Chapter 4 Diagonalizations

4-1 Eigenvalues and Eigenvectors

Eigenvalue and eigenvector: If Ax=1x, x is an eigenvector of A corresponding to the eigenvalue A.
Eigenspace: E;={xeV: Ax=Ax}=N(A-Al).

-2 0] |1 1 -2 0| |0 0 .
Eg. 1 =2 and -1 |=3-] |, then -2 and 3 are the eigenvalues of
0 3||0 0 0 3|1 1

-2 0 1 0
{ 0 3} .And [O} and L} are the eigenvectors corresponding to -2 and 3, respectively.

Theorem One scalar 4 is an eigenvalue of A < det(A-A1)=0.
(Proof) A is an eigenvalue of A< IxeV fulfills Ax=1x, x#0.
(A-A)x=0 < A-Al is not invertible if x0 < det(A-A1)=0

-2 0
Eg. Find the eigenvalues and the corresponding eigenvectors of A:[ 9 3]

-2-4 0
0 3-1
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In Matlab language, we can use the following instructions to obtain the eigenvalues of a matrix:

(Sol.) det(A-M):det({ }Hf-x-s:o, A=-2,3

>>A=[1,4,3;4,9,6;7,1,9]

A=
1 4 3
4 9 6
7 1 9
>>eig(A)
ans =
-1.0205
5.1344

14.8861



Eg. The eigenfunctions (eigenvectors) and their corresponding eigenvalues of the stationary
o’y o'y
Helmholtz equation — =K

+ w are presented as follows.
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The first eigenfunction, k? = 106.6774 The second eigenfunction, k* = 254.2339
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-0.2 =01
The third eigenfunction, k? = 286.0975 The tenth eigenfunction, k? = 960.0726



Eg. Given a refractive index distribution n(x,y), the eigenmodal function &(x,y) of an optical

2 2
waveguide fulfills Z—?+Zy—f+kzn(x,y)2¢:ﬂzd), where g is the eigenvalue and g represents the
X

phase constant of the lossy waveguide or the propagation constant of the lossless waveguide. The
eigenmodes of some optical waveguides are presented as follows.
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If the eigenmode is injected into an infinitely-long
straight waveguide, it can propagate along the
waveguide without any deformation. However, in case

the input light is not an eigenmode, some optical
power loss occurs and then it becomes the eigenmode
gradually.
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is quantized as E=

Energy
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Eg. One-dimensional wave function ¥(x) in a quantum well with infinitely

0, 0<x<L ) .
hard walls, V= , fulfills d°®/dx*+2mE¥/7 =0 in 0=<x=<L
o, elsewhere
with boundary conditions W(0)=¥(L)=0. It can be transformed into the
2 2
eigenvalue problem as —;l—(ij ‘ZP =EWY. It is proved that the eigenvalue E
m dx
nzﬁzhz
L and the corresponding eigenfunction is ¥, (xX)=+/2/ L sin(nzx/L).
m
8, /-\/\- lwg=w
i, /_\_// |.,,|-.M
; ﬂ Iu:l'-ﬂ
=0 =1 x=d z=l
Eg. One-dimensional wave function ¥(x) in a quantum well with
0, 0<x<L .
two finite potential walls, V= , fulfills
V, elsewhere
d*¥, 2m
i dle +h—2(E ~V)¥, =0
2
i ddf:” +;—T‘P,, =0 with  boundary  conditions:
d*¥,, 2m
dxzm +h_2(E —V)\Pm = O

¥,(0)=%,,(0), ¥, (L)=¥;;(L), ¥,’(0)=P,,’(0), ¥’ (L)=",,,’(L). And the eigenfunctions have the

forms as

W (x) = Ce™
¥ (x) = Asin(Y ZZEX) + Boos( ZQEX) |
P, () = De™
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Eg. Tunnel Effect: One-dimensional wave function ¥(x)

