Chapter 2 Linear Transformations

2-1 Linear Transformations
Linear transformation T: V—W, where V and W are vector spaces over F : T(ax+by)=aT(x)+bT(y).
Note : T(0)=0.

Eg. T[f(V)]= j: f (t)dt is a linear transformation of f(t).

(Proof) j:[af (t) + bg(t)]dt = a jb f (t)dt +b jb g(t)dt

Null space of T, N(T): N(T)={xeV: T(x)=0} c V.
Range of T, R(T): R(T)={T(x): xeV }cW.
Nullity(T)=dim(N(T)), and Rank(T)=dim(R(T))

Eg. Linear operator T: R>-R? is defined by T(a1,a,,as)=(a1-a2,2as). Find N(T) and R(T).
(Sol.) N(T): T(a1,a2,a3)=(a1-a2,2a3)=(0,0) > a;=a,=a, az=0
—=N(T)={(a,a,0): acR}: Astraight line in R®.

R(T): a1,a2,a3€ R=>a;-a,,2a3eR, .". R(T) =R?

Eg. Let T: P3(X)—P3(x) be defined by T(f)=[f(x)+f(-x)]/2. Find a basis for N(T). Find a basis for
R(T). [2001&5 K EHH]
(Sol.) N(T): T(ax*+bx?+cx+d)=[(ax®+bx?+cx+d)+(-ax>+bx?-cx+d)]/2=bx*+d=0 = b=d=0
= N(T)={ax*+cx: a, ce R}: An odd function in P3(x). A basis for N(T) is {x° x}

R(T): T(ax+bx*+cx+d)=[(ax®+bx*+cx+d)+(-ax>+bx?-cx+d)]/2=bx?+d: An even function in P3(x). A
basis for R(T) is {x*1}.

Theorem Linear operator T: V—W, and T is one-to-one < N(T)={0}.
(Proof) “=": T(x)=0=T(0). "." T is one-to-one, .". x=0= N(T)={0}
“<=": Suppose T(x)=T(y), then 0=T(x)-T(y)=T(x-y), Hence x-y e N(T) = x=y

Onto: One-to-one linear operator T: V—W and Rank(T)=dim(V)=dim(W).
Eg. (a) T: F°>F? by T(a1,a2)=(a;1+a»,a;) is onto.

(b) T: P2(x)—P3(x) by T(f)(x)=2f"(x)+ on3f (t)dt is one-to-one but not onto.

Theorem Linear transform T: V—W, where V and W are vector spaces. Then N(T) and R(T) are
subspaces of V and W, respectively.

Theorem Linear transform T: V—W, where V and W are vector spaces. If the basis of V is
P={X1,X2,..., Xn}, then R(T)=Span{T(x1),T(X2),..., T(Xn)}.



Eg. Linear operator L: R>-R? is defined by L(x,y)=(x+y,x-y,x+2y) (a) Find a basis for the range
of L. (b) Is L onto? [1990 3Z A T % T#2FT]

. 11 y X+Yy
(Sol.) L({ })z 1-1 [ }: e
y 12 y X+2y
11 1][0]f0
() "."Rank({1 —1|)=3, .". Choose the basis of R(L)=(/0 | 1[]0]). (b) R*—R? .. No.
1 2 ollof|1

Eg. Linear operator T: R>—R? is defined by T(1,0)=(1,4), T(1,1)=(2,5). (a) T(3,5)= ? (b) What is
the null space of T? (c) What is R(T)? (d) Is T one-to-one? () Is T onto? [1990 2 A BEFF]
b
(Sol.) T(x,y)=(ax+by,cx+dy)= [a } {X}
c d||y
T(1,0)=(1,4) = a=1, c=4, T(1,1)=(2,5) = a+b=2, c+d=5=>b=1, d=1

1 1][3] [8
@T@B5) = { A JM = [17} , or T(3,5)=(8,17)

11
(b) For the standard basis of R?, [T], = L J.

