Chapter 6 Metallic Waveguide and Cavity Resonators

6-1 General Metallic Waveguides

How to study the theory of metallic waveguides (by
/\ /\ . L. J. Chu, 2KREEY):

T T /T\ T 1. Specify a proper coordinate system, and derive
/\ /ﬂx\ waveguide’s equations to express the transverse
components of the E- and H-fields in terms of the
longitudinal components by Maxwell’s equations.

Input eigenmode Input non-eigenmode

2. Caculate the eigenmodes (TM mode, TE mode, TEM mode or other types of
modes) of the waveguide, and obtain the eigenvalues and the longitudinal
field-components of the corresponding eigenmodes by solving the wave equations.
Substituting the longitudinal field-components into the longitudinal components,
we can obtain the other components. If the eigenmode is injected into a waveguide,
it can propagate along an infinitely-long straight waveguide without any
deformation. However, in case the input EM wave is not an eigenmode, some
power loss occurs and then it becomes the eigenmode gradually. All the
eigenmodal functions in an infinitely-long straight metallic waveguide are
orthogonal to each other. Moreover, these eigenmodes form a complete set (a
basis in a vector space), such that any electromagnetic fields within the waveguide
can be uniguely expressed by the eigenmodal functions.

3. Obtain the quantities of the physical characteristics for a given eigenmode, such as
the cutoff frequency (fc), the propagation constant (y=a+jp), the phase velocity

(Vp=w/f), the group velocity (v, = 0w/ 5p ), the impedance Z, etc.

Input non-eigenmode, and then the wave decays and

Taput the eigenmode of waveguide T — el g
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Waveguide’s equations: According to Ampere’s law and Faraday’s law, we obtain
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Note: All frequencies make ytem is pure imaginary= TEM wave can propagate at

any frequency, no cutoff.
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Case 3 TE mode: E,=0, H,#0 and \/{*H,+h?H,=0
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Wave Impedances and Guide Wavelengths for f > f,
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A case of longitudinal v,>0 but longitudinal v4=0 in barber’s pole.



http://faculty.pccu.edu.tw/~meng/Phase%20Velocity.wmv

6-2 Parallel-Plate Waveguides

Case 1 TMn mode: H,=0, E,(x,y)=E,(y)e”*

dl::jz(ZY)Jrthz(y):o, E,(y)=0 aty=0andb
y

= Eigenvalues: h:nT”, E,(y)=A, sin(n%y), n=0,1,23, ...
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Cutoff frequency: f.= fulfills y=0. (Note: n=0 is the TEM mode
q Y Tc zb\/E y=0. ( )
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Eg. (a)Write the instantaneous field expression for TM; mode in a parallel-plate
waveguide. (b) Sketch the E- & H- field lines in the yz-plane.
(Sol.) @) For n=1,

E,(y,2,t) :%Aicos(%)sin( ot — fz)

Magnetc ied lines, ; ’ a)ﬁ‘b .
oF) Electric field lines (x-axis into the paper) H , (y, z , t) [ 'Ai COS(%) Sln( a)‘t — ﬂz) ,
T

E.(y,z,0
(b) dy dz jﬂ:—y(y 2.0) =—@cot(ﬂ)tan pz :>cos(ﬂ)cos fZ =constant
E dz E,(y,z,0) Vs b b

y z



Eg. (a) Write the instantaneous field expression for TE: mode in a parallel-plate
waveguide. (b) Sketch the electric and magnetic field lines in the yz-plane.

(Sol)) (a) For n=1, H,(y,z;t)=B, cos(%)cos(wt—ﬂz),

H, =,z =22 Blsin(%)sm(wt—ﬂz)

T

Ex(y,z;t)=—%b Blsin(%)sin(a)t—ﬂz), where B is the same as that of the TM1
T

mode.

(b) At t=0,

£ (9,20 =~ 2B, sin(D)sin .
T

H , 2.0
ﬂ = M = @tan(ﬂ) tanﬂz
dz H,(y,z,0) =« b

Eg. Find the electric and the magnetic fields of the propagating wave in a
parallel waveguide b=5cm, filled with a dielectric (4eo,u0) and excited by

H = ycos 407xsin 8710°t.

