Chapter 1 The First-Order Ordinary Differential Equations (ODE)

1-1 Separable Differential Equation A(x)dx=B(y)dy
Solution: [A(x)dx=[B(y)dy+C

dy 1 2
Eg. Solve (a) y’=3x*+1, y(1)=4, (b) 6x-2yy’=0, and (c) 2 -d—y —— =22 p(0)=0.
Xy oy

(Sol.) (a) dy=(3x*+1)dx, y=x*+x+c, W(1)=4=c=2, .". y=x"+x+2.

(b) 2ydy=6xdx = y*=3x>+c.

(¢) 2ydy = (1+2x)dx, y+e=x+x?, W(0)=0= =0, .". y*=x+x".

Eg. Solve y’=xe™" with the boundary condition: y=In2 at x=0. [’F' }"\W

(Sol.) &dy=xe"dx = &"=xe*-e"+c, y(x=0)=In2= =3, .". &’=xe"-e"+3.

1-2 The first-order Linear Differential Equation y’+p(x)y=¢(x)

Ip(x)dx J.p(x)dx J.p(x)dx

Solution: y'-e +p(x)y-e =q(x)-e

!

. {y.ejpmdx} _ q(x).ef”(*)"x N yejp<x>dx _ I[q(x)-ejp(x)dx}dx+c

= y(x)= e {I [C[ (x)- A7 }dx + c}

Eg. Solve y’+y=sin(x).
(Sol) p(x)=1, jp(x)a’x =x=>y'-e" +e'-y=e" sin(x)

o) i) ey el

(x)= sin (x) - cos (x) .

= y\x
d 2

+cCc-e

Eg. Solve xy’+2y=3x3 .
(Sol.) ' +zy =3x%, p(x)= 2, Jp(x)dx =2/n(x)
x X

21n(x) 21n(x)

2
=y'-e +=y-e = x>y +2xy =3x" - > =3x*
x

! 5 3
= (ny) —3xt, Xy = 3x +c= )/()6)23%+i2
X




1-3 Bernoulli Differential Equations y’+p(x)y=r(x)y"
(It is nonlinear in case of a#1)

dy dy dz _ y® dz
“dx  dz dx -« dx

o a§%+p<> (= Z 4 i-a)p(x)2 =) (1-a)

2°
=z (x) = eij(lfa)p(x)dx . {(l - a)- jr (x) ej(lfa)p(x)dxdx + c}
= D = I iy I

Solution: Set z= ', y=zp*

o

- Y

Eg. Solve y’=p(xy’-1). ['F' |

_ _ s dy o dy dz 1
Sol) y'+y=xp*.Set z=pt=y7 y=zV, =2y
(Sol) y'+y=xy y YLy o 3

/

_ _ 1 _ 1
:z‘—3z=—3x:[e 3)‘-2] =-3x-e 3)‘:>z:x+§+ce3)r =y :x+§+ce3x

Eg. Solve xp’+2y=xy’. [?%J\WI]
(Sol.) y'+gy=y3,let z=y7 =y | y=—x=22 3y’ =2
X Jz

(dy dy dz_ 1 -zg]: L 5dz 2 5 _ 3

z ——z—+4+—z-z2 =z
dx  dz dx 2 dx 2 dx x
4

%—iz_—Z e J.*dx _ o) _ 4
dx x

4 dz -5 4 ' 4

——4x7z=-2x :>(x Z) =-2x

dx
xtz="x" 4= z="x+cx =y =—Xx+cx

dP PN N =
Eg. Solve % = P(0)- (¢ =&, P(0)) - I =P

o) L cpeep st zmpapt paz, PP E
dt dr dz dt
-2 ] -1 -2 ' e
—Z  Z=CZ ==CZ , Z+clz:CZ:>[ ]—cze 3Z=—+De
¢

= P(1)" =2+ De™

¢
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1-4 Homogeneous & Quasi-homogeneous Differential Equations
The first-order homogeneous differential equation: y’=f{(y/x)

