdv' = V. E— /;’

and go= L x107° (F/m) in the free space.
367

R SN T E
r il \('
4 /
£ N
/ 5 )
I/ f !
\ i |
/
\\ //
\\ o
\\ ///

- a... %_ ' NP
For q at R", field point at R=E-= qﬁRRﬁ = q(Rﬁ 3 and &g, FE l? :
Aze|R-R'|?  4ze|R-R'P R—R\
E due to a system of discrete charges: E = ! Z qk_)(R:R )
TE =1 | R—R' |3
k
\Volume source p= E ——ﬂj aA ﬁdv_ ! HL PR d
A 3
ps ' H -t " pl
Surface source ps= E- —ﬂ a dS Line source pi= E = J'a dl’
> oA R =3 _
Eg. Show that Coulomb’s law F = ar qlqzz = %l ~, where &, :E, R :‘R‘.
4R 4R R
- 22 G 2e 2_0 G _ QR
Proof) ".© F=q,E and E-dS=—=4ar"E, E=a =
(Proo) % i P “4zR? 4nR

E :a qlqz2
AR



Eg. Determine the electric field intensity of an infinitely long line charge of a
uniform density p; in air.
(Sol.)

E-dS=[ ["Erdgdz = 2arLE
S 0 JO

omlE=PL Eoa A
& 27yl

Eg. Determine the electric field intensity of an infinite planar
charge with a uniform surface charge density ps.

(Sol.) £E~d§:2ES=2EA, 2EA = PR

€y
Area A
A E
= Z&, z>0 Gaussian I’z
= E = 28 g mﬁf y
A
=—Z &1 Z< O Infinite uniform
280 surface charge, ps

Eg. A line charge of uniform density pi in free space forms a semicircle of radius
b. Determine the magnitude and direction of the electric field
intensity at the center of the semicircle. [E%]

> pibdg)
(Sol) dE, = . sing,

0

g A A

P (" o P
E=yE =—-y——| singdg=—
YE =Y dreyb -[0 #dg=-y 27eyb

Eg. Determine the electric field caused by spherical cloud of electrons with a
volume charge density p=-po for 0<R <b (both po and b are positive) and p=0
for R>b. [X KB -FHIEFT]
(Sol.)
@ R=b
- A 3
Q=-p b, E""MLR aRsif,iz
(b) 0<R<D

cloud

E-a.E, dS=a.dS. § E-dS=E[dS=E4zR?
R R Si Si

Q= [[fpav=-p[[fav=-p, TR, E=-a, 25

3&,



Eg. A total charge Q is put on a thin spherical shell of radius b. Determine the
electrical field intensity at an arbitrary point inside the shell. [&XEBHF]
(Sol.)

ps Q dE ps (dsl _dSZJ

= 2 = 2 2
47b Are, \ 1, r,

ds ds
dQ:—zlcosa:—;cosa, dE =7 (dQ _de j:O
r, r, 4rg, \COSa  COS

Electric dipole: A pair of equal but opposite charges with separation.

=2 5 3 2 a 2 a -3/2 2 d? -3/2
R——|"=[(R-—=)-(R—— =[R*-R-d+—
| 2| [( 2) ( 2)] [ 4]

g Rdigs oo 3Rd
=R 3[1—?] 3/25 R 3[:I.-i'E R2 ]

—

d

|§+E|-3; rop-Rd

2 R?

]

( Bzgp:p(aARcosa—égsine) ﬁ-B:pcose j
=

E= 4—;3(&; 2c0s6 + a; sin 0)
T

Eg. At what value of @ does the electric field intensity of a z-directed dipole have
no z-component.

