Chapter 3 Quantum Mechanics

In physics, *"

is a +r-directionally propagated wave. .. A wave function
Yo d® and hence we have wW=id¥/dt, k¥=-i\/V, etc. But in EE, ¢ is a

+r-directionally propagated wave.

3-1 Schrodinger Equation i s 0¥/ 0 t=-1h*\/*¥/2m+V¥, or E¥=HY

Total energy=Kinetic energy+Potential energy <> E=K+V => hv=2nh v=p*2m+V
= K o=(h/A)2m+V=Qnuh )Y 12m+V=(h k)*2m+V

Multiply a wave function ¥ oc &*~*"

have h@¥Y==h kP 2m+V¥.

on both sides of the above equation, and then we

By oW¥=i 86_‘? , kP=-i\/¥ = Schrodinger Equation: i 0 W/ t=-h*\/*¥/2m+V¥

Define H=-h 2V2/2m+V as a Hamiltonian operator, we have HY,=FE,¥,, where E, is

an eigenvalue of H, and ¥, is the corresponding eigenfunction of H.

Table Operators Associated with Various Other operators: p=-in \/, x=-ih \V,
Observabl iti . ;
yservable Qllall[lllcs px=-lh 8/ax’py=_1h a/ay,
Quantity Operator p~ih 010z, etc.
Posien, x g PY=(h)Y=( k) P=-ih /Y,
Linear momentum, p T 5'_:« - p:'l h v
Fotential energy, V(x) V()
p2 ﬁ2 I;'Z
Kinetic energy, KE= — T e . .
A Ao Steady-state Schrodinger equation:
oy @
Total energy, E ifi e h ZVZT/2m+(E_ V)‘I’:O
3 a2
Total energy (Hamiltonian form), H —L 6—2 +Wix)
Zm ix

Postulate of quantum mechanics: |P*=¥*¥ is a probability density function of a

particle occurs at » and J:|‘P|2dr =1.

Expectation (Average) value of f, <f>: </>=|W*/Wdy
Eg. Show that <px>-<xp>=<-ii>=-ih.
(Sol.) <px>-<xp>=[V*pxVdr -[V*xpPdr={V*(-ih & | d x)(x¥)dr-]¥*x(-ih 0 ¥/ 0 x)dr
=[P*(-i h Ox/ O x)Pdr+[¥*x(-ih O/ dx)dr-I¥*x(-ih 0P/ 0 x)dr=IY*(-ih )Pdr
=<-ih>=-ih

L <px>-<xp>=<-ih>=-ih



_ Case 1 Quantum well with infinitely hard walls:
: ' {0 0<x<L
v V- ’

oo, elsewhere

o N |,

=0 Az =ED i

PP/AC+2mEPY/ 1 °=0 in 0=x = L= P(x)=Asin( “27;"E x)+Bcos( 2;’_1"E X)

2 232
Boundary conditions: W(0)=¥(L)=0= B=0, Eﬁ% , and Wy (x)=Asin(nmx/L)
m

- 2
j_ [¥,| dv=1=A4=v2/L, .. W,(x)=+/2/ L sin(nnx/L)

Case 2 Quantum well with finite potential walls V:
E11e1‘g}'T 0 0<x<L
4 _{V, elsewhere
EaerE 1 I11
-x 4] L +x
d’¥, 2m
dlez +h_2(E - V)LPI - 0
d’V¥, 2m ) ..
Tz” + e ¥, =0 with  boundary  conditions:  ¥;(0)=¥1(0),
d*y 2m
—dxzm + h_z(E -¥, =0

lI'11(L):‘PHI(L), \Pl’(o):\}'u’(o), lPu’(L):le’(L)

Y, (x) =Ce™
=¥, (x) = Asin(Jzi;lq—Ex) + Bcos(Jz’Z—E’C)
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s o RN
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Case 3 Tunnel effect: A barrier of V>E,

- L[V B). 0sxs<L
Energy 1 1l 1 O, elseWhere
U, il Y,
TR R O
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Y
Y 2mpy
. dx h
d-¥
—d 2” + 2_m( E-V)¥Y, =0 with boundary
X
¥, 2m
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conditions: lPI(O):\PH(O), ‘P]](L):\PHI(L), \Pl’(()):\PH’(O), ‘P[[’(L)ZIPIH’(L)

W, (x) = de™ + Be ™"
—ik,x —ik,x 2mE
= ¥, (x)=Ce ™" + De ™" | where k= ,
N ikyx h
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= Transmission probability: 7=y [*/|¥, |=|F|*/|4]** [—4 (K, /K, ]

Eg. A beam of electrons is incident on a barrier of SeV high and 0.2rnm wide.
What energy should they have if 50% of them are to get through the barrier?

-2k, L —2k,L
],e 2 2

L e —
(SOI.) T_[4+(K2 /Kl)2 =0.5

Jom(V —E
:>k2=1.7><109=%), V=5 — E=4.89¢V



W s V=kx’/2

Case 4 Harmonic oscillator with frequency v=——-

AV dx*+2m(E-ke*/2)¥/ i *=0. Define y—w/ / \/% :i_E
1%

= d¥*/dy*+(a-y*)¥=0. Define W=f(y)exp(-y*/2) = df*/dy*-2ydfldy +(a-1)f=0

= 2n+l—-a
Let =Y Ayy" =>4 =——"""/A HHo=2n+t1 = A=A 4=Ap6=...=0
1 Z " " m+2)(n+1) A
:>‘P=f(y)exp(-y2/2)—>0 as y—=+o0. .". Choose a=2n+1.

e a—£—2n+1 E,=ohv/2=(n+1/2)hv

.

polynomial of order n.

2mv)1/4(2n -n1)"? Hy(y)exp(-y*/2), where Hy(y) is a Hermite

3-2 Uncertainty Principle A\p - Ax=1/2, NE - N\t=Hh/2

Consider 1-D case. Define <Ax™>=]¥*(x-<x>)"Wdx, </ \p>=]P*(p, -<ps>)"¥dx,

and take <x>=<p,>=0 without any loss of generality.

2
P -ih 0/0x=> </\py></\x">= -1 *[P* % ‘f 29 4y
x
2
e O o e zi(la—\y)d g ¥ = NPLLANG )d __ja‘*’ (5_‘1’)d
ax ﬁx x
L<APS<AX>=h 8‘1’ i + [PEPP

By Schwarz inequality, Iﬁ*dx - Jgg*d@ [(fe*dx+[gf*dx)/2]?

2 2
:><Apx2><Ax2>>hTU R e L P
x X

dx]?

ox

——[lyly* I~ I‘P‘P*a dx]? _T Define </ \x>=<Ax>>'2 < Ap>=</\p>""?

=/p- A\x=h/2

Eg. A typical atomic nucleus is about 5x 10"°m in radius. What is the lower limit
on the momentum an electron must have if it is to be part of a nucleus?

(Sol.) Ax=5x10"m, A\p - A\x=h/2= Ap=1.1x10"Kg - m/sec