1 1)x X+Yy 0 X+y=0 x=0 0
= =l _|= = =NTM)={ . [}
4 1|y 4x+y 0 4x+y=0 y=0 0
(€) " x+y, 4x+yeR, .. R(T)=R%.
(d) . N(T)={0}, .". Yes. (e) "." one-to-one and R>-R?, .". Yes.

Theorem Linear operator T: V-W, if V is finite-dimensional, then Nullity(T)+Rank(T)=dim(V).
[1999 &R EHA]
(Proof ) Suppose dim(V) =nand {x,,---,x, }:basis of N(T) extend {x,,---, X, }
t0 {X,, -+, X, X op2o-- X, | - basis of V
It is desired to show that S = {T (X,.,),--~, T(x,)}is a basis for R(T).

1. For1<i<k,T(x;)=0

2. R(T) = Span{T (x,),+, T (x,)} = Span(S) = Span{T ()., T (x,)}

3. If T(x;)is linearly independent, ¥ k +1<1i < n, then the proof is complete.

D bT(x)=0= Y T(bx)=T(D bx), Vk+l<i<n= > bx eN(T)=Span(x, -, X,)

i=k+1 i=k+1 i=k+1 i=k+1

s.dc, e FVigk st Zn: b, X, :Zk:cixi or Zk:(—ci)xi + Zn:bixi =0
i=1 i=1

i=k+1 i=k+1
v p= {xl, e xn} is a basis (linear independent), .. b, =0 Vi = T(x;) is linearly independent

Eg. Let T: V>W be a one-to-one linear transformation and V be a finite-dimensional vector
space. Show that Rank(T)=dim(V). [& X EBWHELIE]
(Proof) T: V—>W is one-to-one < N(T)={0}, .". Nullity(T)=0= Nullity(T)+Rank(T)=Rank(T)=dim(V).



2-2 Matrix Representations and Coordinate (Basis) Transformations

In Matlab language, we can use the following instructions to find out the ij"-entry, the m™-row, and
the n™-column of a matrix:

>>A=[0,1,2;3,4,5]

A=

0 1 2

3 4 5
>>A(2,1)
ans =

3
>>A(2,3)
ans =

5
>>ROW1=A(1,:)
ROW1 =

0 1 2
>>COL1=A(;,2)
COL1 =

1

4

Matrix representation of a linear transformation: Linear transformation T: V—-W, f={X1,X2,...,Xn}
is a basis for V, y={y1,y2,...,.ym} is a basis for W, then 3! a;jeF fori=1, 2, ..., mand j=1, 2, ..., n such

m T(X)=2ayy; +ayY, +ayy; +-
that T(x)=> ayy, for j=1, 2, ..., n. That is, | T(X,) =a,y, +a,Y,+a;,Y;+-- |, and then
i=1

T(X5) = Ay, +ayY, +agY; +---,etc.

QD

a'11 a12 13

A= aZl a22 a23

Eg. Linear operator T: P3(R)—P2(R) by T()=Ff", find [T, where g, y are the standard ordered

bases for P3(R) and P2 (R), respectively.

(Sol.) ,B={1,x,x2,x3},y:{1,x,x2}
TM)=0=0-140-x+0-x*, T(X)=1=1-1+0-x+0-%x*, T(x*)=2x=0-1+2-x+0-x*, and

T(x*)=3x*=0-1+0-x+3-x* = [T]; =

o O O
o O -
o N O
w O O



Eg. Let W be the subspace sp(sin2x,cos2x) of the vector space of all real-valued functions with
domain R, and let B=(sin2x,cos2x). Find the matrix representation A relative to B for the linear
transformation T: W—W defined by T(f)=D?*(f)+3D(f)+2f, where D presents the derivative
operator. (where sp(X) denotes the set of all linear combinations of vectors in X) [2005 g A EEJS
T

