
Chapter 10 Integration in the Complex Plane 

10-1 Complex Line Integrals and Some Integral Theorems 

For smooth curve C: z=z(t) for a≦t≦b, then    
c

b

a
dttztzfdzzf )('))(()(

Special case 1  C: |z-z0|=r z(t)=z 0+reit, dz=z’(t)dt=ireitdt, and 0≦t≦2π 

Special case 2  C: |z|=r z(t)=re it, dz=z’(t)dt=ireitdt, and 0≦t≦2π 

 
Eg. Find 

c

dz
z
1

, C: z=eit, 0≦t≦2π. 

(Sol.) z(t)=eit, z’(t)= ieit,   
c

it

it

idt
e
ie

z
dz 


2

0
2  

Eg. Evaluate  C iz
dz

3
, C: |z-3i|=

3

1
. 

(Sol). z(t)=3i+
3

1 eit, z’(t)=
3

1 ieit,  C iz 3

dz idtei

e

it

it



2

3
3

1
12

0   

Eg. Evaluate 
c

dzz , C: |z|=1. 

=e-it, z’(t)= ieit,    

c

itit idtieedzz 


2
2

0
 (Sol.) z(t)=eit, z

Eg. Evaluate  
c

e dzzRz )]([ , C: |z|=2. 

(Sol.) z(t)=2eit, z’(t)= i2eit 
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2

0
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2 )1(22)(
2

2 dteidtieee itititit i4  
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Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D, 

C is a simple closed curve in D, then  
c

dzzf 0)( . 

Eg. Evaluate  
dz

izz
z

C
3)2)(sin(

, C: |z-8i|=1. 

(Sol.) 
3)2)(sin(

)(
izz

zzf


  is analytic except z=2i, nπ (n=0, ±1, ±2, …) 

 No poles are within C, ∴   0)( dzzf  

 

Eg. Evaluate 
c

dz
z
1

, C: |z-2|=1. 

(Sol.) f(z)=
z
1

 is analytic except z=0. No poles are within C, ∴  
c z

dz
0  
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Eg. Evaluate  


c

dz
zizz

z
6

12
23

, C: |z-3i|=
3

1
. 

(Sol).    











c c c iz
dzi

iz
dzi

z
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zizz
dzz
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Eg. Show that . 0)sinsin()sincos(
2

0

cos2

0

cos   
   dede

(Proof) Let C: |z|=1 , ∴  is analytic within C.   sincos)( iez i  zezf )(

   
c

iiz deedze  2

0

sincos0  deie i )sin(

0

cos  
2

 

  
  diei )]}sin[sin()sin{[cos(

2

0

cos  
  

  die )}sincos()sinsin({
2

0

cos  
 ∴ Re(…)=Im(…)=0 

 

Cauchy’s integral formulae Let f(z) be an analytic is a simply-connected region D, 

C is a simple curve enclosing z0 in D, then  c

dz
zz
zf

0

)(
=2πi‧f(z0) and 

)(
)!1(

2

)(

)(
0

)1(

0

zf
n

i
zz
dzzf n

c
n








. 

Eg. Let z0 be within C, find  c zz
dz

0

 and  c
nzz

dz
)( 0

, n≧2. 

(Sol.) Let f(z0)=1, f(n-1)(z0)=0  


 i
zz

dz 2
0

 and  
c

nzz
dz

0
)( 0

. 

 

Eg. Evaluate 
c

dz
z

z

6

sin 6


 and 







 c

dz
z

z
3

6

6

sin


 if 0:  z

6
C . 

(Sol.)  







c

iidz
z

z
326

sin2

6

sin 6
6 


,  







 


c
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Eg. Evaluate 
c

iz

dz
z
e

3
, C: |z|=3. 

(Sol.)  





c z

iziz

ieidz
z
e 

0
3

0
)!13(

)(
2  

 

Eg. Evaluate  c

dz
z

z
4

2

)1(

)sin(2
, C is a closed curve not passing 1. 

(Sol.) If C does not enclose 1, 
4

2

)1(

)sin(2

z
z

 is analytic within C, ∴  
c

dz
z

z
0

)1(

)sin(2
4

2

 

If C encloses 1, let 
44

2
2

)1(

)(

)1(

)sin(2
)sin(2)(







z
zf

z
zzzf , n=4, n-1=3 

)cos(16)sin(24)( 232)3( zzzzzf   

∴  
c

idz
z

z
)]1cos(16)1sin(24[

!3

2

)1(

)sin(2
4

2 
)]1cos(16)1sin(24[

3


i
 

 

Eg. Evaluate 
 1||

2 4z z
dz

 and 
 3||

2

2z

z

z
e

. 【交大土木所】 

(Ans.) 0,  42 ie
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10-2 Laurent’s Theorem & the Residue Theorem 

 (principal part) 

If 















n

n
n zz

a
zz

a
zz

a
zzazf

)()()(
)()(

0

1
2

0

2
3

0

3
0   

   2
02010 )()( zzazzaa

 (analytic part) 

Laurent’s theorem  


c
nn dz

zz
zf

i
a

1
0 )(

)(

2

1


 

Residue: 
c

dzzf
i

a )(
2

1
1 

 

Residue theorem Let f(z) be analytic in D except z1, z2, …, zn and C encloses z1, 

z2, …, zn within D. Then we have  



c

n

j z
fsidzzf

j

)(Re2)(
1

  and 

)]()[(lim
)!1(

1
)(Re

1

1

zfzz
dz
d

m
fs m

jm

m

zzz jj




 




, where m is the order of a pole z=zj. 