14
V(>E), 0<x<L .
E—> in a quantum barrier, V(x)= > E) , fulfills
0, elsewhere
Energy I 1 il )
=k e d lIZI' +2—r2nE‘IfI =0
, dx h
o, i, d \1:” +2—T(E -V)¥, =0 with boundary conditions:
WAL Vi dX , h
" d Pu  2Mey o
e dx h

T

¥, (0)=¥1(0), ¥n(L)=¥m(L), ¥’ (0)=¥n’(0), ¥i’(L)=Y’(L). And hence the eigenfunctions have

¥ (x) = Ae™* + Be ™
B J2mE J2m(vV —E)  \2mE _
" ,k P ,k3— 7 —k1 The

the forms as ¥, (x) = Ce ™ + De ™ , where k;= 2=
P (x) = Fe'

guantum mechanics can prove that the transmission probability is
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Eg. Let 4 be an eigenvalue of A and x be an eigenvector belonging to 4, then f() is an eigenvalue
of f(A) and x be an eigenvector belonging to f(1). [& K EH]

(Proof) Ax=ix=A'x=A"x= f(A)= > a A" = f(A)x= D a,A"x= > a,A"x = f(1)x

Nn=—o0 N=—o0 N=-o0

Eg. Let A be an eigenvalue of B and x be an eigenvector belonging to A. Show that e* is an
eigenvalue of e® and x be an eigenvector belonging to e*. [ AEH]

(Proof) Bx=1x=>B"x=1"x= e°® :Z%B" :>eBx=Z£'B”x:Z£|/1”x:e*x
n=0 n n=0 n n=0 n
-2 2 -3
Eg. ForA=| 2 1 -6/, what are the eigenvalues and their corresponding eigenvectors of A’
-1 -2 0
and 3A%+2A%+51? [FHIEERF]
-2-4 2 -3
(Sol.) detf 2 1-1 -6|=-2-1+211+45=—(1+3)*(A1-5)=0
-1 -2 -1
-7 2 -3||q a, 1 ]
A=5, (A-5D)X:=| 2 -4 —6/-|b |=0=>x.=|b, |=k|2 |,
-1 -2 -5||c C, —1]
1 2 -3][a -2 3
A=-3, (A+3D)Xz=| 2 4 —6|-|b, |[=0=>xo=Kk,| 1 |+k,|0
-1 -2 3]|g, 0 1
a, 1 -2 3
For A%, J1=5%=25and x3=| b, |=k,| 2 |, A2=(-3)*=9 and xo=k,| 1 |+k,|O].
.| [-1 0 1
a, 1
For 3A*+2A%+51, 2,=3 - 5*+2 - 5+5=1930 and x;=| b, |=k,| 2 |, 22=3 - (-3)*+2 - (-3)?+5=266 and
c, -1
-2 3

X2:k2 1 +k30.
0 1



Eg. (a) Find out the eigenvalues and the corresponding eigenvectors of A*+2A%+A%" where

110
A=|0 0 1/.(b) Calculate A*®-3A%3+3A%7-A%
001
1-2 1 1 1
(Sol.) dett 0 -4 1 |=—(1-24)*(-1)=0,A;=1landx;=|0],A,=0andx,=|-1
0 0 1-1 0 0
1 1
(a) For A¥%+2A%8+A%7 2,=19%+2x1%%+1%"=4 and x,=| 0 |, A,=0 and x,=| —1
0 0

(b) A%-2A%+A=0, A¥-3A%%B+3A%7_ A= AF(A_|)(A3-2A%+A)=0

Eg. V=Mun(F), T: V=V is a linear transformation given by T(A)=A". (a) Show that T has only
eigenvalues 1 and -1. (b) Find the eigenvectors corresponding to 1 and -1, respectively.

(Sol.)

() T(A)=A", TA(A)=T(AY=A, (T?I)(A)=0, then 1*>-1=0=2=1 and -1.

