Chapter 5 Inner Product Spaces

5-1 Inner Products and Norms

Inner product <x,y>: V is a vector space over F, and <x,y> has the following characteristics:

(a) <axtbz,y>=a<x,y>+b<z,y>, (b) <x,y>=<y,x>*, (C) <x,x> is positive if x£0.

Eg. Let u=(u1,uz,us) and v=(v1,v2,v3). Determine which of the following are inner products on R>.
(i) <u,v>=u12v12+Us?vo2+us?va?, (i) <u,v>=2u1vi+Uava+3Usvs, (i) <UV>=U1Vi-UaVa+usvs. [2003%38
RE[EF]

(Sol.) Only (ii) is the inner product. (i) does not fulfill (a), (iii) does not fulfill (c) if u;v1 +usvs<u,vs.

Eg. The following calculations fulfill the definition of the inner product:

(@) Xx=(a1,82,....an), y=(01,02,...,0n), <Xy>=>"ab; , (b) A,BeMun(F), <A,B>=tr(B*A),
i=1

©)f, geV, <f,g>= j: f (x)g (x)dx .

In Matlab language, we can use the following instructions to obtain the inner product and the outer
product of two vectors:

>>A=[4,-1,3]; B=[-2,5,2]; C=dot(A,B); D=cross(A,B)

A=
4 -1 3
B=
-2 5 2
C=
-7
D=
-17 - -14 18
Norm || - ||: Areal-valued function on V and satisfies the following conditions for all x, yeV and ceF.

(@) [lex||=lcf - ix]l, (b) [Ixl|=0, and [[x][=0 if x=0, (c) [[x+yl[=IX][*+IIyll
Eg. Show that ||-x||=[|x]|. [1993 &K EEHH]
(Proof) [|-x[|=[-1] - [}x|=[Ix]

Eg. The following calculations fulfill the definition of the norm:

n b
(2) V=Mumen(F), I1All= max |Ay |, () V=C[0.2 >0] , = max|f (1), (0) V=F", || = {Zlai |2}

i=1

Euclidean norm of a vector: xeV, [[X][= 1/{x, X)

Theorem (a)] <xy>|<|Ix] - [lyll (Cauchy-Schwartz Inequality), (b) [[x+y][* + [Ix-y|* =2|x][* +2]ly][".
(Remark) By definition of the Euclidean norm.



In Matlab language, we can use the following instructions to obtain the Euclidean norm of a vector:
>> x=[3 4 5]; c=norm(x)
c=

7.0711

Orthogonal vectors x and y: x Ly <> <x,y>=0.
Orthonormal vectors x and y: ||x||=|ly|[=1 and <x,y>=0 if x#y.

Eg. Show that if {vi, v2, v3, ..., Vp} IS an orthogonal set of non-zero vectors in an inner product
space, then vy, v, vs, ..., and v, are linearly independent. [2015 h L ERFERELH ~ BT T4H]
(Proof) Lety=}"_, a;v; be a linear combination of v1, vz, vs, ..., and v,.

Since {v1, V2, V3, ..., Vn} is an orthogonal set of non-zero vectors in an inner product space, we have <
vi, V;>=0 if j# but <v;, vi>#0 in case of j=i.

Consider an inner product <y,v;>=<¥r_, a;v;, Vj >=x"-, a,< Vi, Vj >=a;< Vj, V;>

Set y=0 and then we have a;=0 because < v;, vi>#0 for each i. It implies that vy, vy, vs, ..., and v, are
linearly independent.

.....

i=1
a;=<y,X;>/<x;,x;>for all j if S is orthogonal, and (b) a;=<y,x;> for all j if S is orthonormal.
<Y,X; >

m m
(Proof) (a) <Y, X;>=<DaX,X;>=> a <X,X;>=a; <X;,X; >=> a; =
i=1 i=1 <ijxj>

Eg. (8,-7)=8(1,0)-7(0,1) where 8=<(8,-7),(1,0)> and -7=<(8,-7),(0,1)>

Theorem A linear operator T: V—-W, let f={X1 . Xxmn} and orthogonal set #’={y: .. ym} are the
<T(X:),y;, > . .
bases of V and W, respectively. Then the ij-entry Tijzi. If £’ is an orthonormal basis,
<VYi:Yi >

then Tij:<T(Xj), Y >.

