Chapter 7 Special Applications of Matrices

7-1 Condition Numbers of Matrices
Norm of a matrix: ||A||=
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Rayleigh quotient: R(x)=
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Theorem (a) B=B*
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Mn×n(F), ||A||=√λ, where λ is the largest absolute value among the eigenvalues of A*A.

(Proof of (b)) 
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According to (a)
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||A||2=the largest absolute value among the eigenvalues of B=A*A.

In Matlab language, we can use the following instructions to obtain the Euclidean norm of a matrix:
>> A=[1 1; 2 3]; C=norm(A)
C =
    3.8643
Condition number: Cond(A)=||A||．||A-1||≧1.
Theorem For Ax=b, where A is an invertible matrix and b≠0.
(a) 
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, where δb and δx satisfy A(x+δx)=b+δb.
(b) Cond(A)=
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(Proof)
(a) Ax=b, A(x+δx)=b+δb
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A(δx)=δb, 
[image: image13.wmf]b

A

x

d

d

×

=

-

1



[image: image14.wmf]A

b

x

x

A

Ax

b

³

Þ

×

£

=

, 
[image: image15.wmf]b

A

b

A

x

d

d

d

×

£

×

=

-

-

1

1


∴ 
[image: image16.wmf]b

b

b

A

A

x

x

b

Cond(A)

1

d

d

d

×

=

×

×

£

-


On the other hand, 
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(b) It is known that ||A||=
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, where λ1 is the largest absolute value among the eigenvalues of A*A. Let λn be the smallest absolute value among eigenvalues of A*A (and so does AA*).  Moreover, 
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= the largest absolute value among the eigenvalues of (AA*)-1 or (A*A)-1 =
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In Matlab language, we can use the following instructions to obtain the condition number of a matrix:

>> A=[1 1; 2 3]; C=cond(A)
C =

   14.9330
>> A=[0.003  59.14; 5.29  -6.13]; C=cond(A)
C =
   11.3000
Eg. For an ill-condition system of linear equations: 
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 with A=
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, it is found that Cond(A) is very small. The exact solution of the system of linear equations is 
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(Check) 
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7-2 Minimum Solutions of Linear Equations

Minimum solution: For Ax=b, b
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Fn, if Rank(A)＜n, then Ax=b has at least one solution. One solution s is called a minimum solution if ||s||≦||u|| for all other solution u of Au=b.

Theorem A
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Mm×n(F), b
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Fn. Suppose that Ax=b has at least one solution. Then there exists one minimum solution s of Ax=b and if u is the solution of AA*x=b, then s=A*u=A*(AA*)-1b.
Eg. Find the minimum solution of 
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(Sol.) A=
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, AA*=
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Theorem For A
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Mm×n(F), b
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Fn. There exists x0
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Fn is a solution of A*Ax0=A*b and ||Ax0-b||
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||Ax-b|| for all x
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Fn. Furthermore, if Rank(A)=n, then x0=(A*A) -1A*b. (Note: Ax=b may have no solutions but Ax0≒b in this case) [1995台大電研]
(Proof) Define W={Ax: x
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Fn}. Let T be the orthogonal projection on W. Choose x0
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Fn such that T(b)=Ax0, and then ||T(b)-b||=||Ax0-b||
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||Ax-b|| for all x
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Fn.

∵ T is an orthogonal projection on W, ∴ T(b)-b
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<Ax,T(b)-b>=<Ax,Ax0-b>=<x,A*Ax0-A*b>=0
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A*Ax0=A*b
[image: image56.wmf]Þ

x0=(A*A) -1A*b
Eg. Given the data (-3,9), (-2,6), (0,2) and (1,1), find the parabola to fit them by the least-square rule. [清大電研]

(Sol.) Let y=ex2+fx+g, Ax=b
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(Sol.) 
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