Chapter 10 Integration in the Complex Plane

10-1 Complex Line Integrals and Some Integral Theorems

For smooth curve C: z=z(t) for a≦t≦b, then 
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Special case 1  C: |z-z0|=r
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z(t)=z0+reit, dz=z’(t)dt=ireitdt, and 0≦t≦2π
Special case 2  C: |z|=r
[image: image3.wmf]Û

z(t)=reit, dz=z’(t)dt=ireitdt, and 0≦t≦2π
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Eg. Find 
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(Sol.) z(t)=eit, z’(t)= ieit, 
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Eg. Evaluate 
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Eg. Evaluate 
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(Sol.) z(t)=eit, 
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=e-it, z’(t)= ieit, 
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Eg. Evaluate 
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(Sol.) z(t)=2eit, z’(t)= i2eit
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[image: image23.jpg]Eg. Evaluate §[:: +1,,(2)]d= , where C is the square with 0, -2/, 2-2/, and 2.
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Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D, C is a simple closed curve in D, then 
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Eg. Evaluate 
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(Sol.) 
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 is analytic except z=2i, nπ (n=0, ±1, ±2, …)

No poles are within C, ∴ 
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Eg. Evaluate 
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(Sol.) f(z)=
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[image: image31.wmf]ò

=

c

z

dz

0
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Eg. Show that 
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(Proof) Let C: |z|=1
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∴ Re(…)=Im(…)=0

Cauchy’s integral formulae Let f(z) be an analytic is a simply-connected region D, C is a simple curve enclosing z0 in D, then 
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Eg. Let z0 be within C, find 
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(Sol.) Let f(z0)=1, f(n-1)(z0)=0
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Eg. Evaluate 
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Eg. Evaluate 
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Eg. Evaluate 
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(Sol.) If C does not enclose 1, 
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If C encloses 1, let 
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Eg. Evaluate 
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10-2 Laurent’s Theorem & the Residue Theorem
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(analytic part)

Laurent’s theorem 
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Residue: 
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Residue theorem Let f(z) be analytic in D except z1, z2, …, zn and C encloses z1, z2, …, zn within D. Then we have 
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In case of m=1, 
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Eg. Find the residue of 
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(Sol.) m=3, 
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Eg. Evaluate 
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(Sol.) There is only one pole 1 within C.
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(Sol.) There are two poles ±π/2 within C.
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Eg. Evaluate 
[image: image102.wmf]ò

-

c

dz

z

z

z

)

1

(

cos

2

 for (a) C: |z|=
[image: image103.wmf]3

1

, (b) C: |z-1|=
[image: image104.wmf]3

1

, (c) C: |z|=2. 【台大機研】

(Ans.) 
[image: image105.wmf]i

p

2

-

, 
[image: image106.wmf])

1

cos(

2

i

p

, 
[image: image107.wmf])]

1

cos(

1

[

2

+

-

i

p


[image: image201.jpg]Im

Re



10-3 Evaluation of Real Integrals

Case 1 
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Poles: 0, 
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Eg. Show that 
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Case 2 
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Choose C as a semi-circle with infinite radius enclosing the upper half-plane. Poles: z1, z2, …, zn are in the upper half-plane, 
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(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane)
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(Sol.) Poles: 2i, 3i (upper half-plane), -2i, -3i (lower half-plane)


[image: image148.wmf])

9

)(

4

(

)

(

2

2

+

+

=

z

z

e

z

f

iz

, 
[image: image149.wmf]i

e

f

s

i

20

)

(

Re

2

2

-

=

, 
[image: image150.wmf]i

e

f

s

i

30

)

(

Re

3

3

-

-

=



[image: image151.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

÷

÷

ø

ö

ç

ç

è

æ

-

=

+

+

-

-

-

-

¥

¥

-

ò

3

2

5

30

20

2

)

9

)(

4

(

3

2

3

2

2

2

e

e

i

e

i

e

i

dx

x

x

e

ix

p

p



[image: image152.wmf]Þ



 EMBED Equation.3  [image: image153.wmf]ò

¥

¥

-

-

-

÷

÷

ø

ö

ç

ç

è

æ

-

=

+

+

3

2

5

)

9

)(

4

(

cos

3

2

2

2

e

e

dx

x

x

x

p

, 
[image: image154.wmf]ò

¥

¥

-

=

+

+

0

)

9

)(

4

(

sin

2

2

dx

x

x

x


Eg. Evaluate 
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(Sol.) Poles:  4i (upper half-plane), -4i (lower half-plane)
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Case 3 
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Choose C as a sector with angle 
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