(b) Let E; be the eigenvector corresponding to 1, we have T(E1)=E;= E;', then E; is a symmetric
matrix. And the bases of the symmetric-matrix set are

1 0 0 - 0] [0
0 0 1 0 0
0 ’ 0 e ’
0 0 0 0
i o] | 0] i 1
0 1 T Jfoo1 0 -] 00 0 1]
10 0 000 0 0
0 |1 0 0 T !
0 0 00 0
i o] | 0 | 1 0]
000 0 -] [0 00 0 O] 0 |
001 0 000 1 0 01
01 » o 0 0 T !
0 0 01 0 0
i o] | 0] 1 0]

On the other hand, let E be the eigenvector corresponding to -1, we have T(E;)=-E,= E,', then E; is a
skew-symmetric matrix. And the bases of the skew-symmetric-matrix set are



[0 1 1770 01 0 - [0 0 01
-1 0 0 0 00 0 0
0 -1 0 0 T !
0 0 0 0 0
i o] | 0 | -1 0]
0 0 0 0 -] [0 0 0 0 O] [0 ]
0 0 1 0 0 0 0 1 0 0 1
0 -1 0 » o 0 O T !
0 0 0 -1 0 0
i o] | 0] 1 0]

Matrices commute: AB = BA.

Theorem If A commutes with B, then A and B have the same eigenvectors. [2006 & X ERHF]
(Proof) ¥ x andy fulfill Ax=1ax and By=4gy. Let C=AB-BA=0, and we have
Cx=(AB-BA)x=ABx-BAx=ABX-BAaX=ABX-1aBx= (A-1a1)Bx=0, A(BX)=Aa(BX),

.". Bx is an eigenvector of A= Bx=4g’x= X is also an eigenvector of B.
Cy=(AB-BA)y=ABy-BAy=A/gy-BAy=AgAy-BAy=(1g1-B)Ay=0, B(Ay)=15(Ay),

.". Ay is an eigenvector of B= Ay=4,"y =Y is also an eigenvector of A.

4-2 Diagonalizations of Matrices

Diagonalizable matrix: AeMmx(F) if D=Q*AQ is diagonal.

Characteristic polynomial of A: f(1)=det(A-Al).

Multiplicity: Let A’ be an eigenvalue of a linear matrix with characteristic polynomial f(X). The
multiplicity of A’ is the largest positive number k for which (A-1’)¥ is the factor of f(A).

Splitin F: f(x) in P(F) if 3Jay, ay, ..., ay such that f(x)=ap(x-a)...(x-an).

Theorem A is diagonalizable <

1. The characteristic polynomial of A splits
2. The multiplicity of A is equal to n— Rank(A—/ll) for each eigenvalue A4 of A

Diagonalization of matrix A: Find a matrix Q such that D=Q*AQ is diagonal. In fact, the columns of
Q are the eigenvectors and the diagonal elements of A are the eigenvalues. On the other hand,

A=QDQ™.

Theorem (a) Let A4, ..., Ay be distinct eigenvalues of A, corresponding to eigenvectors Xy, ..., and
Xn, respectively. Then {xy, ..., Xn} is linearly independent. [P L& EFf]

(b) For dim(V)=dim(A)=n, and A4, ..., A, are distinct, then A is diagonalizable.

(Proof) (a) By induction method on k:

(A- Al )(alxl toeet akxk) = al(ﬂ’l - ﬂ’k)xl teeet ak—l(ﬂ'k—l - ﬂ’k)xk—l =0

A4 -4,#0, 4,-4,#0, ..., 4,,-4#0, ..a,=a,=..=3,,=0

= {X,,..., X4} is linearly independent.



11
Eg. Find all the eigenvectors of A= [4 J and diagonalize it.

1-1 1 - - .
(Sol.) det 4 = (,1 — 3)(,1 +1), A =3, —1:distinct, then A is diagonalizable.