(Sol.) T[sin(2x)]=-4sin(2x)+6c0s(2x)+2sin(2x)=-2sin(2x)+6c0s(2x),

T[cos(2x)]=-4cos(2x)-6sin(2x)+2c0s(2x)=-6sin(2x)-2c0s(2X), .". A{

-2
6

-

Eg. Find the 4 by 4 matrix A represents a cyclic permutation: each vector (Xi,X2,X3,Xs) IS

transformed to (X2,X3,Xs,X1). What is the effect of A%? Show that A*=A™. [2005 JERIA B EER

Ffrl

(Sol.) p={(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)}
A(1,0,0,0)=(0,0,0,1)=0(1,0,0,0)+0(0,1,0,0)+0(0,0,1,0)+1(0,0,0,1)
A(0,1,0,0)=(1,0,0,0)=1(1,0,0,0)+0(0,1,0,0)+0(0,0,1,0)+0(0,0,0,1)
A(0,0,1,0)=(0,1,0,0)=0(1,0,0,0)+1(0,1,0,0)+0(0,0,1,0)+0(0,0,0,1)
A(0,0,0,1)=(0,0,1,0)=0(1,0,0,0)+0(0,1,0,0)+1(0,0,1,0)+0(0,0,0,1)

0100 0 010 0 0 01
010 ,/0001] |1 00 0
‘A= ,A: ,A: =A
0 0 01 1 0 0O 01 00
1 0 0O 0100 0 010

3AT - A

Eg. V=R?? T: V-V is a linear transformation given by T(A)= . Find [T]p, where g is a

i 1 0{|0 2(|0
basis of V: g= , )
0 0f|-1 0]|2 O

HO O}}. [2006 SRR

0 2
(Sol.)
1 0 10 10 1 0 10 0 2 0 -1 0 0
T( )=(3 — V2= = +0 +0 +0
_0 0 0O 0 0O 0 0 0 0O 0 _—1 0 2 0 0 2
0 2 (0 -1] [0 2] [0 -25] 1 0] 0 2 [0 -1] 0 0
T( )=(3 - )/ 2= =0 +(—£) +§ +0
10/ 2 of -1 0/ (35 o | oo v 2]-10]"2/2 o] o 2
0 -1 [0 2] [0 -1] 0 35 I 0 2 [0 -1] 0 0
T( )= (3 - )12 = 0 3 L 10
2 o -1 0/ |2 o " [-25 o] Jo o] 2[-1 0] " 202 o o 2
0 0 00 00 00 1 0 0 2 0 -1 00
T( )=(3 - V2= =0 +0 +0 +
_0 2 0 2 0 2 0 2 0 0 -1 0 2 0 0 2
1 0 0 O]
0 —% g 0
[Tle=
o 3 1y
2 2
0 0 0 1]




11 00
Eg. Let T: Max2(F)—Ma2x2(F) be the linear operator defined by T(x) ={0 0}x+x[1 J. Find

the matrix representation for T. [RZ K EEF]

(Sol.) Choose the standard basis B for Max2(F) as g :{Ll) 8}[0 1}{0 0},{0 0}}

1
1
|
1
I
1
|
1
1
|
1
|
1
|
1
|
1
|

1 0] 1 11 0] |1 00 O 10 10 01 0 0 0 0
T( )= + = =1 +0 +0 +0
0 0 |0 0O O] |O Oj1 1] |0 O] |O O] O O] [1 O] |O 1
[0 1] [1 1o 1] [o 1]o o] [1 2] [1 o] Jo 1] JO O] JO O]
T( ) = + = =1 +2 +0 +0
|0 0 |0 0O O] |[O Oj1 1} |0 O] |O O] |O O] |1 O] [O 1]
0 o] [1 1o o] [0 ofo o] [1 o] [1 o] Jo 1] [o o] JO O]
T( )= + = =1 +0 +0 +0
1 0y |0 01 O] |1 Oj1 1} |0 O] |O O] O O] [1 O] |O 1
0 0] [1 1]o o] [0 o]0 o] [0 1 1 0] [0 1 00 0 0
T( ) = + = =0 + + +
0 1] [0 0JJO 1] |0 1]1 1] |11 0 0] (00 1 0 01
1110
0 201
T|, = . Rank(T)=3.
Th=1y o o 1| RE™D
0 001

Eg. T: R*-R® T(a1,az)=(ai-az,ai,2a;+az). Let a={(1,2),(2,3)}, p={(1,0),(0,1)} for R® and

y={(1,1,0),(0,1,1),(2,2,3)} for R® then find [T}, and [T];.