In case of m=1, )]()[(lim)(Re zfzzfs jzzz jj




. 

Eg. Find the residue of 
3)(

)sin(
)(

iz
zzf


  and evaluate  c

dz
iz
z

3)(

)sin(
, C: |z-i|=2. 

(Sol.) m=3, )1sinh(
2

1
)sin(

2

1
]

)(

)sin(
)[(lim

)!13(

1
)(Re

3
3

2

2

ii
iz
ziz

dz
dfs

izi












 

 ∴ 
  









)1sinh()1sinh(

2

1
2

)sin(
2

 iidz
iz
z

 

 

Eg. Evaluate  


c

dz
z
z

1

1
2

2

, C: |z-1|=1. 【交大科管所】 

(Sol.) There is only one pole 1 within C. 

)(Re
1

fs = ]
1

1
)1[(lim

2

2

1 



 z

zz
z

=
1

1
lim

2

1 


 z
z

z
=1 

 


c

dz
z
z

1

1
2

2

=2πi．1 =2πi 
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Eg. Evaluate 
c

zdztan , C: |z|=2. 【中山電研】 

(Sol.) There are two poles ±π/2 within C. 

)(Re
2

fs


= )]tan()
2

[(lim
2

zz
z







= ]
)cos(

)sin(
)

2
[(lim

2
z
zz

z







=
)cos(

)sin(
2

)sin(
lim

2
z

zzz

z









=

)sin(

)cos(
2

)cos()sin(
lim

2
z

zzzz

z 








=-1 

)(Re
2

fs




= )]tan()
2

[(lim
2

zz
z







= ]
)cos(

)sin(
)

2
[(lim

2
z
zz

z







=
)cos(

)sin(
2

)sin(
lim

2
z

zzz

z









=

)sin(

)cos(
2

)cos()sin(
lim

2
z

zzzz

z 








=-1 


c

zdztan =2πi．[(-1)+(-1)]= -4πi 

 

Eg. Evaluate  c

dz
zz

z
)4(

)sin(
22

, C is any piecewise-smooth curve enclosing 0, 2i, 

and –2i. 

(Sol.) 
)2)(2(

)(sin
)(

izizz
zzzf


 , ∵   1)sin(lim
0




zz
z

, ∴ f(z) has a removable 

singularity at 0m of the pole z=0 in f(z) is 1. 

 
4

1

)4(

)sin(
lim)(Re

2200





 zz
zzfs

z

)2sinh(
16

1
)2sin(

16)2)(2(

)sin(
)2(lim)(Re

222






ii

izizz
zizfs

izi
 

 )2sinh(
16

1
)2sin(

16)2)(2(

)sin(
)2(lim)(Re

222






ii

izizz
zizfs

izi
 

 )2sinh(
42

)2sinh(
16

1
)2sinh(

16

1

4

1
2)(

iiidzzf
c

 



   

 

Eg. Evaluate  c

dz
zz

z
)1(

cos
2

 for (a) C: |z|=
3

1
, (b) C: |z-1|=

3

1
, (c) C: |z|=2. 【台大機

研】 

(Ans.) i2 , )1cos(2 i , )]1cos(1[2 i  
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10-3 Evaluation of Real Integrals 

Case 1  



2

0
]sin,[cos dK

Choose C: |z|=1, z=eiθ 





 

z
z

i
1

2

1 sin , 







 

z
z 1

2

1
cos , 

iz
dzd   

   













 






 




2

0

1

2

1
,

1

2

1
]sin,[cos

c iz
dz

z
z

iz
zKdKI  

Eg. Evaluate 







2

0
cos

4

1
1

cos d . 

(Sol.)   





 





 









2

0 1

2

1

4

1
1

1

2

1

cos
4

1
1

cos

c iz
dz

z
z

z
z

d  


c

dz
zziz )18( 2

z )1(4 2

 

 Poles: 0, 154  (within C), 154  (exterior to C) 

 i
zziz

zzfs
z

4
)18(

44
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2

2
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)18(

)1(4
)]154([lim)(Re

2

2

154154

i
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zzfs
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 ∴ 
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8
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42
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4

1
1
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 iiid  

Eg. Show that  








  





2

0

2

0 22

2

cossin baba
d

ba
d

 if a>|b|. 