(Sol.) f=4x10°Hz, cos40nx= cos(z—m() : TM2 mode
0.05

(f)m, :ﬁzsxmg, (fo)m, < f, .. TM2 mode can propagate!
HoSé&g

B = o u,be, /1—((f°1m2 )2 =110.82 = H = ycos(407x)sin(8710°t —110.822)

E = %124.67 cos(407x) sin(8710°t —110.827) + 7141 .37 sin( 407x) cos(8710°t —110.827)

Eg. Find the electric field of the propagating wave in an air parallel waveguide
b=5cm excited by E = y10(sin 207 + 0.5sin 602x)sin 10'°t .

(Sol.) f=5x10%Hz, sin20mx= sin(ﬂ): TE; mode, sin60nx:sin(3—ﬂx): TEz mode
0.05 0.05

L _3a0° (), __ 3 _gu10°, (fre, < F<(fore,

f), ——=
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.. Only TE1 mode can propagate! g=w./u,z, /1_((f°f)TE1)z :BOT”

E = §10sin( 202) sin(10° 2t — 807”2)



Energy-transport velocity and attenuation in parallel-plate waveguides:
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Attenuation constant: a=aq+oc
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a of TE mode: aq is the same as the expression in TM mode

Ly B DBy BB
P(2) =w], 2 (E)(H,)*dy =22 (227 [ sin*(C)dy = wanpb 22"

p=ous 1= (2

P.(2) = 2w(% 3./ R)=w[H,(y=0) R, =wBR,
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Note: . {a°} of the higher-order modes >{a

o

°} of the lower-order modes, .'.
ay

the lowest-order mode is often utilized in communication systems. Otherwise, the
signal decays very soon.

Eg. A waveguide is formed by two parallel copper sheets, which is separated by a
5cm thick lossy dielectric £=2.25, ur=1, 6=10"°(S/m). For an operating frequency
of 10GHgz, find a4, ac, B, Vp, Vg and A4 for (a) the TEM mode, (b) the TM1 mode.
(Sol.) 6c=5.8x107(S/m)

(a) TEM: B =\ ue =314.16rad/m, «, =%=1.257><10‘8Np/m,

ac:l @:2078X10—3Np/m’ Vp=i=2><108m/s' Vg=Vp,
b\ o,

Jue

\Y
A, =—=0.02m
f
1 f
b) TMy: f, = =2x10°Hz, f=w\us- [1-(-£)* =307.88rad/m
@y = —— =1282x10°N  /m+ — ! =4.237x10°N,_ /m
21— (f, 1) mh (.1 )L-(f, /)]
81\ 2 \Y;
v, =9 _2041x10°m/s, v, =w=1.96x108m/s, Ay =—2=0.0204m
B 2.25v f
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6-3 Rectangular Waveguides

Case 1 TMmnmodes: H,=0, E,(x,y,z) = E2(x,y)e™
2 2

(VZ+h*)E, (x,y) = O:>(a +§y—+h)E (x,y)=0,

E,(x,y)=0 atx=0, a, and y=0, b

Eigenvalues: h? :(%)2 +(nT”)2, E,(x,y)=E, sm(—)sm(nﬁy)

Waveguide’s equations =

E(xy)=—LZ ﬁm(@w“)uww—(ﬁm()mﬁw
h" a a b b

J“ﬂmM(mm(WH(w—”ﬁmmm()wa
a h a b

HX(X,Y)—F b

o m n .
=if= J\/a)z,ug ~ (22 —(Fﬁ)2 . Note: TMmn mode, neither m nor n can be zero.
a

Cutoff frequency: (f,),

1 m,, N,
m:ﬁ (g) +(B)

In case of f>f.: waves can propagate, else if f<f.: evanescent waves (cutoff).