1-2

Sy s
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s#0

.". Eigenvectors are F} { 1

310
Eg. Show that A=|0 3 0] isnot diagonalizable.
0 0 4

(Sol) f(4)=—(1-4Y2-3), .. The multiplicity of &, is 2.

010
n—Rank(A—M):S—Rank 0 0 ol|=32=1£2, .. It is not diagonalizable.
0 01
0 -2 -3
Eg.IsA=|1 3 3 | diagonalizable? If it is diagonalizable, please diagonalize it.
0 0 1

(Sol) f(A)=-(1-1)2(A-2), 1=1,1,2.

-1 -2 -3
For A1=1, multiplicity = 2, n-Rank(A- 4,1)=3-Rank(| 1 2 3 |)=3-1=2, .". Ais diagonalizable.
0O 0 O
& -2 -3
(A-A4)x =0=>x%x=|& |=5 1 |+t O
& 0 1
-2 -2 -3
For A,=2, multiplicity = 1, n-Rank(A- 4,1 )=3-Rank(| 1 1 3 |)=3-2=1
0 0 -1
&' -1 -2 -3 -1 100
(A-2,1)x, =0=>x,=|&'|=u 1|,.. Q=] 1 0 1|, Q*AQ=l0 1 0
&' 0 0O 1 0 0 0 2



Eg. For A{‘:’ ‘32} and B:{‘: :ﬂ,which is diagonalizable? [SZ{LE 4]

(Ans.) A is diagonalizable.

Eg. If A has eigenvalues 0 and 1, corresponding to the orthonormal eigenvectors E{J and

V5
NG

2
L { } , (@) how can you tell in advance that A is symmetric? (b)What is A? [& K EB#%HEI %

1

=
V5

S S

(Sol.) (8) D=[O }—Q‘lAQDA QDQ*, where Q= { } Q‘l{f N
0 N

A'=(QDQ ™)' =(QDQ")' =Q"D'Q' =QDQ ' = A, .". Aissymmetric.
owfy 09 36 9 50 1
woE 0 UE E O LG R s

Eg. For A:E ﬂ , find A", [1990 XX A B8]
ooy S B 3R 3oL DB TR
0 -1 |-+ ]2 3][1 1 ~1 12 31 1 1 0 (1
. 1 4 n_ 1 -2|1|5" 0 % % ~ 5"+2§71)" 245",§(,1)n
a2 s Tl 1 flo o)l )T e

Eg. Find A%* if Ac M2x2(R) and A has the eigenvalues 1 and -1. [& X EBHH]

(SOl) A:QDQ_l, AgngDggQ_l, D99: |:$ _O:| :|:(:; _0:|:D, A99:QD99Q—1:QDQ—1:A

0
Eg. Let A= L } Compute A" for any positive integer n. [& X EH]



4-3 Matrix Functions
Caley-Hamilton Theorem Let f(2) be the characteristic polynomial of Ae Mn.«n(F), then f(A)=0.
(Proof) det(A- A1) - 1 =f(1) « I=adj(A- A1) « (A- A1) (Note: adj(B) - B=det(B) - I)

Suppose adj(A-A)=C,,A"*+C ,A"?+..+C,, whereC, e M__(F), v0<i<n-1

nxn

f(A) 1=A"+a,A"" +..+a,) 1 =(C A" +C, ,A"?+..+C,)- (A= Al)

Cn—l =—I Ancn—l =-A"

Cn—Z - ACn—l = _an—ll An_lCn—z - AnCn—l = _an—lAn_1

C..-AC _,=-a_l : . _
" P e , = A"+a, A" +..+a,1=0,..f(A)=0

C, - AC, =-a,| AC, — A%C, = —a,A

_AC, =-a,l _AC, =-a,|

Application of Caley-Hamilton Theorem: Computing matrix functions

Eg. For A= {_43 ﬂ find A*+A3-22A%-38A+I. [2015 &EfA BHEFT]

(Sol.) f(L)=A2-A-20=0 = f(A)=A%-A-201=0

g(A)=A*+A3-22A%-38A+I= h(A)(A%-A-201)+aA+bl=aA+bl
g(51) = (51)* +(51)° —22(51)> —38(51) + | =111 = (5a +b)I N {a =2
g(-41) = (-41)* + (~41)° = 22(-41)? =38(-41) + | =71 =(-da+b)I ~ |b=1

-3 2] [1 0] [-5 4
= A4A322A%-38A+1=2 + =
4 4| |0 1 8 9

-1 -1
Eg. For B:{ 4 3 } , find B*-3B+2I.