N

(Sol.) E=_P 3(efr20030+afgsim9), Q:af,cose—afesine
4rgR

No z-component=>2cos 8 -cos @ —sin 6 -sin @ =0 = tan® § = 2 = 6=54.7° or 125.3°



1-2 Static Electric Potentials

N

E=-W =V,-V,=—[7Edl and V¥V =—-p/e
Py

Electric potential due to a point charge:

q //// / &K
V = —I a a dR=—"— / R %
msR 4R Vi ey, B’
[ o
Va =Yy, =V, 4m¥ﬁ___? \ K ! &/ /
\ \\_‘_'/// /
Electric potential due to discrete charges: % K.
1 5 G \\\; v
dre SRR
Electric potential due to an electric dipole:
R

If d<<R, we have

-1
i;(R—gcosé'j ;R1(1+icosej
R 2 2R

1 T (. d
and —=|R+—cosf@| =R |1-—cos@
R 2R
qdcosd > = p-aAR
= , =qd =V =
4reR? P=q 4reR? V)
- 2 oN N p

(aAR 2c0s 6+ a; sin @)

__ag__ 3
OR Ro6 4reR

Scalar electric potential due to various charge distributions:

1 P
\Volume source p=>V = — Zdv'.
g 4ﬂ€£”;R
1 ¢p
Surface source ps=>V =— || ==dS'
P 4HEIL'R
Line source pi=>V = ijﬂdl'
Az’ R
Note: 1. Vis a scalar, but E is a vector.

2. E=-VV isvalid only in the static EM field.



Eg. Obtain a formula for electrical field intensity along the axis of a uniform line
charge of length L. The uniform line-charge density is pi. [E%]

L F—1¢£0, 0, 2)

(Sol.) R=z-17, z>§
drg, 127-7" dre, |z2-(LI2) 2 :
- A A _'/_ i3 L2
-V _; Ak Al . ) +
dz 47Z£0|_22—(L/2) J 2 L2

Eg. A finite line charge of length L carrying uniform line charge density pi is

coincident with the x-axis. Determine V and E in the plane bisecting the line
charge.

L/2

pdx P

(Sol.) V = j

2reyy

= In (£J2+y2+L ~Iny
2 Ane X2 +y? 27& 2 2

and E=—VV=§/ P L/2
(L/2) +y?

Eg. A charge is distributed uniformly over an LxL square plate. Determine V

and E ata point on the axis perpendicular to the plate and through its center.

o

(Sol.) ps=%, yi s yiez?, v=_Lo
) : _
2(;} +22+E
= QL2 —In ; —ztan™
Ey 2(;] N , L
5)
E--VV =2 taan’1 2
7Z'6'O|_ L 2
z 2(2) + 22

L2 L 2 L
In /— +y 4t 4= |-Inyy? +2%
ome, JL/Z{ { (2) y 2] y }y



Eg. A positive point charge Q is at the center of a spherical conducting shell of an

inner radius Rj and an outer radius Ro. Determine E and V as functions of the

radial distance R. [[5%]

(Sol.) R>Ro, ﬁEd§: EaR? =, E=— 2 v = —['EdR= Q
s & 4reR © 4reyR

Ri<R<Ro, E=0, V =V -9
R=R, 4r&R

0

R<R;, E-_Q V:—jEdR+C: QR _.¢
4reR 4

S~ + -7 Conducting
= shell

(a)
V.
O ] N
4reoR, . |
J\.'R : ] SR
Ri R, o

) ©

Er
0
(b

Eg. Consider two spherical conductors with radii b; and b, (b2>b;) that are
connected wire. The distance between the conductors is very large in comparison
to b, so that charges on spherical conductors may be considered uniformly
distributed. A total charge Q is deposited on the spheres. Find (a) the charges on
the two spheres, and (b) the electric field intensities at the sphere surfaces?

(Sol.)