Solution: Set u:Z,y:ux,ﬂ:u+x@:x@+u:f(u):L:ﬂ
x dx dx dx flu)-u x
a separable differential equation.
2
Eg. Solve x@:y—+y.
X
2
(Sol.) Set u:Z,y:ux,d—yzu—i-xﬂ:Q:(lj +Z::>u2+u=u+xﬂ
X dx dx dx \x X dx
) du dx du 1
= u =x—,—=—,In|x[+c=——
dx x u u
-1 -X
:—,y: =
In|x|+c In|x|+c
Eg. Solve d_yzx-l-_y.
dx x-y
1+ 2
2 2
dy x l1+u du du l4+u—-u+u" 1+u
(Sol.) —= = U+ X— D> X— = =
dx 1_(y 1-u dx ~ dx 1-u 1—-u
X
= 1—u2 du:ﬁ,tan_l(u)—lén]1+u2 |=/n|x|+c
I+u x 2

=In|x|+c= tan"l(zj—lfn‘xz +y2‘=c
x) 2

2
= tanl(zj—lﬁnl—{zj
x) 2 X

X

Ty
Y
(Sol.) y':x_y:—x.Set u=1:>y=ux:>d—y:xﬂ+u
x+ty .Y X dx X
X
du l—u du 1-2u—-u u+1 dx
= Ly [ = [==tn|x|+c
dx I+u dx I+u —u" —2u+1

+1=/n|x|+c

N—
=

2
—l€n|—u2—2u+l|:€n|x|+c, —l€n|—l P
2 2 X X

—%En(— Y =2xy+ xz): c, En(— y? —=2xy+ x2>: c, ef"(_yz_z"y”z) =ef

—y?2xp+x'=C=y" —x*+2xp=C

~3

is



Eg. Solve (x—\/g)y' =y. [FIILI[F%’FE]

(Sol.) (I—X/Z)d—y:Z.Let uzl,y:ux,d—y:u+x@
X X dx dx

1- 1 2 -
_, 9 dx [ \/_Jdujﬂn|x|+C J. du_j_du:juzdu—ﬁn|u|=—2u2 _£n|u|
X u\/_ u
34”|X|+2\/E+zn(1j= C :>£n|y|+2\/g= C
y X y
Eg. Solve y'=dy/(4x-y). [¥ [~ FHFBEH)
(Ans.) In(y)) = &
y
. . . . dy ax+by+c
Quasi-homogeneous differential equation: — = f| ————
dx dx+ey+h
Case 1 ae-bd+0
. ad+bB+c=0
Solution: Let 4 and B fulfill ,andset x=X+4,y=Y+B
dA+eB+h=0
dy _dY ny ax+by+c) a(X+A)+b(Y+b)+c
de dxX T \dcveyth d(X+A)+e(Y+B)+h
_ aX +bY +ad+bB+c
dX +eY+dA+eB+h
=f (aX - bY} 1s a homogeneous equation
dx +eY 8 quation.
Eg. Solve & = M .
dx x-=2

Sol.) a=2,b=1,c=-1,d=1,e=0,h=-2
ae—-bd=0-1=-1%0

24+B-1=0 A=2
= S x=X+2,y=Y-3

A-2=0 B=-3
Q:£:2(X+2)+(Y—3)—1:2X+Y:2+(£j:u+2
dx  dX X X

Xﬂ+u=u+2, uzln(cXZ):>y—+3:ln[c(x—2)2]
dX 2

1 > 2E>
Eg. Solve & X7+ 1y i
dx x-y-1

~4



Case 2 ae-bd=0

Solution: Set v = ,
a d b

Q:f ax+by+c jﬁ(ﬂ_ljzf(awcj :ﬂ=1+éf(av+cj is a
dx dx+ey+h b\ dx dv+h dx a” \dv+h

separable equation for v and x

ax + by _ dx+ey yzﬁ(v—x):ﬂzg(dv lj

Eg. Solve QZM.
dx 4x+2y-4
(Sol) a=2,b=1,c=—1,d=4,e=2,h=—4

_2x+y 4x+2y

T ae—bd=0,.. v

2 4
:>ﬂ:l+l 2v-1 = Bv-8 dv:dx:ﬂ—£€n|10v—9|+c=x
dx 2{4v—-4 10v-9 5 25

2 2
—2x+y)—-—/ln|10x+5y -9 |+c=x
5( y) i y=9]