(Sol.) f(L)=A%-21+1=0 = f(B)=B*-2B+1=0
g(B)=B*-3B*+2l =cB+dl = g(I)=0=cl +dI

4 2
g'(B)=4B°—6B=cl = g'(1)=41° -6l =-21 =cl, c=-2, d:2:>g(B):—25+2|{ ; 4}

1 2 1
Eg.A=|0 -1 1|, compute A%.-2A%+3A%+A%61. [2006 &FRIAETFT]
0 1 0

(Sol.) det(A-Al)=-23+2A-1=0, .". -A*+2A-1=0

-3 -6 17
AB-2AP+3A%+AZ-BI=(-A3+2A-1) (-A+A%-3A+21)+8A%-TA-41=8A%-TA-41=| 0 19 —15
0 -15 4
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Eg. For A= {O O} ,find ¢* and A'®.

(Sol.) f(L)= MA-1)=0 = A(A-1)=0. g(A)=e”"=h(A)(A’-A)+aA+bl=aA+bl

+g(.)e'{e O}eu:(am)u {a:e—l ) [1 1} [1 o} {e e—1}
= 0 e = =e’=(e-1) + =
b=1 00 0 1 0 1

g(0)=e’=1=bl=b=1

h(A) = A — aA 1 bl
h()=1"° =] = b)I =1 11 10 11
= () (a+b) 87 A g, +0- =
h(0)=0™ —0=bl =b=0 _ |b=0 00/ "o 1] |0 o0

3 -1
Eg. ForA:{1 . } find A%, A3, AY¥? and sin(A).

(Sol.) f(L)=(A-2)*=02-4A+4=0 = A’-4A+41=0
(@) h(A) = A" =g(A)(A2-4A+41)+aA+bl =aA+bhl
h'(A)=-A?=al

{h(ZI):%I:(2a+b)I {a
=

1

SN iy {Z
4

1
4

|

EN[ARNN

h'2l)=—(21)* =-11 =al b=1 ~1
(b) A =aA+bl =h(A), {h(z'):m:(z“b)':{a:lz :A3:12A—16|:[20 _12}
h'(21) =121 = al b=-16 12 -4
~ B h(21) =21 = (2a+b)l [|a=2 V2, V2, 2[5 -1
(c) YA =aA+bl =h(A), {h'(ZI):ﬁ:al :{b:§:ﬂ_TA+TI_TL 3}

() sin(A)=aA+bl=h(A), {h(ZI):sin(Z)-I =(2a+Db)l :{a:cos(Z)

h'(21) =cos(2) -1 =al b =sin(2) —2cos(2)
sin(2) + cos(2) —c0s(2)
cos(2) sin(2) — cos(Z)}

.. sin(A)=cos(2) E 1

}+{sin(2) —2cos(2)}- Ll) ﬂ = [

3

1
Eg. Compute e° for C=
-2 0

}mym%%w%%]

(Sol.) ()= A(A-3)+2=(h-1) (A-2)=0 = (C-21)(C-1)=0
g(C)=e®= aC+hl,

21 _ e’ 0 _ a2y _ a2
e £ S s S

b=2e-e
g(l)=e'=el =(a+b)l > a+b=e

o —e+2° —e+¢é’
= =
2e—2e° 2e-—¢?