Case 2 TEmnmodes: E;=0, H,(x,y,z)=H,(x,y)e”*

oH,

o P :0(orEy=0) x=0, a
( +—+h)H (x,y)=0, at _0 b
¥ aHZ:0(0rEX=O) y="5
= H, (%, y) = Hy cos(2) cos("y)
a b
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m
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Note: We prefer the single-mode waveguide because the fundamental mode has the
lowest attenuation and avoid modal dispersion. The bandwidth of the single-mode
waveguide is (fe)i1<f<(fc)2.

Eg. Calculate in ascending order the cutoff frequencies of an axb rectangular
waveguide for the following modes: TEoi, TE1o, TE11, and TEq if a=2b.

Ty a=2b=> (f,)pe, =

1 m,,

(Sol.) f, =

1
4b\/_ edes =50 T

1

(fc)TE11 = (fc)TMu = , (f )TE02 =

bv b/ pe
Note: In case of 2b>a>b, the fundamental mode of the rectangular waveguide is TE1o
_1
23.1//,18

cutoff wavelength (4;)., =2a. It means that the TEio mode will be cut off in case

mode. It has the lowest cutoff frequency (f;). = and the corresponding

of f<(f)e, = or A>(A ), =22

1
2a\/y_g

Dispersion: Waves have different velocities
Modal Dispersion: Different modes have distinct phase velocities.

Eg. Calculate and compare the values of g, vp, vy, Ag and Z,; ~ for a

2.5cmx1.5cm rectangular waveguide operating at 7.5GHz. if the

waveguide is hollow. e
(Sol.) p=uo,e=¢0, (f;) L 1 _6x10°Hz, |1 (fC)2 =0.6
. —H10,6—¢0, = = ] I V.
H=H cJTey ZaJE :
B =\ uc - 1—(]c )? =94.25rad/m, v, = =5x108 m/s

\/ = (f /)2
1207z 1 f
=vp/f=0.067m, Z,. =—o—"=628.3Q, V, =—- [1-(-%)* =1.8x10% m/
TR S Gy " Jw "



Eg. An air-filled axb (b<a<2b) rectangular waveguide is to be
constructed to operate at 3GHz in the dominant mode. We desire
the operating frequency to be at least 20% higher than the cutoff
frequency of the dominant mode and also at least 20% below the
cutoff frequency of the next higher-order mode. (a) Give a typical
design for the dimensions a and b. (b) Calculate for your design g, vp, &g and the
wave impedance at the operating frequency. [& A ET]

Sol) @ f, =—— (™) + ()2 . b<a<2b, the dominant mode: TE1, the next
2Jue V'a’ b

mode: TEo1

9_
1 1 3x10° — (1/2a/ue) - 20%.

(fc)TE =T (fc)TE = )
° ayue ® by ue 1/ 2a./ us)

_ 9
W20\ pe) ~310° 00 o5 0.06m, b<0.04m, and a<2b

(U 2byus)

(b) Choose a=0.065m, b=0.035m, (f ) = 2.3x10°(Hz), 1—(%)2 =0.679,

f 1 1
L=wjus- 1-(-%)* =40.15rad/m, v = : =4.7x10°m/s,
o T Jue 1 (f,/1)?

Vo

Jy =—-=015Tm, Zy, = 1o/ 1= (f./ )7 =1207/0.639 =590 O



Eg. A 3cmx1.5cm rectangular waveguide operating at 6GHz

has a dielectric discontinuity between medium 1 (uo,&0) and : e
medium 2 (uo,4¢0). (&) Find the SWR in the free-space region. =~ _A&-----:

(b) Find the length and the permittivity of a quarter-wave e

section to achieve a match between two media.