(Proof) " T(x;) :kZ;Tijk e <T(XG), Y >:<;Tkjyk’yi >:;Tkj <Y Y >=Ty <y >
_<T(X5).y; >

! <VYi,Yi >

Eg. For a linear operator T(a1,a;)=(a1-a,a1,2a:+a,), let ={(1,2),(2,3)} be a basis for R? and

£={(1,0,0),(0,1,0),(0,0,1)} be an orthonormal basis for R® then we have

T(1,2)=(-1,1,4)=-1(1,0,0)+1(0,1,0)+4(0,0,1) and T(2,3)=(-1,2,7)=-1(1,0,0)+2(0,1,0)+7(0,0,1)

=T

-1 -1
=[] =| 1 2 , where Tu=-1=<T(1,2),(1,0,0)>, T,1=1=<T(1,2),(0,1,0)>,
4 7

T31=4=<T(1,2),(0,0,1)>, T1,=-1<T(2,3),(1,0,0>, T2,=2=<T(2,3),(0,1,0)>, and T3,=7=<T(2,3),(0,0,1)>



5-2 Gram-Schmidt Orthogonalization Process

Gram-Schmidt Orthogonalization Process: Let S={yi,y»,ys3,...,yn} be a linearly independent

<Y, X >
subset of V and S’={x1,X2,Xs,...,Xn} be an orthogonal subset of V. Set x;=y1, X= yz—L- Xy,
< X, X, >
< Ya, X, > < Ya, X, > <YL X >
X3= Y3- Yo Xa - X, - Ya: Xo Xy, ..., and xk:yk—zL- X; . Then Span(S)=Span(S’).
<X, X, > <Xy, X, > R

Eg. For V=R®, £={(1,1,0),(2,0,1),(2,2,1)}, find an orthogonal basis for VV by the Gram-Schmidt
orthogonalization process. [2007 &F}AEW]
<(2,00), (1,10) >
<(110),(110) >
C<(22)),(110) > 110)- = (2,21), 1,-11) >

<(11,0),(110) > <@1-11),(1-11) >
Then f7={x1,X2,X3} is an orthogonal basis.

(Sol.) Let x, =(1,1,0), x, =(2,0,1) -

-(L10)=(2,01)-2(110) =(L-11)

X; =(2,21) (L1 = (-4,1,2).
Eg. Let the vector space P, have the inner product <p,q>= .[11 p(x)g(x)dx . Apply the

Gram-Schmidt process to transform the standard basis S={1,x,x°} into an orthonormal basis.

[2005 JEREA ERSHEERFT]

1
X -1dx
(Sol.) S={1,x,x*}={ y1, V2, Ya}. Let x1= y1=1, Xo= yz-—< Y2.% > X, =X- I‘j -1=x-0=x,
<X Xy > [ 1-1dx
-1
lez -1dx lez - xdx
x3=y3-< y3,X1>.X_< Y3 X, >~X —y2. 1 oo 'X=X2-1-0:X2-%.

1 2 1 1
<Xy Xy > <Xy, Xy > Il~ldX .[X-XdX 3
) )

.". Orthogonal basis: {1,x,x*- % } = Orthonormal basis: { \E , \/g X, 1 /% (x*- % )}

Sperp: ST={xe V: <x,y>=0 for all ye S} is an orthogonal set of S.

Eg. For V=C?, S=Span{(1,0,i),(1,2,1)}, compute S".

(Sol.) Suppose S*=Span{(a,b,c)},
<(a,b,c),(1,0,i)>=0=a=—ci 1—i

_i ,ST=Span{(-i,——1
{< (a,b,c)(@,21) >=O:>b=—1—2|C pan( 2 )k

Eg. Show that (a) {Xi,X2,....Xk} is an ordered basis for W (subspace of V) and

{X1,X2,..., Xk, Xk+1,-.-,Xn} is an ordered basis V, then {Xy.1,...,Xn} is an order basis of for W-.

