
Chapter 6 Jordan Forms of Matrices 
6-1 Jordan Forms and Dot Diagrams 
Generalized eigenvector: X∈V, X≠0. If ∃λ fulfills (A-λI)PX=0 for some positive integer P. 
Generalized eigenspace: Kλ={x∈V: (A-λI)P(x)=0 for some P}. 
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J  is a Jordan form. 
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Jordan Form and Block: J=
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Nipotent: If Ap=0 for some positive integer P. 
 
Theorem (a) A is nipotent⇒A has only zero eigenvalue. (b) Any diagonalizable nipotent matrix 
is always equal to the zero matrix. 
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6-2 Minimum Polynomials 
Minimum polynomial: A monic polynomial of least positive degree for which p(A) = 0. 
 
Theorem 
(a) If g(λ) is any polynomial for g(A)=0, then p(λ) divides g(λ). In particular, p(λ) divides the 
characteristic polynomial of A. 
(b) The minimum polynomial and the characteristic polynomial have the same zeros. 
(c) The minimum polynomial is unique. 
(Proof) (a) If g(λ)=p(λ)q(λ)+r(λ), deg(r(λ))<deg(p(λ)). Since g(A)=p(A)q(A)+r(A)=0 and 
p(A)=0⇒ r(A) = 0, but p(λ) is the minimum-degree polynomial and deg(r(A)) < deg(p(A)) 
          ∴ They are contradictory to each other, ∴ r(λ)=0 
(b) Let characteristic polynomial=g(λ)=p(λ)q(λ). If p(λ)=0, then g(λ)=0. 

Let 
λ
x

 be the 
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reigenvecto
 of A, then p(λ)x=g(λ)x=0. 
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











−

−

211
020
013

, find the minimum polynomial for A. 

(Sol.) ∵ det(A-λ I) =-(λ-2)2(λ-3), ∴ the minimum polynomial for A is either (λ-2)(λ-3) or (λ-2)2(λ-3). 
Substitute A into (λ-2)(λ-3) and shows that p(A) = (A-2I)(A-3I) = 0. 
 
Theorem A is a diagonalizable matrix. ⇔ The minimum polynomial for A is of the form 
p(A)=(A-λ1I)…(A-λkI). 
 
Theorem Let λ1, λ2, …, λk be the distinct eigenvalues of A, and pi is the order of the largest 
Jordan block corresponding to λi, and then the minimum polynomial of A is 
p(λ)=(λ-λ1)p1(λ-λ2)p2…(λ-λk)pk. 

Eg. If the Jordan canonical form of A is





























3000000
1300000
0020000
0012000
0000200
0000120
0000012

, find the minimum polynomial. 

(Sol.) For λ1=2, p1=3. For λ2=3, p2=2, ∴ p(A)=(A-2I)3(A-3I)2, but the characteristic polynomial of A 
is (λ-2)5(λ-3)2. 
 



Eg. If the dot diagrams of A are as follows: 

•
••

•••
= 21λ

, 

•
•

••
= 42λ

, 
••
−= 33λ , find the minimum 

polynomial. 
(Sol.) p1 is 3, p2 is 3, and p3 is 1, ∴ p(A)=(A-2I)3(A-4I)3(A+3I). 
 
Application of the Minimal Polynomials: Computing matrix functions 

Eg. For A= ,
101
222
103

















−
 find A3-3A2+3A. 

(Sol.) 0)2()( 3 =−= λλf , 3,2 11 == mλ , 
















−−
=−

101
202
101

2IA , rank(A-2I)=1 

1r =3–rank(A-2I)=3–1=2, dot diagram: 
•

••
 

12 =r ⇒















=

200
020
012

J ⇒The minimal polynomial is (λ-2)2, ∴ 044)2( 22 =+−=− IAAIA  

bIaAAAAAg +=+−= 33)( 23 , aIIAAAg =+−= 363)(' 2  
IbaIIIIIAg )2(26128)2( 3 +==+−== ⇒2a+b=2 

aIIIIIAg =+−== 31212)2(' 2 ⇒a=3⇒b=-4, ∴ 
















−−
=−=+−

103
626
305

4333 23 IAAAA . 