(Proof)    








 







2

0 2 2

2

1

2

1sin c c biazbz
dz

z
z

i
ba

izdz
ba
d

=  c zzzzb ))(( 21

dz2
 

Poles:  22
1 baa

b
iz   is within C: |z|=1, but   is not. 22

2 baa
b
iz 

2121
1

12

))((

2
)(lim)(Re

11 zzbzzzzb
zzfs

zzz 






 

 
2222

1
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 ∴ 
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0 22222
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Case 2 



dx

xq
xp
)(

)(
 or 



 






 dx

ax
ax

xq
xp

sin

cos

)(

)(
 

Choose C as a semi-circle with infinite radius enclosing 
the upper half-plane. Poles: z1, z2, …, zn are in the upper 

half-plane, nzzz ,,, 21   are in the lower 
half-plane. 

Assume deg(q)deg(p)+2, then   








c

n

j zR
fsidzzfdxxf

j1

)(Re2)(lim)(   

Eg. Evaluate (a) 


 
dx

x 64

1
2

 and (b) 


 
dx

x 64

1
6

. 

(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane) 

iiziz
izfs

izi 16

1

)8)(8(

1
)8(lim)(Re

88






, 






 816

1
2

64

1
2


i

idx
x

 

(b) Poles: 62
i

e


, 2i, 6

5

2
i

e


(upper half-plane), 62
i

e



, -2i, 6

5

2
i

e



(lower half-plane) 
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3
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1

192

1

26

1
)(Re 65

562 6
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e

fs i

iei




, 

192)2(6

1
)(Re
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i
i

fs
i
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3
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1
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1
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1
)(Re 6

5652 65

ie
e
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 48
)(

192

1
2

646

 iii
x

dx
 

Eg. Evaluate 


 
dx

xx
x

)9)(4(

cos
22

 and 


 
dx

xx
x

)9)(4(

sin
22

. 

(Sol.) Poles: 2i, 3i (upper half-plane), -2i, -3i (lower half-plane) 

)9)(4(
)(

22 


zz
ezf

iz

, 
i

efs
i 20

)(Re
2

2



 , 
i
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i 30

)(Re
3

3


  
























 3253020
2

)9)(4(

3232
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ee
i

e
i
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eix   


















 325)9)(4(

cos 32

22

eedx
xx
x 

, 






0

)9)(4(

sin
22

dx
xx
x

 

Eg. Evaluate 


 
dx

x
xx

16

)3sin(
2

. 

(Sol.) Poles:  4i (upper half-plane), -4i (lower half-plane) 

 
16

)(
2

3




z
zezf

zi

, 
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4
)(Re

3434
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e

i
iefs
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34

2

3

2
2
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 ieeidx

x
xe xi

  

 ∴ 






0

16

)3cos(
2
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x

xx
 and 








34
2 16

)3sin( edx
x

xx   
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Eg. Evaluate 


0 22

2

)1(
dx

x
x

. 

(Sol.) dx
x

xdx
x

x
 
 

 


0 22

2

22

2

)1(2

1

)1(
. Poles: i (upper half-plane), -i (lower 

half-plane). 
22

2
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2

)()()1(
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iziz
z

z
zzf





 , m of  is 2. 2)( iz 
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48
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)(2)(2

)()(
)(

)!12(

1
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4
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2
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d

iz
iz




















 


 

∴ 
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2

)1(0 22
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 iidx

x
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Eg. Evaluate 


0 22

)cos( dx
bx

ax
,  .【台大機研】 

0

0




b
a

Eg. Evaluate 


0 2 4

)sin( dx
x

xx
. 【交大電信】 (Ans. ) 

2

2e
 

 

 

Case 3 , where H(z)=



dxxH )( 








px
O , p>1. 

Some poles of H(z) are located on the real 
axis. 

1

Choose C as a semi-circle with infinite radius 
enclosing the upper half-plane, but excluding the 
poles on the real axis. Let zk (1 kn) be the 
pole on the upper half-plane and aj (1 j m) be 
the pole on the real axis. Then we have 

. 



a
s

j

Re



H(





n

z
iHsidxxH

k

)(Re2)(   
j 

m

1 1k
)

Eg. Evaluate 


 
dx

xxx )54(

1
2

. [交大電信研究所] 

(Sol.) f(z)=
)]2()][2([

1

)54(

1
2 izizzzzz 




 has 3 poles: 

0 (on the real axis), 2+i (upper half-plane), 2-i (lower half-plane) 




 
dx

xxx )54(

1
2

=2πi‧ Re +πi‧  
i
fs

2
)(

0
)(Re fs

=2πi‧ ]
)]2()][2([

1
)]2([[lim

2 izizz
iz

iz 



+πi‧ ]

)54(

1
[lim  

20 


 zzz
z

z

=
ii

i
2)2(

2


 +

5

i =
5

)2( i +
5

i =
5

2  
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Case 4  or  














0 )cos(

)sin(
dx

x
x

n

n

dxxG n0 )(


 


Choose C as a sector with angle 
2

n
 

enclosing only one pole at n
i

e


 or a sector with angle 
n2


 enclosing no poles. 
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