@ & . Q9 Qb

1
- ) — T + =
4reb, Anmeh, Q, b, Q+Q=Q
b, b
= and =2
Q b1+b2Q Q. b1+b2Q

4reb} 4re,b?’ E,

(b) Eln=& and E, = Q, 5=(b_2J Q_b



Eg. Obtain a formula for the electric field intensity on the axis of a circular disk
of radius b that carries uniform surface charge density

ps- [&5]
(Sol.) ds'=r'drdg, R=+z?+r?

v = _Ps

27 b r'
B Are, J‘o .[o (ZZ N rlz)l
e ]

—dr'dg’

2¢,
- AoV gzps b—Z(ZZ-I-bZ)_l/Z:l z>0
E=-VW=-72— =, | %o 1/2
oz —z&b+z(zz+b2)f ] 7<0
2¢,
7 Q
2 I 2 z 2 z>0
As 7>>1= z(zz+b2)’“2;1_b_2, E:Z(ﬂb ,052) _ A47z562
2z dreyz _7 : 1 <0
4re,z

Eg. Make a two-dimensional sketch of the equipotential lines and the electric
field lines for an electric dipole.
(Sol.)

qd cosé

For an electric dipole, V = >~ =constant= R =c,v/cos&

4rg,R

dl = kE , where k is a constant.

a, dR+a, RO+ a, Rsin 0dg = k(efR Ep+a,E,+a, E¢j

dR Rd6 Rsinfdg dR  Rdo
E. E, E,  2cosd sing’

R=c.sin’*@ S



1-3 Magnetic Fields

Magnetic field: H = 2_B , where z0=4nx107 (A/m) in the free space.
H o Hy
Magnetic flux density: B = Hol ff d/ xza
47 ¢ R

Ampere’s law of H : §H-df=l o VxH=1J

L UXBoT4T —T4VxM or Vx(B—M)=7,

/Jo /UO

A= M= fH-dl =1 a1d B= (A +M)= g0+ 7,)H = oA,
Ho

Gauss’s law of B: V-EzO@ﬁg-d§:O

© V.B=0, JA fulfills B=VxA

VxB=ul =VxVxA=V(V-A) -V?A

Choose V-K=0:V2K=—yj (Note: v = —£ is scalar Poisson’s equation)
£
p i M

4ﬂgm Lav', . A= —”.m—dv (Wh/m)

Magnetic flux: |® :HB-d§ :”(VXA)-d§ =§A-d|" (Wb)
S S C
Biot-Savart’s law: B =y_Ide XZaR =’u—|§d| iR
4rY R 4z 2. R
m— '_ —, " Vx(fG) = fVxG +(Vf)xG),

. B=VxA=Vx L'§ﬂ :ul§ (7) ul §[1de|'+(Vl)xd|}:“'§d'X2aR
47Z'C. R 4 A R R 472.0 R



NN _
Note: |V=*5+Y5," %% “andthen dB =4
Az

dl'' = Rdx'+ydy'+2dz' = V xdl'=0

dr'xéR) _ﬂ_ldr'xﬁ
R? 4r R®

Eg. A direct current | flows in a straight wire of length 2L. Find the magnetic

flux density B ata point located at a distance r from the wire in the bisecting
plane.

(Sol) di'xR = 2dzx(4,r - 22') =4,rdz', R=(2% +r?)"

B_a ,u.;IJ‘L rdz' _3 Lol
( 472_ L (Z|2+r2)3/2 (4 27zr 'L2+r2

Eg. Find the magnetic flux density at the center of a square loop, with side w
carrying a direct current 1.

Sol) L=Y  r=" in this case,
2 2

'uOIE _22\/§ﬂo|

Eg. Find the magnetic flux density at a point on the axis of a circular loop of
radius b that a direct current I.

(Sol) dI'=4,bdg’, R=2z—4 b, R=(z? +b?)"?

dI'xR = 4 bzdg'+ 2b’d ¢’

.Incase of 2=0, B=22"
2(z% +b?)¥? 2b

5_ ol o é,bz+2b2d . wlb?
_EL (2% +b2)¥2 p=1

Eg. Determine the magnetic flux density at a point on the axis of a solenoid with
radius b and length L, and with a current in its N turns of closely wound coil.