(Sol.)
1. T(L,2) = (-11,4) = a(1,1,0) + b(0,11) + ¢(2,2,3), T(2,3) = (-1,2,7) = d (11,0) + e(0,1.1) + f (2,2,3)
o1
3 3
:>a:—z,b=2,c=g,d:—E,e:3,f=i.'.[T]£= 2 3
3 3 3 3 5 4
3 3
2. T(1,0) = (1L1,2) = a(11,0) + b(0,1,1) +¢(2,2,3), T(0,1) = (-1,0) = d (11,0) + e(0,1,1) +  (2,2,3)
_% 1
:a:—l,bzo,c:g,dz—l,ezl,f:O,.'.[T];z 0 1
3 3 2
< 0
3

Eg. Let p'={2x*-x,3x*+1,x’} and p={1,x,x’} be both the ordered bases for P,(x). And let T:

P2(X)—P2(x) be defined by T(ax*+bx+c)=cx’+bx+a, then find [TL,, [T15, [T15, [T15 . BUEE
PREEEE]

1 1 0 0 0 -1 0 2 31
of, Mlh=l2 3 1| [lf=jo o 1| [;=|-10 0.
0

-8 -8 -3 1 2 -3 0 1

o O

0
(Ans) [T}, =0
1



Annihilator of S, S°: S°={T(x): T(x)=0 for xe S}, where V and W are subspaces, S is a subspace of V.

Theorem (a) S1<=S>, then S2 = S?2. (b) V1 and V, are subspaces of V, then (V1+V,)’=V," "V,0.
(Proof) (a) S, =S, & xeS,,then xe§,=If T(x)=0V xeS,,then T(x)=0forall xeS, S,
<S2cS)

(b) {Vl c Vi +V, N vV, +V,)° V)’
V, oV +V, vV, +V,)° <V,

=V, +V,)" <V NV,
For TeV'nV, ©TeV® and TeV,, VaeV,+V, < a=aa, +fa,

for a, eV, and a, eV,

=T@)=aT(a,)+AT(a,)=0, TeM,+V,)° =2V NV, <V, +V,)°, .. (V, +V,)° =V," nV;)

Multiplication of matrices: If C=AB, then Cij:ZAik B, Where A is a mxn matrix, B is an nxp
k=1

matrix, and C is an mxp matrix.

In Matlab language, we can use the following instructions to obtain the product of two matrices:

>>A=[2,5,1;0,3,-1];
>>B=[1,0,2;-1,4,-2;5,2,1];

>>C=A*B

A=
1
-1

B=
1 0 2
-1 4 -2
5 2 1

C=
2 22 -5

8 10 -7



n\/E%\/i_oze’ g3£ab0‘12'31‘3
Bo. a-[37 100 7 ol , . _ |lb c al|s % 1 o |, find the third
m2 i sin(2) -1 1 1 l1i[c ab 3 _2 1 2
6 2 3

column of A. [1993 [ |FESLFA]

all alZ alS a14
(Sol.) Alisa (3x4) - (4x3) - (3x3) - (3x4)=(3x4) matrix. A=|a, a, a, a,| A

a31a32a33a34
8--'--'--'—12.31—3
1
Al = e A =1 2
1,,,,,,,,,‘/_2
0 3 -2 142

o, O o
Il
1
- - -
1
- - -
1
O T Q
®» o T
o o o
|
. . . 1
=
I — |

V3 0 3] ) V3 0 3]
" o2 -o03 o1||2tbre o2 -o03 01|t
=" o g _ql|atbrel =@+b+e)t N 5 0 4[|
vl 1 1 1| |a+b+c N T A ]
6 2 3] ) ' 6 2 3]
7 e % V2|0 2 V2(a+b+c)
—(a+b+c) 37 10° 7 0 '8=(a+b+c){o]--'-Thethifdco'um” is { 0 ]
/m2 i sin(2) -1 1 -1 —(a+b+c)