(b) W is a subspace of V, then dim(V)=dim(W)+dim(W"). [& X ERF]

(Proof) () Vx eV < x =Y <X, X > X
i=1

If xeW*, then<x,x, >=0 for 1<i<k.Therefore, x= Y <X >X € Span({X .=, X, |)
i=k+1

(b) According to (a), dim(V )=n=k+(n-k)=dim(W )+dim(W )



Eg. Show that (a) (W, +W, )" =W," nW," and (b) (W, "W, )" =W," +W,". [1990, 1999 & K&
Bl

(Proof) (W, +W,)® (W, +W, ) =W, ®W," =W, ®W," =V
W, and W, cW, +W,, . (W, +W,)" cW,* and W,” = (W, +W, )" cW," nW,"

VX eW," "W,", then Vy eW, and z eW, =< y, X >=< 7,X >=0
wey+dzeW, +W,, <cy+dz,x>=c<y,Xx>+d <z,x>=0

=>xeW, +W,) =W, AW," c W, +W,)*, .. (W, +W, ) =W," nW,"
On the other hand, (U, +U,)" =U," nU," =U, +U, = (Ull mUzL)l

Set U, =W, U, =W," =W~ +W," =W, "W, )"



5-3 Various Matrices
Adjoint matrix: A* is the complex conjugate transpose of A. Note: A*#adj(A) and (AB)*=B*A*.

1-i 2 1+i 3i
Eg. For A= . , then A*= :
-3 4 2 4

Eg. For T: C*>C? by T(a1,a,)=(2ia;+3a,a:-a,), if B is the standard ordered basis, find T*(a;,a,).
[1998 &K EERA]
(Sol.) T(1,0)=(2i,1)=2i-(1,0)+1-(01) and T(0,1)=(3-1)=3-(1L0)+(-1)-(0,1)

=[], = [le _31} >, :{_32' _11} - T(aw,82)=( -2ia1+az,3a1-32).

Theorem For Ae My (F), Xxe F", ye F™, then <Ax,y>=<x,A*y>,

(Note: <T(x)y>=<xT (y)> for vx,yeV,T:V -5V)

o 1 R e e o R R el

Theorem (a) AeMm«n(F), Rank(A*A)=Rank(A). (b) Ae Mmnn(F), if Rank(A)=n, then A*A is
invertible.
(Proof) (a) A*Ax=0 < Ax=0

1. "<": Ax=0implies A"Ax =0

2. ":>":O:<A*Ax, x>n :<Ax, A“x>m :<Ax,Ax>m, .. Ax=0

b AeM,  (F)=AAeM, (F)

Rank(A*A)=Rank(A)=n, .". A*A is invertible

Orthogonal matrix A: AA'=A'A=I. Unitary matrix A:. AA*=A*A=|.

N2 —uN2) o w2 12
Eg'A_L/\/E 1/\/5}’A_{—1/\/§ 1/+2

}, AA'=A'A=1, .". A is orthogonal.

lird2 =iz L [-id2 —ily2
Eg'A{i/\/E i/ﬁ]A{i/ﬁ /2

}, AA*=A*A=I, .". Alis unitary.

Normal Matrix A: AA*=A*A.

=i —i =i
Eg. A= { } A*:{ } AA*=A*A, .". Alis normal.
i =i



Eg. T is a normal operator on V. Show that (a) |[T(X)||= [[T*(X)|l, (b) T(X)=Ax= T "(x)= Ax, (c) 41

and 4, are distinct eigenvalues of T with corresponding eigenvector x; and X,. Then x; and x, are

orthogonal. [2012 & K EH]
(Proof) (a) [T(x)* = (T(x)T(x))= <T T(x), x> = <TT*(X), x> = <T*(x),T*(x)> = 'T*(xj‘z

(b) Suppose T(x)=Ax forsome xeV.Let U=T-Al,
0:||U(x)|:HU*(x)ﬂ:H(T*—ZI)(X)”, ST ()= Ax.
(c) Let T(X1)=11X17T(X2)222X2'

@(xl,x2>:</11x1,x2>:<T(x1),x2>:<x1,T*(x2)>=<xl,/lzx2>:/12<x1,x2> Ay #E Ay (X%, ) =0.