_ 21,107 [\
(Sol.) dB = 0 S ()dz
A(z-12") +b?]?
—B»:J.Ld—B»:yONI L-z N z :uONI z 3 z-L
0 2L [(L—z)2+b2]w Jz? +b? 2L \/22+b2 \/(z—L)2+b2



Ampere’s law of B: V xB= ,uj = §I§ -dl = gl , where u=uo in the free space.

Eg. An infinitely long, straight conductor with a circular cross section of radius b
carries a steady current I. Determine the magnetic flux density both inside and

outside the conductor. [RXAIEEF] L
(Sol.) @& da
() Inside the conductor, r<b: . ‘

—

- 27 i’ roo, ol
iB-dI=L Brd¢=2ﬂr3=m(?)|=m(5) |=>B=4

2>

. e = ol
(b) Outside the conductor: §B -dl =27B = ol = B =34, o
C2

Eg. Along line carrying a current | folds back with semicircular bend of radius b.
Determine magnetic flux density at the center point P of the bend. [5%]
(Sol.)

1

L — — _ | - | ¢
B=B, +B,,where B, =225 B, =7

47b 4b >

Eg. A current | flows in the inner conductor of an infinitely long coaxial line and
returns via the outer conductor. The radius of the inner conductor is a, and the
inner and outer radii of the outer conductor are b and c, respectively. Find the

magnetic flux densityE for all regions and plot ‘E‘ versus r. [ B R E]

= Aol = A
(Sol) O<r<a, B=4, A >, asr<b, B=a¢#—I
27a 27
~ ci-r?
A U
b<r<c, B=4,(———)—
¢(C2—b2)2m’

Eg. Determine the magnetic flux density inside an infinitely long solenoid with

air core having n closely wound turns per unit length and carrying a current 1.
(Sol.) BL=wnLl => B= onl




Eg. Determine the magnetic flux density inside a closely wound toroidal coil with
an air core having N turns and carrying a current I. The toroid has a mean
radius b, and the radius of each turn is a.

(Sol.) §§-di = 27B = NI

N ,LloNl
— |4 B= , b—-a<r<b+a
B=<:7 % 27r
0, elsewhere

Eg. In certain experiments it is desirable to have a region of constant magnetic
flux density. This can be created in an off-center cylindrical cavity. The uniform

axial current density is J =2J. Find the magnitude and direction of B in the
cylindrical caV|ty whose axis is displaced from that of the conductlng part by a

distance d. [&XEHM - FREW - FREH]
(Sol.) 3=2J, §E-di=ﬂ0|

If no hole exists,

_/uo‘]
Ur X1 = 2 Y1
271, By = p,m’) =By =L =
B —’u°‘]x
yl 2 1
_Hed
For - J in the hole portion, B¢2=_&J:> vo2
B —ﬂ"Jx
y2 2 2

At y, =y, and X, =x,+d =B, =B, +B,, =0, and B,=B, +B,, =




1-4 Electromagnetic Forces

Lorentz force equation: F = q(E +\7x§)
Electric force: F, =gE . Magnetic force: F, =quxB

Eg. An electron is injected with an initial velocity Vo = YVo Into a region where

both an electric field and a magnetic field B exist. Describe the motion of the
electron if E=2E, and B = XB.. Discuss the effect of the relative magnitude of
Eo and Bo on the electron paths in parts.

-

(Sol.) m% =—e(E+VxB),

ov, 0
ot v, =0
E=%E |ov 0 o
B = —yz—EBoVZ = vy=(VO—E)COSa)Ot+E
B=fB, |0t m Bo Bo
oV e Eo . (S
z - _~ (Eo—Bo vV, =(—-V,)sinat; o, =—Bo
= m(E Bov, ) (Bo ) -
x=0
If E, c E E c c
( VoiB_) =y=—,sinot+—=>t = (Y- + (2 +-2) = (-2)*
0 a)o BO Bo a)o a)O
z :—C—Z(l—cos%t), C, =V, 5