(Sol.) (a) For TEi mode, fclzi ! =5x10°

28 | &,

1 1

e =2_a\//uo4go
Z, =t/ & /\/1_(fc1/f  =682Q, Z, =\/ﬂo/4go/\/1_(fc2/f)2 =207 Q

2 _z 14T
=T =22"21_ 05337 = SWR= 1| =3.289

22 +Zl )J-t/—: (o A20)

and § o '

=2.5x10°

(b)

1:c3 =os s et
28 | e, 8, o

()

Z, =t/ €.20 [N1—(Feg) )2 =\[Z,Z, = &=1.6995

d=/3/4=vp3/4f=1.24685x10*m

Bending and T-Branches of Waveguides:

Magic-T-junction: (made of rectangular metallic waveguide)




Eg. (a) Write the instantaneous field expression for the TEi mode in a
rectangular waveguide having sides a and b. (b) Sketch the electric and magnetic

field lines in typical xy-, yz-, and xz-planes. (c) Sketch the surface currents on the
guide walls.
(Sol.) (a) m=1, n=0,

E.(xy,zt)=0, E,(xy,zt)=0, Ey(x,y,z;t)=“h’“—2(§)Hosin(§x)sin(a)t—ﬂz),
H, (X, y,z;t)=— ﬂ( )H 5|n( x)cos(at — fz) ,H, (X, y,2;1) =0

where B =+k?-h? = a)zyg—(g)2

1
1y
[ E2X]

B

[REX]
T t+

©) () =L Sy xytan I
z h® "a a

——— Electric field lines
————M fiel

(©) Jo=4,xH . At =0, T

J,(x=0)=—-JH,(0,y,2;0) = —H, cos 5z
J,(x=2)=JH,(a y,z,0) = I, (x=a)
js(y=0)=ﬁHz(x,O,z;O)—iHX(x,O,z;0)=)?H0cos(§x)cos(ﬂz)—zﬁ( —)H, sm( X)sin Sz

J(y=b)=-J,(y=0)




Attenuation in the rectangular waveguide:

P (z
a=ad +oc, Where ¢ S/ E— and « —ﬁ

21— (f,/f)? " 2P(2)
Consider TE1o mode:

_ba]_ * _1 Ao, 20 (2. 2, T _ aHZ
P()=], [,=5E)H)*ddy =Zoup)*H; [ [ sin’ (- x)dxdy = ppiab(= )
and
jS(XZO)zjs(Xza)z_ysz(X:O)z_yHO

I (y=0)=-J, (y=b)=>‘<HZ(y=0)—2Hx(y=0)=>2H0cos(§x)—2@Hosin(§x)
T

b

PL(2) = 2P (D], + AP (D)0, R0 =[) 213, (<=0 Ry =2 HiR

and [PL(Z)]y=O = Ioa%[ Jsx(y - 0)|2 +

3oy =0 IRax =2+ (22 JHzR,
4 V4

= P_(2) ={b+9[1+(@>2]}H5R5 o+ 3 feyrphzr,
2 T 2 f

_RL+ @)t/ _1 | Au g 20 o o A
(ac)TElo me nb o'c[l—(fc/f)z][ + a ( f) ] s o,

Similar approach = (,),,, = 2R, [(b/a”) + (a/b)]
" ab|1-(f,/ 1)’ [Wa’) + Wb*)]

b (b m? +n?)

2R, b, f, 1 f.e a'a
(@), =1+ () [ - ()] 2
77b 1_(fc/f) a’ f 2 f b7m2+n2

General Cases: a2

mz(E)3 +n?
a

(@)

2R,
Tombyl-(f /1) m2(9)2+n2
a

a,. in (dB/m)

0 5 10 15 20 25 30 35 40 f (GHz)



Eg. A TE1 wave at 10GHz propagates in a brass 6.=1.57x107(S/m) rectangular
waveguide with inner dimensions a=1.5cm and b=0.6cm, which is filled with
£=2.25, ur=1, loss tangent=4x10*. Determine (a) the phase constant, (b) the
guide wavelength, (c) the phase velocity, (d) the wave impedance, (e) the
attenuation constant due to loss in the dielectric, and (f) the attenuation constant
due to loss in the guide walls.

v 3x10°  2x10°

Sol.) f=10Hz, 1=—= = =0.02(m
(Sol) f J2.25x10°  10° (m)
8
For TEomode, f, = = 210 _ 0667 x10"Hz
2a  2x(L5x107?)
p=2 /1—(5)2 _234 (rad /M), A, =2 —0,0268(m)
v f 0 =5/ 1)
Vv =;=2.68x108m/3, 7 =ﬂ—/8=337.4(g)

P (f, /) (5, 1)

o =4x10"we =5x107"S/m, «, =%ZTE10 =0.084Np/m =0.73dB/m

R = | _ 005101 (),
O

S
C

2
o, = R+ @A T oeo6 Np /m = 0.457dB /m.