Self-adjoint (Hermitian) matrix A: A=A*,

1  2-5| . . :
Eg. . is a self-adjoint matrix.
2+51 -3

(Note: A self-adjoint matrix is also a normal matrix, but a normal matrix may not be self-adjoint)

Theorem If A is a self-adjoint matrix, all eigenvalues of A are real. [2000 & K ERHF]
(Proof) Ax = Ax = A'x=Ax forsomex#0, A== 1isreal.

Gramian matrix A: 3B e Muxn(F) such that A=BB' then A is called the Gramian matrix.
i i i Ais symmetric.
Theorem A is a Gramian matrix < . i
all eigenvalues of A are nonnegative.

(Proof) (1) A'=(BB")'=BB'=A, .". A is symmetric. (2) For some x= 0, and Ax=1x,

then <Ax,x>=</1x,x>:l<x,x>:<Bth, x>:<th, th>20, (X, x)>0, 420

Eg. Which of the following matrices is Hermitian? Which is normal?

L ol a1 0o i 1 3 1+i i
—I
A:{2 . 1}8: \/15 \/EI C=l|i 0 -2+i|D=[1-i 1 3| [BAKREFFA
+1 - . .
\/E \/E -1 2+i 0 =1 3 1
(Sol.) A=A* and D=D%*, .". A and D are both Hermitian matrices,

1 —i

C
CC*=C*C, BB*:[ , ﬂ B*B:[
—1 |

] .". Cis normal but B is not normal.



5-4 Special Characteristics of Matrices

Positive definite: If (Ax,x)>0 for all x£0, then A is positive definite.

Eg. If A'is a positive-definite matrix, then all the eigenvalues of A are positive.

(Proof) For some x#0 and Ax=1x, positive definite: (Ax,x)=(Ax,x) = A(x,x)>0=1>0.

Eg. Let A be a complex normal (or real symmetric) nxn matrix with eigenvalues: A1, Az, ..., An,

and then show that (a) tr(A):Zn:&i and tr(A*A):Zn:|ﬂ,i| , (b) det(A):f[ﬂbi . [1998 & A EBHH]

(Proof) Let A=QDQ ™ and D be diagonal, tr(A)=tr(QDQ™)=tr(DQQ™)=tr(D)= Zn:ﬂi

n

det(A) = det(QDQ‘l): det(Q)det(D)det(Q‘l): det(Q)det(D det(Q)]™ = det(D Hi,

21-10
. 1342 . 4 4
Eg. Let A; be the eigenvalues of A= 1412 | 1 =4, (a) ;2,,:? (b)li;[;ti:?
0221

(c) Is A positive definite? [&AHF]
(Sol.) "." Aisareal symmetric matrix, .". (a) Zﬂ, =tr(A) = 2+3+1+1=7, (b) Hﬂ,—det(A) 10,
i=1

(c) Method 1: 3A<0 = A is not positive definite.

2 1-1
21
Method 2: det([2])=2>0 and det([ L3 }):5>O, butdet(| 1 3 4 |)=-38<0= Not positive definite.
-14 1

A is unitarily equivalent to B: 3P fulfills B=P*AP and P =P~

Theorem (a) A is complex normal < A is unitary equivalent to a diagonal matrix. (b) A is real
symmetric < A is orthogonally equivalent to a real diagonal matrix.

(Proof) AA" =(PDP"|PDP") =PDP’PD*P" = PDD"P"

* * * *

A=PDP", A’A=(PDP")J (PDP")=PD*DP*. --DD" =D'D, .. A"A=AA

Projection: V=W, ®W,;, x; e Wy, and X, € Wy, Xx=x1+Xz. If T(X)=x1, then T is projection on W That is,
R(T)=W1={x: T(x)=x} and N(T)= W-. (Note: T?=T if T is a projection.)
Orthogonal Projection: If R(T)"=N(T) and N(T) "= R(T) for T: V—V be a projection.