Magnetic force dueto B and I:

Fo =7 xB = dF, =dg S xB=9dixB=107xB, . F,-1{dixB
dt dt |

Eg. Determine the force per unit length between two infinitely long parallel
conducting wires carrying currents I1 and Iz in the same direction. The wires are
separated by a distance d. [[EAXEH]
(Sol.) F,'=1,(2xB,,),

h
.

ot
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Eg. The bar AA’, serves as a conducting path for the current I in two very long
parallel lines. The lines have a radius b and are spaced at a distance d apart. Find
the direction and the magnitude of the magnetic force on the bar. [Hr [ I#EEFr]

(Sol.)



http://faculty.pccu.edu.tw/~meng/e-paper.wmv
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Cool Techrv:ol otrg

Scalar electric potential function: V = ij’”ﬁ dv'
4rey? R

Vector magnetic potential function: A= ﬁﬂji dv'
4r -y’ R

Retarded potentials:

VRD=— jvjj”“ v, Ary= L Uf@d“




1-5 Faraday’s Law and Magnetic Dipoles

Faraday’s law: V><E_—Zt—B or j:E dé_—”— dS

. VXE:—@:_Q(VXA)DVX(E'F%):O
ot ot
. 3V fulfills E+%:—VV:>E_—VV—%
ot ot
oA
Note: In static field: E =—-WVV , but in time-varying field: E——VV—E

Emf: V =¢E-dl . Magnetic flux: ®=HB-dS, {E-di=—[[=-dS =V =—""
: fo.ss. fe.ai—(2
Motional emf: v':§(\7x|§)-d|‘ (Volt)
C

F =q\7><l§:>i:\7x§z—|§m = §E dl = f(\7><l§)-dr
q c

Eg. A circular loop of N turns of conducting wire line in the xy-plane with its

center at the origin of a magnetic field specified by B = 2B, cos(ar/2b)sin wt,

where b is the radius of the loop and @ is the angular frequency. Find the emf
induced in the loop.

(Sol.) D= J‘:[iB0 cos(ﬁ)sin( wt)]-[227rdr] = % (— —-1)B, sin( wt)
y = Nd® _ 8N, & ~DB,wcos(at)
dt V4

Eg. A metal bar slides over a pair of conducting rails in a uniform magnetic field

B = 2B, with a constant velocity v. (a) Determine the open-circuit voltage Vo that

appears across terminals 1 and 2. (b) Assuming that a resistance R is connected
between the two terminals, find the electric power dissipated in R. [ZZ K EBYIF]

(Sol). (@) v, =V, -V, = [ (Rvx2B,)-(ydll) = ~vB,h

T —

! 7
2 " :‘)@ @L@d( “@
(b) P, =172R= (‘2" )R@(\N) gi_@@l@ .




Eg. The circuit in Fig. is situated in a magnetic field B = 23cos(57z107t—§7zx)

uT. Assuming R=15Q, find the current i. [Fr LI EEFT]

t :
(Sol.) cD=j°'63cos(57z><107t—37zx)1o-6.(o.zdx) § ° o, o g
0 3 0

V=— dd—? = 45[cos(57 x10"t — % 70.6) —cos(571071)] ,

i = _1.76sin(5710"t — 0.277)
2R

Eg. A conducting sliding bar oscillates over two parallel conducting rails in a
sinusoidally varying magnetic field B = 25cos(wt) T. The position of the sliding
bar is given by x=0.35(1-coswt), and the rails are terminated in a resistance R=0.2
Q. Findi.

(Sol.) @ =5cosat-0.2(0.7 —x), x=0.35(1-coswt), 1 T :
0] (0] 0] (0]
iz_i_dq) o'zfm) ® @I@B ® %R _
R dt 0#*0,7@)———4

=1 =175wsin ax - (L + 2cosat)

Eg. The Faraday disk generator consists of a circular metal
disk rotating with a constant angular velocity @ in a uniform
and constant magnetic field of flux density B =127B, that is
parallel to the axis of rotation. Brush contacts are the
open-circuit voltage of the generator if the radius of the disk
isb.