T byl (f,/f)?

Eg. (a) Determine the value of fc/f at which the attenuation constant due to
conductor losses in an axb rectangular waveguide for the TEij mode is a
minimum. What is the minimum obtainable ac in a 2cmx1cm guide? At what

frequency? (b) Determine the value of (f/f.), at which this attenuation

constant is a minimum.

1 Ay o2t Gy
(Sol) (a) (ac)TEm_%' o= (1.1 [1+;(T) I d—f—O

(6b+3a) —+/(6b + 3a)° ~8ab,
2a

= f=f [

2R, (b/a® +a/b?) d(@c)y,,
naby1-(f,/f)? (/a2 +1/b?) df

(b) (ac)TMn = =0=f =\/§fc



Eg. An air-filled rectangular waveguide made of copper and having transverse
dimensions a=7.20cm and b=3.40cm operates at a frequency 3GHz in the
dominant mode. Find (a) fc, (b) Ag, (C) ac, and (d) the distance over which the field

intensities of the propagating wave will be attenuated by 50%.

(Sol.) 6c=5.8x107S/m (a) (f.). =—— = 2.083GHz < 3GHz
¢ JTE,

2a\/E

0 4 =—%  _0109m

Tl (f, /)

L Aw 2_bf 103
(©) (e, = (1) [+ () 1=226 107N, /m

(d) 0.5=e*" =d=307.25m

Eg. An average power of 1kW at 10GHz is to be delivered to an antenna at the
TE10 mode by an air-filled rectangular copper waveguide 1m long and having
sides a=2.25cm and b=1.00cm. Find (a) the attenuation constant due to conductor
losses, (b) the maximum values of the electric and magnetic field intensities
within the waveguide, (c) the maximum value of the surface current density on
the conducting walls, (d) the total amount of average power dissipated in the

waveguide. [& A EH]
(Sol) (@) (fo)re, =ﬁ=6x109(H2), f =10x10°Hz /1_(%)2 _ 07454

Lo A ib fe
(@), = s 0[1_(f/f)2] L+ ( ©)2]1=0.13Np/m
B=anfue1-(f,/ )2 =156.1rad/m, h? =& )

=1000 =356 x10 *HJ = H, =167 A/m =|E, |=|E](x, y)\ %%H(,:%soowm

2

H(xy)| ="=H, =187.4A/m, |H2(x y)\ , =167A/m.
If at input end, all factor><e°-13 (=1.138)

(¢) J,(x=0)=-yH,cos fz = |J,

:>|Js(y=0)|=%-{(%)z+[1—2(%)2-sin(§)]} Maxof [1,(y=0j= "> S - (e

At the input end, this factorx1.138

- HO' js(y:O) = yX()/ZHS +2Hzo)y:0

(d) AP=1000x[e***-1]=26.2W (. P o [E[" o e2*)



6-4 Circular Waveguides

Circular waveguide’s equations:

j,0E, audH j cwe OE oH
E =—— —z 4 z , Hr:__ z _ z
' h2 % or r 0¢ h2[ r 6¢ p ar]

