Chapter 7 Special Applications of Matrices

7-1 Condition Numbers of Matrices

Norm of a matrix: ||4||= max 5" , where A4 1s an n Xn matrix.

B
Rayleigh quotient: R(x)= 25X 2 for x#0, and B=B*.
<X,x >
max R(x) largest absolute value .
Theorem (a) B=B*= < are the among the eigenvalues of B,
min R(x) smallest absolute value
X#

respectively. (b) A€ M (F), ||4||=V2, where X is the largest absolute value among the eigenvalues
of A*A.
< Ax, Ax > < A" Ax,x > < Bx,x >

(Proof of (b)) ||A||2 = max — ———— = max —————— = max - =max R(x) .
||x|| <xX,x> <X, x>

According to (a) = ||4||*=the largest absolute value among the eigenvalues of B=4*A4.

In Matlab language, we can use the following instructions to obtain the Euclidean norm of a matrix:
>> A=[1 1; 2 3]; C=norm(A4)
C=
3.8643
Condition number: Cond(4)=|4| - ||4"||=1.

Theorem For Ax=b, where A4 is an invertible matrix and b#0.

(a) ! ” ” < ” ” <Cond(A)- ” ” , where 0b and ox satisfy A(x+dx)=b+0db.
Cond(A) [5] ~ [ ]
P A largest absolute value .
(b) Cond(A)= % , where { are the among the eigenvalues of 4*A4,
" A, smallest absolute value
respectively.
(Proof)

(a) Ax=b, A(x+0x)=b+0b=> A(dx)=0b, &= A" -5

Il = s <l e = 1 = L

=|a- & <[] -Jee]
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;8= A-(8) = o] < 4] | = & > H

On the other hand, x=A4"'b = |x| < HA_l H |l

S IR R . DO W

. > =
Il [l lel - Condca) ]

(b) It is known that ||A||:\/Z , where A, is the largest absolute value among the eigenvalues of 4*A4.

Let A, be the smallest absolute value among eigenvalues of 4*4 (and so does 44*). Moreover,
<A'x,A"'x > < (A7) A%, x> < (A4 "' x,x >

<X, x> <X, x> <X, x>

HA‘1 H2 = max = the largest absolute value among

the cigenvalues of (44*)" or (4*4)” =% = |47 = /4, , Cond()=| 4] - ||A'1||=1/j—‘ :

In Matlab language, we can use the following instructions to obtain the condition number of a matrix:

>> 4=[1 1; 2 3]; C=cond(A)
C =

14.9330

>> 4=[0.003 59.14;5.29 -6.13]; C=cond(A)
C:

11.3000

0.003x, +59.14x, =59.17
5.291x, —6.13x, =46.78

Eg. For an ill-condition system of linear equations: { with

~10.003  59.14
529 -6.13

} it is found that Cond(A) is very small. The exact solution of the system of

. . . X =10
linear equations is .
x, =1

(Check) 2291 =1763.66--- ~1764
0.003

= (—6.13-59.14x1764)x, =46.78 —=1764 x59.17 = —104300x, ~ —104400
= x, #1.001 1= x, #[59.17 -59.14x1.001]/0.003 ~ —10 <~ inaccurate



7-2 Minimum Solutions of Linear Equations

Minimum solution: For Ax=b, be F", if Rank(A) <n, then Ax=b has at least one solution. One solution
s is called a minimum solution if ||s|| =||u|| for all other solution u of Au=b.

Theorem A€ My (F), be F". Suppose that Ax=b has at least one solution. Then there exists one
minimum solution s of Ax=b and if u is the solution of A4*x=b, then s=A*u=A*(AA *)'lb.

x+2y—z=1
Eg. Find the minimum solution of {2x+3y+z=2.
4x+7y—-z=4
12-1 124 6 7 19 6x+7y+19z=1
(Sol)A=|23 1|,4*=| 2 3 7 |,AA*=| 7 14 28| = Tx+14y+28z=2
4 7-1 -11-1 19 2866 19x+28y + 66z =4
x 0 -2 2/7
Su=|y|= % tc -1 |=>s=A"u=|3/7
z 0 1 1/7

Theorem For A € My, (F), b e F'. There exists xoc F" is a solution of A*A4xy=A*b and
||Ax¢-b||<||Ax-b|| for all xe F". Furthermore, if Rank(A)=n, then xy=(4*A) T4%p. (Note: Ax=b may
have no solutions but Ax, =5 in this case) [1995 ’F ‘,“‘\“ﬁr]
(Proof) Define W={Ax: xeF"}. Let T be the orthogonal projection on W. Choose xoe F" such that
T(b)=Ax,, and then ||T(b)-b||=||4Ax0-b|| < ||Ax-b|| for all xe F".

" Tis an orthogonal projection on W, .. T(b)-be W*
= <Ax,T(b)-b>=<Ax,Ax-b>=<x,A*Ax-A*b>=0 = A*Ax¢=A*b = x(=(4*A4) Taxp

Eg. Given the data (-3,9), (-2,6), (0,2) and (1,1), find the parabola to fit them by the least-square
rule. [}[E %

e ) 94017 > 1 [os 3414
e -
(Sol.) Let y=ex*+fi+g, Ax=b 4'21f ol araz|-3201]|* 72 Holsa 2 s
ol.) Let y=ex"tfxtg, Ax=b= =l |, =|-3- =(-34 -2 -4/,
4 8 001 2 0 0 1
g 1111 14 -4 4
111 1 111

19 2/9 -1/6
(A"A)!' =[2/9 49/90 -7/30 |, xo=(4*4) ' A*b
-1/6 -7/30 3/5

9
e 6 1/3 -
S| fl= @A =43 y=20"200,
f|=(44) 5 y=3"3
g ! 2



0| r1] [ 2] 1]
1 2 0 2
of | 1 0 ol 1 2
Eg. T(1 )=|01, T( 1 y=|-1], T( ) )=| 0|, T( 3 )=|-1]|. Please find the least square
1 1 1 3
0 -1 -1 1
10 | 1] -1 ] 1]
3
1
approximation for the solution of T(v)=|2 .[?%“\?ﬁf]
1
_3_
[-3/2 -1 3/2 -3/2 ] 3]
I -1 172 -172 1
(Sol.) A=|-1/2 -1 172 -172|, b=|2|,Ax=b=>A"Ax=A"b
0 0 1 0 1
1 -1 1] 13]
92 2 -T712 92 -3/2 23
. 2 4 -3 2 . -3 R -
AA= , b= =>x=(AA) Ab=
=72 -3 972 -7/2 7/2 35
92 2 -7/2 92 -3/2 0