@B, b?
2

(Sol) V, = f(vxB)-dl = j34[(a¢ra)) x 2B,]- (4,dr) = a)BO_LO rdr =

V)

Magnetic dipole moment:
m=2IS = Zm, where S is the area of the loop that carries I and m=IS.
Vector potential of a magnetic dipole:

. Mx & - - m .
A:ﬂOAfT;R,where B=V><A=f°—ﬂRs(éR20030+éesm 0)

PR, 6,%/2)




Eg. For the small rectangular loop with sides a and b that carries a current I.
Find the vector magnetic potential A at a distant point P(x,y,2). '

And determine the magnetic flux density B and A.[XANE
Frl

(Sol.) A—'uo— where m=lab, B =Vx A= 4o (aR20030+aesln0)
47R? 4R’

Consider an infinitely long solenoid with n turns per unit length around to create a

magnetic field; a voltage V1:—ndq%t is induced unit length, which opposes the

current change. Power P;1=-Vil per unit length must be supplied to overcome this
induced voltage in order to increase the current to I. The work per unit volume

required to produce a final magnetic flux density B is W1= ff HdB .
nAv

2

Magnetization vector: M = lim-=— (A/m), where m, is the magnetic dipole

moment of an atom.

dz\:md Mo v E )dv_& Loum—vy M
4R 4r 47| R R

3K:%”J-V;M .ﬂo”VX{ }j (IJJV‘XEdVl:_gEXdSI)
J-J'J-VXM —ﬁM;a ds'

". Magnetization volume current density: jm =VxM| (AIm?)

Magnetization surface current density: |J,., =M x&,| (A/m)

Equivalent Magnetization Charge Densities:

" 1 A V'-P
v -t M- ”dS 7.[” (VM)d (Note: v ﬁ Ra 47r£ '[H ( )

" 47[ 471'80

Define the magnetization surface charge density as pmszﬁ-én and the

—

magnetization volume charge density as |p, =-V-M




Eg. A ferromagnetic sphere of radius b is uniformly magnetized with a

magnetization M =2ZM,. (a) Determine the equivalent magnetization current

densities jm and J ms. (b) Determine the magnetic flux density at the center of

the sphere. [& X EHT]

(Sol) @) J, =VxM =0, Jms =(4,c0560 -4, sin O)M, x &, =4,M, sin 0

- 2 - -
(b) dezﬂo(\]msbde)ng|n0) :2IUOM0 Sin30d0, BzzﬂoMoj Sin39d0=2g,qu0.
2(bz)é 2 2 3

Eg. Determine the magnetic flux density on the axis of a uniformly magnetized
circular cylinder of a magnetic material. The cylinder has a radius

b, length L and axial magnetization M = 2M,. [&AYIHH]

—_—

(Sol) J,=VxM =0, Jms=M x4, =(IM,)x4, =4,M,,
dl =J,.dz’
2 '
EZ?IL ,UOMOb dz : :2lquo z B Z—L
* 2z 27 +p2]" 2 | J2 b7 Jz-1)7+b?

Eg. A cylindrical bar magnet of radius b and length L has a uniform
magnetization M = ZM, along its axis. Use the equivalent magnetization charge

density concept to determine the magnetic flux density at an arbitrary distant

point. [ A TH] -

M,, top v/

(Sol) p,. = M-4 =4 M,, bottom, pm=0 in the interior region

n

0, sidewall

1 1
— h? — h? \Vj :q_m___
Oy =70 P =7 Mo =V (X,Y,2) =7 (=) (A)

_qg,Lcos® (#°M,)Lcosd M, cosd

~where M. =7b%LM
47R? 47R? 47R? T °

- M .
B=-u,VV =t —(4,2c0s 6 +a, sin 9)

° " 4aRE