[ S OE, oH, ﬂaH

Y op T T b s [ o r og

Case 1 TMyp modes: H,=0, and VtZEz+h2EZ:O

2
gg GEZ) 1a¢E hE, =0

—1

E,(r,p)=C.J, (hr)cosng and E,(r,p,z)=E,(r,p)e”*

r

E = JﬂC J',(hr)cosng, E, = Jh'BnC ,(hr)sinng

H, =—$Cn3n(hf)5i” ne, H, =_%CHJ ' (hr)cosng
r

E,=H, =0 at r=a and h®>=y*+k?= h fulfills J,(ha)=0 (the first root of Jo(x) is
2.405)
Case 2 TEn, modes: E,=0, \/{?H+h?H,=0=> H?(r,#) =C', J, (hr)cosn¢

Waveguide’s equations

r

H :—%C'n.]'n(hr)cosn(p, H,= Jh2:C'an(hr)sinnq)

= . .
E = Jhw;;nC'n J,(hr)sinng, E, =—J%C'n J' (hr)cosng
oH I : R

E, =0, 8rz =0 at r=a= h fulfills J’»(ha)=0 (the first root of J'1(x) is 1.841)

Note: The cutoff frequency of TEu mode: (f ) = e, _ 0293 and the
Y 2 e ayue

. . 1.841
corresponding cutoff wavelength is (4.)g = 0293 where (hy, = —)



Note: TE1 mode is the fundament (dominant) mode of a circular waveguide.

Zeros of J (x), x,, Zeros of J,(x), x,,
n n
p n=>0 n=1 n=2 p n=0 =1 #H=2
1 2.405 3.832 5.136 1 3.832 1.841 3.054
2 5.520 7.016 8.417 2 7.016 9331 6.706

Note: For TMyp, mode, h fulfills the p™ root of Jn(ha)=0, but for TEn, mode, h fulfills
the p™ root of J’y(ha)=0.

Summary of Wave Types for Circular Guides”

Wave Type TMo TMan TMu TEn TEu
Field distributions in)
croas-sectional plane,
at plave of i
transverse Gelds
Field distributions
along guide
Field ents
compon En E, 1, E.E. H, Ew B Ey Ho Hy HoH.o Es Hy, Ho Ho B, By
Pu_or P 2405 5.52 383 383 184
2408 5.52 383 383
*Jut o b 3 = w2
ot 26ls 1.l4a 1.04a 1.64a 34la
0.3%3 0.877 0.609 0.609 0.293
Ul Vi e Ve Ve s
Atteauation due to By __1 .7 P B _ Ll Rs__Ugn? Rs 1 N
imparfect conductors| o Vi-un' o Vi- won' o Vi- G o Vi- (gt o Vi=Gn [('/) "'°“’°]

“ Electric field lines are shown solid and magnetic field lines are dashed.

Eg. (a) A 10GHz signal is to be transmitted inside a hollow circular
conducting pipe. Determine the inside diameter of the pipe such that its
lowest cutoff frequency is 20% below this signal frequency. (b) If the
pipe is to operate at 15GHz, what waveguide modes can propagate in the
pipe?

(S0l) (@) (f.)e, = 0293 _ 0.879

Ho&y a

x10° =100 (1-20%)=8x 10°, 2a=0.022m.

(b) fc of waveguide with a=0.011(m) is (f,),, =8GHz<15GHz.

2.405 3.054

(F )y =—22B  _1045(GHz), (f), =—>2
Mo 27, 1y, s 273, 14,€,

=13.27(GHz)



6-5 Rectangular Cavity Resonators

(a) Probe excitation. (b) Loop excitation.

Case 1 TMmnp mode: H;=0, neither m nor n =0, p can be 0.

E, (% Y,2) = Egsin( = 0)sin(* y)cos( 2)

E, (X, Y, z)——i(M)( PI)E, cos("0)sin( - y)sin( BT 2)
€, (43.2) == (D), sing ™ xycos(T y)sin( 2 2)
H, (xy,2) =32 ), sin( 2 0y cos( y)cos( B2 2)

H, (0,9.2) =32 (), cos(™ xysin( 2 y)cos( 22 2)

where h? = (05)7 4 (222 4 (P22

a b d
Case 2 TEmnp mode: E,=0, p#£0. Either m or n =0, but not both.
H,(x,y,2) = H, cos(m X) cos(”—” y)sin(M 7)