Theorem T: V—>W, let g, B’ be the ordered bases of V, and p, y’ be the ordered bases of W. If
[51=Q[#’ and [7]=P[y’], we have [T], =P*[T];Q.
(Proof) [y]=[TL;[8) []=Plr'} [8]=qlp]=[]=[r],Qls]

=P ITLQlpl=ITLs1=[T], =P7[T];Q

X
Eg. Assume T({ )= y } in the standard basis. Find the matrix representation for T with
y

1 |=x+y
respect to the new basis {(1,1),(1,2)}. [1993 = [ [|FERHH]

o2 AL o5 5
IR ARRIEE NS
SR CH R

o




Eg. A linear transform T(a:,a,a3)=(2ai+az,a;:+az-a3): R°—R® and £={(1,0,0),(0,1,0),(0,0,1)},
£={(2,0,0),(0,-1,0),(0,0,-2)}, y={(1,0),(0, 1)}, ’={(1,1),(L,-1)}, then find [T}, and [T[,.

(Sol.) T(1,0,0)=(2,1)=2(1,0)+1(0,1), T(0,1,0)=(1,1)=1(1,0)+1(0,1), T(0,0,1)=(0,-1)=0(1,0)-1(0,1)

1 1
=[], = 210 1,1)=1(1,0)+1(0,1) , (1,-1)=1(1,0)-1(0,1), .. P = L1 Pt = 2 2
ﬁ_ll_l'(')_(1)(1)1(1-)_(1)-(1)1"_1_1, —1_1
2 2
(2,0,0)=2(1,0,0)+0(0,1,0)+0(0,0,1), (0,-1,0)=0(1,0,0)-1(0,1,0)+0(0,0,1)
2 0 0
S 3 -1 1
(0,0,-2)=0(1,0,0)+0(0,1,0)-2(0,0,1)=Q=|0 -1 0 :[T];. - P [T];Q:L ) _J
0 0 -2

Another method:

T(2,0,0) = (4,2) = 3(11) +1(1,-1), T(0,~10) = (-1 -1) = —(L1) + 0(1~2)

T(00,-2)=(0.2) =1(1L) -1(1-1) = Q = E_Ol_lJ

Trace of an nxn matrix, tr(M): tr(M)= Z M, =tr(aA+bB)=atr(A)+btr(B)
i=1

Eg. A:E 24}, tr(A)=1+(-4)=-3.

Eg. Show that tr(AB)=tr(BA) and tr(A)=tr(A"). [2005 & A BHHF]
(Proof) tr(AB) = Z(AB)“ = z Z Ay By = zz By Av = zz B Av = Z(BA)kk =1tr(BA)

i i k
Eg. Show that no matrices A and B e Mn«n(F) such that AB-BA=I, where | is an nxn unit matrix.

[& K EHA]
(Proof) 3A and B such that AB-BA=I, then tr(AB-BA)=tr(AB)-tr(BA)=0= n=tr(l). It is contradictory to

the assumption; hence no such matrices A and B exist.

A
Similar matrices: {B eM, . (F),Bissimilarto Aif Finvertible Qe M« (F) fulfills B=Q'AQ.

Eg. If A and B are similar to each other, then tr(A)=tr(B). [& K EH]
(Proof) B=Q*AQ tr(B) =tr(Q*AQ) =tr(AQQ™") =tr(A)

1 4 2 9
Eg. ShowthatA:{ 5 3} and B{S 7} are not similar to each other.

(Proof) tr(A)=1+3=4 = -5=2+(-7)=tr(B), .. A and B are not similar to each other.