1-5 Exact Differential Equations and Integrating Factors

oM (x,y) _ oN (x,»)
0 ox

Exact differential equation: M(x,y)dx+N(x,y)dy=0 if

0*F(x,y) _ oM (x,y) _oN(x,y)

Solution: 3 F(x,y) fulfills
oxOy oy ox

= dF = aFéx’y) “dx + aFéx’y)dy = M, y)dx + N(x, y)dy = 0
X y

Solve P 1y) M(x,y) and %’“’y) = N(x, )
X

= F(x,y)=C isits solution.

3
Eg. Solve @ = #
dx 3x“y“+e’
(Sol.) (2xy® +2)dx+(3x%y* +¢” )dy =0
8(2xy3 +2) 6y = 8(3x2y2 +ey)
oy ox
OF (x,y)
ox
oF (x,)
oy

:>F(x,y):)c2y3 +2x+e’ +c,.. X’y +2x+e’ =C

=2xy3 +2:>F(x,y)=xzy3 +2x+cl(J’)

=3x’y’ +e’ = F(x,y)=x"y’ + e’ +c,(x)

Eg. Solve y=(*-x)y". [’F' ‘,“\?iﬁi':]
(Sol.) ydx+ (x —y? )dy =0

3

2
:86()):)=6(x8;y )=1,F(x,y)=J-ydx+cl=J.(x—y2)dy+c2=xy—y?Jrcz,
3
. Y
} —2—=C
Xy 3
Eg. Solve '——Lyz
& r= x(l+2y).

a(y+y2)=1+2y_6(L2xy)

oy ox

(Sol.) (y +y° )dx + (x + 2xy)dy =0,

= F(x,y):j(eryz)dx+cl :.|A(x+2xy)a’y+cz=xy+xy2 +c,

oxy+xyt=C
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Integrating factor u(x,y): For M(x,y)dx+N(x,y)dy=0, in case

6M(x,y)¢ aN(x,y) but é’[u(x,y)M(x,y)] 8[u(x,y)N(X,y)]’ and then u(x,y) is

Oy ox oy ox

called the integrating factor.

Eg. Solve (y*-6xp)dx+(3xy-6x%)dy=0.
2 2
(Sol.) M: 2y—6x#3y—12x 28(3)02—_636)
oy ox
Choose u(x, y) =y= (y3 — 6xy2)dx + (3xy2 — 6x2y)dy =0

8(y3 - 6xy2) Z3)2 _12xp = 6(3xy2 - 6x2y)

oy ox
GFS;J/) _ y3 _ 6xy2 — F(x, y) _ xy3 —3x2y2 e (y)
6ng, Y 3 —6xty = F(ry)= 90 -3 4 oy(x)
y
.oxy=3xy’=C
dy y:—6xy . . .
Another Method: —=—-=——=-1s the first-order homogeneous equation.
dx 3xy —6x
2
Y gl Y
d ? - 6xy X X y
&_ Y = et u===y'=u+x—
dx  3xy-6x y X dx
3 = |-6
X
U0 B 32 g x4
-4u° +12u X 47 u(u—-3)

1 _¢2du du . 5 B
:>-Z[J.7+J.u_3]—ln|x|+c:>€n‘u (u—3)‘——4£n|x|—4c

:(z 2(z_3):£4’Xy3_3x2y2:A’ xy3_3x2 2_ 4
X X X



Eg. Solve (x+e')dy-dx=0.
oM (x,y) , ON(x,y)
oy ox

(Sol.) M(x,y)=-1, N(x,y)=x+e",

Choose integrating factor: e’ = —e dx + (xe’y + l)dy =0
8(— e’y) o G(xe’y + 1)
oy ox
F(x,y) =—xe " +c¢ (x,y) =—xe ' +y+c, (x,y), cooxeY+y=C

dx . . : . :
Another method: — —x =e” is the first-order linear differential equation for x(y).