E,(X,y,2)=—- Jw’“ (—)H cos(—x)sm(—y)sm( z)

E,(x,Y,2)=— (?)H sm(—x)cos(—y)sm(p—z)
H,(x,y,2) = 1 S EOETHsin( T 0 cos( y)eos(PT 2)
H,(x,y,2) =~ 1 (n—”)( IO”)H cos( x)sm(—y)cos(—z)

Both have the same resonant frequency (degenerate modes): fmnpzﬁ- /(2)2 +(E)2 +(Hp)2

Note: TEioz mode is the dominant mode of the rectangular resonator in case of
a>b<d.



Eg. Given an air-filled lossless rectangular cavity resonator with dimensions
8cmx6cmx5cm, find the first twelve lowest-order modes and their resonant
frequencies.

c m n p 10 /My Ny Py
Sol) f, == (=) +(== =1.5x10 -\/— +(2)? + (=
My, = f. —3125GHz, TE,,, = fr :3.54GH2,

TE,, TM,,, = f, =4.33GHz, ......

Quiality Factor of Rectangular Cavity Resonators: Qza;—w , W=We+Wn,
L

Q=2nx(Time-average energy stored at a resonant frequency)/(Energy dissipated in
one period)
Consider TE101 mode:
2,2
iﬂgfdv:% j j [[sin? ( x)sin 2 ( 7)dxdydz = %H Sp & )
1
Z“:o,uo 3bdfmlH2

>yl I{\H [*+[H, ‘}dv_ﬂH j I I{h4 Zdzsmz(gx)cosz(gz)+cosz(§x)sin2(§z)}dxdydz

H Ay - Ho gpg(® L2
4H{ ( )( ) ( )(2)} 16 abd(dz+1)H0
o TTs s . 1 1 1
where h*=(=)“ + (=) and the resonant frequency: (f,); =——- —2+—2
a d 101 2 ,uog() d

2
At resonance, W=2We=2Wmn= % HZ abd(j_z +1)
: 1.2 1, .2
Power loss per unit area: PaV:E|Js| R, =§|H| R,

PL=§Pans=RS{[Ob [IH z=0) dxy+[" ['|H,(x=0) dydz+[ ['[H,[*dxdz+ [ j:\HZ\dedz}

fputtpabd(a” +d?)
R.[2b(a’® +d*)+ad(a® +d?)]

_RSHOabl
d d 2

1
T A D+ 5)}:@%:

Similarly, the expression for the Q of an air-filled axbxd rectangular resonator for the

Z(E ) it #oabd(a’® +b?)
R.[2d(a®+d?)+ab(a’ +b?)]

TMuio mode is (Q)ry, =



Eg. An air-filled rectangular cavity with brass walls ¢=1.57x107(S/m) has the
following dimensions: a=4cm, b=3cm, and d=5cm. (a) Determine the dominant
mode and its resonant frequency for this cavity. (b) Find the Q and the
time-average stored electric and magnetic energies at the resonant frequency,
assuming Ho to be 0.1A/m.

(Sol) (a) f, =%\/(0r24)2+(0r(')3)2+(0';5)2 , dominant mode: TExo1, (), =4.8GHz

f abd(a®+d? (1,
®) Qre, = “ r)lEmﬂao ( ; )2 “6g0, R, = [T )Ea o
R,[2b(a’ +b*)+ad(a® +d*)] o,

At the resonant frequency, W, =W, = %ﬂzasbd(fr)$E1m HZ =7.73x10™(J)

Eg. For an air-filled rectangular copper cavity resonator, determine how much b
should be increased in order to make Q 20% higher.

(Sol) —12= \/7:>b =1.44b,

Eg. (2) What should be the size of a hollow cubic cavity made of copper in order

for it to have a dominant resonant frequency of 10GHz? (b) Find the Q at that

frequency.