2 21
Eg. For A=|1 3 1/, find (a) the eigenvalues and the corresponding eigenvectors, (b) e*=?
1 2 2
[1990 LIt
111
Eg. Find AYifA=|0 1 0. [BRREH]
111

Matrix limit:  lim (An)j=Lij, write lim A=L.

m—oo

Theorem Ae M« (C) and A is diagonalizable. If A is an eigenvalue of A, and |A|<1 or A=1, then

lim A" exists.
A am lim A"
(Proof) A=Q Q% A"=0Q Q% limA™=Q Q*
A Am lim A7
For |4|<lor 4 =1,fori=1,...,n thenlimA" <o , .. lim A"exits.

Theorem If D=P?AP, then e*=Pe°P™. Note: e**® =e”.e® for some A, Be M (F).

01 o0 , 11 , [to
Eg. A= , B= et = . ef =
00 10 01 11

eA .eB =|:2 1j|¢eA+B :eL 0:| =|:%(e+e—1) %(e—e_l):|
11

le-e™) i(e+e™)

Transition (Stochastic) matrix: (a) All the column entries are nonnegative. (b) The sum of the
column entries is 1.
Regular transition matrix: All entries are positive in some power of a transition matrix.

104 010
090 0.02| . . . {0 03 05 0] . . .
is a regular transition matrix. Is a transition matrix but not
0.10 0.98 0 0 020
0 03 02 1

a regular transition matrix.

Probability vector: A column vector containing nonnegative entries whose sum is 1.



Theorem (a) The product of two transition matrices is a transition matrix.
(b) The product of a transition matrix and a probability vector is a probability vector.
(c) If A is an eigenvalue of a transition matrix, then |A|<1
(d) Every transition matrix has 1 as an eigenvalue. [& X ERF]

(Proof)

(@) ForC=AB, >.C, =) > ABy =2 > AB; =2 B> A => B =1
DY Fory=Ax, Dy =2 2 AX; =2 X 2 Ay =D x; =1

1
(u=|:1, .  Mu=Mu=1u, .". 1 is an eigenvalue of M" or M.

Invariant subspace: T is a linear operator on V. A subspace W of V is called a T-invariant subspace of
Vif T(W)cW, that is, if T(x) e W for all xe W.

Theorem T is a linear operator on V, and V=W; ®W,®W3---®W,, where W; is a T-invariant

f (1) denote the characteristic polynomial of V

, then
f. (1) denote the characteristic polynomial of W,

subspace of V, VI1<i<k . Let {

f)=F1 (W2 (1) - T (D).
(Proof) By induction in k:

L. ={X,,..., X, }denote the basis for W,

1. k=2, Let .
B> ={X.1,--» X, }denote the basis for W,

TW)cW,, TW,)cW,,and V=W, ®W,, =4 Up,

T(x,) espan ({¥,,--%}) T (X.1) €5PaN({X 11000 %, )
T(X,) €cvvvvreeniieieiee and T(X,0) € cvverrerrririereeinieeas
T(X) € oo T(X,) € v,

T(X1) =g X tayX;, +..+3,X T(X|+1) = A0 X T X, T T Ay X,

i e T(Xz) =8, X FanX, ...+ 3,,X, and T(X|+2) = Q01X T A0 X, T T 3K,

T(X|) =ay X Ty X, +...+ 3 X T(Xn) =8, X, T3, X, T+ a X,



a, a, ay 0 0 |
21 : E
' : B, O
=[], =A=]a, a 0 0 1= O B
0 0 a|+l’1 a|+1’n 2
i 0 N 0 a, - a, |

f (1) =det(A—Al) =det(B, — Al)-det(B, — Al) = f (1) f, (1)
2. Assume that the theorem is true for k-1 summation.

3. Let W=W, +...+W,_,, thenV =W @W, by the proof in (2)= f(1)=g(1)-f (1) Iin
whichg(4) = f,(4) .- f,;(4)

A 0 O
Direct sum of matrices: [A]®[B]®[C]=|0 B 0
0 0 C