=e”’, e‘yﬂ—e_yxze_yey =1
ly dy

!

e’x) =1 e’x=y+c, xe’+y=C
(x)

Eg. Find the integrating factor of (2)*-9xy)dx+(3xy-6x")dy=0 and solve it.

2 — _ 2
(sol) N2 o) _ 4y-9x#3y—12x= o(3xy —6x
ox
a_2+b a+l _ b+l a+l b+l a+2 b
Suppose u(x,y): x“y’, 8(2x y 9Ixy ): 6(3)6 v 6x“%y )
oy ox

= (1+2b-3a)y+(3-9p+6a)x=0 Vx,y

1+2b—3a:0:>a:1:> ( )
= ulx,y)=x
3-9b+6a=0 p=1 4 4

8(2xy3 —9x2y2) 8(3x2y2 —6x3y)

=6x’y—18x’y =
oy I ox
OF (x,) =2xy° —9x%y’ = F(x,y)=x"y" -3x°y" +¢,(x)
X
aF(xay) — 3x2y2 —6x3y:> F(x,y):x2y3 —3x3yz +Cz(x)

.. x2y3_3x3 2:C
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1-6 Riccati’s Equation y’=P(x)y*+Q(x)y+R(x)

Suppose that there exists one specific solution y=S(x), then a general solution can be
obtained as follows

y=8(x)+ e y'= S'(x)—z—z z
()~ L2 = Ple) [Sz(x)+ 2Sz(x> R L} R Q(x)-[S(x)-i— l} +R(x)
-2 = P) 4 2P(IS(x) -+ Ol)

z'+ [2P(x)S (x)+ Q(x)]z = —P(x) is the Ist-order linear differential equation.

Eg. Solve y' =ey> —y+3e™.

(Sol.) y =e’"is a solution.

1 z
Sy=e+—,y =3 -
z

z
' 3x
z _ 2e 1
3e3x _2263)6 6x +_2 _ 63x+_ +363x
z z z z
r_ 3x i _ —3x r_x X _ —2x
z'=2z—e 7 +z,z/+z=—e"", Ze"+e" - z=—¢
' 1 2
-2 -2 3
(z ex) =—e ", ze"=—e " +c,.. y=elt———
2 e +2ce

1-7 Solutions of the First-order Ordinary Differential Equations by Matlab
language

In Matlab language, we can use the following instructions to obtain the solution of

the first-order ordinary differential equation:

>>soln=dsolve('Dy=3*y+exp(2*x)','’y(0) = 3") % solve y'=3y+exp(2x), y(0)=3
ans=

-exp(2*x)+4*exp(3*x)

~™9



1-8 Some Theorems on the First-order Ordinary Differential Equations

A family of curves F(x,y,k)=0 is a solution of y’=f(x,y).
Eg. A family of circles x*+y*-k*=0 is a solution of y’=-x/y.

Theorem An oblique trajectory intersecting )’=f(x,y) at an angle a Iis

/(x,y) + tan(a)
1- f(x,y)tan(a)
y’=-1/fxp).

; particularly, if a=n/2, then the orthogonal trajectory is

y'=

Eg. Find the families of oblique trajectories intersecting the circle x*+y’=k* at
angles of 45° and 90°.

(Sol) x*+y? =k <> ) =—§=f(x,y)

Theorem A family of curves F(0,r,k)=0, of which differential equation is
A0,r,r’)=0. Then the family of orthogonal trajectories has differential equation
f(0,r,-F1)=0, where r’=dr/d0.

Eg. Find the family of trajectories orthogonal to

r=kcos(0).
@ _ (Sol.) r=kcos(6), r’=-ksin(6) = r=-cot(O)r’
Family of orthogonal trajectories:

r=—cot(6)- [— rr—zj = ri = tan(f) = r = k'sin(6)
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