(Sol.) (a) For a cubic cavity, a=b=d, TMu10, TEo11, and TEo01 are degenerate dominant
3x10° 3x10°

modes. f,,, =—— =10"(Hz), a=———=2.12x10"?m.
101 \/Ea ﬁxlOlO
1,a a
(b) Q= 1:;);2 ° 3\/”f101ﬂ00'

For copper,c =5.80x10"(S/m), Q,, = (%xloz)\/ﬂlo10 (471077)(5.80x10") =10700.

6-6 Circular Cavity Resonators

For an air-filled circular cylindrical cavity resonator of
radius a and length d. The resonant frequencies are

X

} Electric field lines
Magnetic field lines ( fr )TM .

) ( ) , where Jm(Xmn)=0

' :271\/—

Xl

() (P s (p )2 where 3’m(X mn)=0

TEmnp 27[ \/_



Note: In case of 2d>2a>d, the dominant mode of the circular cylindrical cavity is
TMoz1o mode:

2.405 iCo ., C, , ,2.405
E, =Cyd(hn) = Cod (<221). =% 5 (hny = 1% (=20
o o
. oW
Quality factor of the TMoio mode: Qq, = B
L
2.405

“E Pdv = °(2nd)j I r)rdr=(7zgod)C§[%Jf(2.405)]

P = &{2J0a|\]r|227zl’dr +(2mad)|3,[’ }= R, {Zf\H«f‘z rdr -+ (ad)[H ,(r = a)\z}

_RGy {2[ 3; (2405 r)dr+(ad)Jf(2.405)} PRLCo (24 d)37 (2.405)
77 o

2.405 2405  0.115

— f p—
QTMom (R )2(1 ) ( r)TMom 278 Loy a

x10° Hz

Eg. A hollow circular cylindrical cavity resonator is to be constructed of copper
such that its length d equals its diameter 2a. (a) Determine a and d for a resonant
frequency of 10GHz at the TMo10 mode. (b) Find the Q of the cavity at resonance.

(S0L) (@) (f)m =2112510° 210x10°, a=1.15x107m, d=2a=2.30cm.
010 a

©) R~ Ay \/ﬁx101°x(4ﬂ10-7) 1207 2.405

o 2.61x10%(Q), Q=( ) =11,580.

o 2.61x102’ 2(1+1/2)

Eg. In some microwave applications, ring-shaped cavity resonators with a very
narrow center part are used. A cross section of such a resonator is shown in the
figure, in which d is very small in comparison with the resonant wavelength.
Assuming that this the narrow center part and the inductance of the rest of the
structure, find (a) the approximate resonant frequency. (b) the approximate
resonant wavelength.

- I
em® _,uh b ,
(Sol) €=, L="2n() l i |
B 1 B 1 t
@ f=ic @ 4= e | |
Io—aa.
[—b—



6-7 Excitations of Waveguides

Soldered connection
Microstrip
top conductor

ieldi Substrate
Coaxial- j Shielding
fine box
fe) 4
* ... (a)Antenna in end of circular guide for excitation of TM,, wave. (b) Antenna in

bottom of rectangular guide for excitation of the TE,, wave. (c) Loop in end of rectangular guide
for excitation of TE, wave. (d) Junction between circular guide (TM,, wave) and mcups‘{'”
guide (TE,, wave); large-ap pling. (€) Coaxial li pling to mi i
of the TE,, wave in rectangular guide by two oppositely phased antennas.

6-8 Directional couplers

ABSORPYIVE NATERIAL PICK~UP PROBE
. 5 z
LD, DIRECTIONAL <
LY CoUPLER d Ut

FRAR TS e e vy

IcioenT e

—a mhq

WAVEGY ) o o i

I e, o

o

REFLECTEOWAVE

b5 @

e 2
32 / Dubatrate

@ H=d Ih (Bt =
h'* @ / Substrate
¢ 1" Ground Plane Gum piasie

Microsteip Directzonal Coupler Coupled macrostdp lines

o Ks

S YYYYY Y YYYYYY [
Even mode
+ —
S YYYYYY MDD A z
Odd moda

The electric fields for parallel led ;microstrip Lnes