Theorem T is a linear operator on V. Then T is an orthogonal projection. < T?=T=T*.



Eg. Let T: R>-R? be a linear operator. For any z< R?, T(z)=p, where p is the projection of z on the

line x=y. Find [T]. (XA B(SFT]

(Sol.) The orthonormal basis of line x=y is { }/\E } and the standard basis of R?is {[(ﬂ {ﬂ }.
V2

Inner product: {1] }/\E >:i, so the orthogonal projection of B} onto the line x=y is

N\ pl 2
1| [%lgﬂzm
V2 %/E Y| 20 21
Inner product: {ﬂ }/\E >:%, so the orthogonal projection of {ﬂ onto the line x=y is
Ja)
1 }/\/_ = % S0 s % % and we have [T]*=[T]=[T]*
N AMERE [T] , [TI"=[T]=[T]
2| V| L2 7 K
1 0110
Eg. Find the orthogonal projection of the vector v=| 0 | onto the subspace S=Span(| -11{,| 1 |).
-2 111
[ AR EEFF]
0|0 0 0

Sol.) Transform the orthogonal basis {| —=11,| 1 | } into the orthonormal one: {| — }/ , }/ )
(Sol.) g { } { 7z 2 }

i JE

1 0 1 0
<o, |- }(/5 >=-\2, so the orthogonal projection of the vector v=| o | onto|—1| is

-2 _}/\/5_ -2 1

0
AR




1 0 1 0
<|o|, }(/E >=-\2, so the orthogonal projection of the vector v=| 0 | onto |1| is

-2 _}/\/E_ -2

1 0 0 1770707 1 171107 o

o-(-Vz_}/ﬁ)-(dzyﬁ):0-1-—1=o,.‘.v:o:0+1+—1

~2 —2| |-1] |-1| |o 2| |o| [-1]| |-1
el Val

1 0 0
and {| 0 |}LS=Span(| -1{,[1|)
0 1 1

Rotation: 3 orthogonal basis f={xi,x,} for W, and 36 is real and fulfills T(x;)=x1c0S0+X2SInd,
T(X2)=-x18ind+x,c0s0, and T(y)=y, VyeW", where W is a 2-dimensional subspace. And then T is a
rotation of W about W*, where W* is the axis of rotation.

Reflection: T(x)=-x, ¥xeW and T(y)=y, VyeW". And then T is a reflection of W about W*, where
W is a 1-dimensional subspace.

Eg. T: R>>R? by T(a,b) = (-a,b). Let W=Span({e1}) and W*=Span({e,}). It is reflection of R*about
W~ (the y-axis).

Theorem T is an orthogonal operator on a 2-dimensional real inner product space. If det(T)=1,
then T is a rotation. If det(T)=-1, then T is a reflection.

cos@ -—sind

(Proof) By definition, [T], :{ } is a rotation, .". det(T) = 1.

sing  cosd
Choose y ={z,,2,,...} be an orthogonal basis for V and z; e W,

.1 0 -~ -+ 0
0 1 :
[T] =] : = . " i|=det(T)=-1.




Theorem The composition of a reflection and a rotation is a reflection.
(Proof) det(T1T,)=det(T,)det(T,)=-1

_ [normalon VoverF=C . :
Spectral Theorem If T is o ,and g, ..., A are distinct eigenvalues of
self -adjointon V over F=R
T. Let W; be the eigenspace of T corresponding to A;, and T; be an orthogonal projection on W;.
(Ti(¥)=xieW;). Then (a) V=W; ®W,BWs---BWy, (b) Wi*=D W, (direct sum), (c) TiT;=5;Ti,
J#i

(d) I=T+To+eee+Ty, (e) T=0 T+ Totee e+ Tk,

0,i# ]
X,

(Proof) (c) Let x=0 and T,;(x)=x;, then T,T;(x) =T, (X;) ={ =6, T;,(X) =>TT; =6,T,

@x=Ix=x 4.+ %X =T,(X)+T,(X)+..4+4T.(X) =T, +T, +...+T)X), .. I =T, +T,+..+T,.
(e) For xeV ,then x=x, +...+ X, wherex, eW,,
TX)=TX)+...+T(X) =A%+ + A% =A4T,(X) + ..+ 4T, (X) = (AT, +..+ 4, T )(X),

L T=AT +. +A4T,

Theorem (a) F=C, T is a unitary operator< T* is normal and |A|=1 for all eigenvalues. (b)
T=-T*< each A is pure imaginary. (c) T is a projection < each A is either 0 or 1.

5-5 Bilinear Forms

Bilinear form, H: If (a) H(axy+bxz,y)=aH(x1,y)+bH(x2,y) and (b) H(x,ayi+by,)=aH(x,y1)+bH(x,y>)
for X1, y1, X2, Y2, X, yeV, a, beF.
Theorem For each He B(F"), 3! AeMunxn(F) fulfills H(x,y)=x'Ay for all x, ye F".

; . p2,p2 & bl _ Ch bl 2
Eg. Define H: R°xR* >R by H(| " |, ) =2ab, +3a,b, +4a,b, —a,b, forall , e R7,
a, ||b, a,||b

thentet x=| | y=|™ | a=[? 2|2 Hixy)=xAy = 2 3][b
enlet x= az,y_ bz, =l 4 _l:> (x,y)=x"Ay =[a, a,] 4 _1 bzl

Symmetric bilinear form: H(x,y)=H(y,x) for all x, ye V.
Quadratic form: K: V—F if 3 HeB(V) fulfills K(x)=H(x,x)=x'Ax.

t, 2 3 0
Eg. Let f(ty,ty,t2)=2t,° —t,” +6t,t, —4t,t, = K(|t, ), and then A=|3 -1 -2
t, 0 -2 0

2 3 07|L
= f(t,t,,t)=[t t t] |3 -1 —2||t,| isaquadratic form.

0 -2 0|t



Eg. There are two bases (x1,y1) and (x2,y») in R?. If the equations of the same ellipse represented
by two distinct bases are described as follows, respectively: 2xi2-4x1y;+5y;°-36=0 and
X,2+6Y,2-36=0. Please find the transformation matrix between these two bases. [2004 & A ERF]

X 2 -2 2-1 -2
(Sol.) Let K{ 1}=2x12+5y12—4x1y1, A= : det([ . JJ:(ﬂ—l)(z—a), A=16
) _ _

@:1:[A—4|]{ﬂ{1 -2 & =0 :Jﬂ:am, a0,

~2 4] |a, a,

o)

2 1
_ \/15 \/g ,{XZ}jK{Xz}:xzueyzz:>2x12—4x1y1+5y12—36:0:>x22+6y22—36:0

- __= Y, 2
NN

ol -

2 1
|5 5 _ G . 100 12
Q= 1 fulfills QTAQ=0Q AQ_{0 6} for '8_{\/3[1}
5

Eg. [t1,t2,t3] e R®, 3t1%+3t,°+3t3%-2t1t3+2V2 (t1+t5)+1=0. Find a basis g for R® such that the above
equation is simplified.

t, 3 0 -1
(Sol.) Let K|t,|=3t%+3t,° +3t,° —2tt,, thenA=| 0 3 0 |. It is found that an orthogonal
t, 10 3
_O . .
NG 3 00 0 1 -1
matrix Q=1 \/OE E)/E fulfills Q'AQ=0 4 0| forp={|1 1 0 1 0
-1 1 2| W2
o =& 1 00 2 0| Vol-1| V4| -1
V2 2]
o L 1]
t, 2 2| S
t, |=|1 01 01 |'s, | = K(x) =35, +4s,” +2s,°
t 0 —= ——1||s
3 I —\/E \/E_ 3

= 3t,° +3t,7 +3t,° —2tt, + 24/2(t, +t,) +1=0=3s,” +4s,” + 25, —4s, +1=0.



