Chapter 10 Integration in the Complex Plane

10-1 Complex Line Integrals and Some Integral Theorems
For smooth curve C: z=z(f) for a=¢=b, then j f(2)dz = j " F(2(0)- 2 (t)d

Special case 1 C: |z-zo|=r << z(f)=z¢+re", dz=z(t)dt=ire"dt, and 0=t =2r
Special case 2 C: |z|=r < z(f)=re", dz=z (f)dt=ire"dt, and 0 =t =2x

Im Im
A A
s |z-Zol=r

Izl=r

-\/
/ >

" "l
N

Eg. Find §ldz, C:z=e", 0=<t=<2n.
Z

27 ieit

it

(Sol.) z(ty=¢", z ()= ie", @ _ [
z

0 e

dt =27

c

Eg. Evaluate § dz -, C: |Z-3i|=l.
v.z—3i 3

1 1.4 ¢ dz = 1 i,
Sol). z(t)=3i+—é€", z (t)=— ie", = —e"dt =27
(Sob). (=3 T e, 2703 iz—?)i IO 13
3
Eg. Evaluate §Edz, C: |z=1.

c

(Sol.) z(t)=¢", z=e™, z’(H)=ic", §Zdz = Lz”e_” cie'dt = 27

c

Eg. Evaluate §[z —R,(2))dz, C: |z|=2.

(Sol.) z()=2€", z'(1)= i2¢"

R.(z)= %(z +z)= %(24” +2¢™), z—R,(z)= %(z —z)= %(2(3” —2e™)

flz- Rz = [ 1200~ R.(z(0)]) -2 (s

c

_ 272 it —it it g, A2 20 _ .
=1, E(e —e ") 2ie dt—ZZL (e —=1)dt =—4mi
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Eg. Evaluate EE[:: + 1, (2)]d=, where C is the square with 0, -27, 2-2/, and 2.

(Sol.) j:[:2 +1 (2)dz :j:(—r‘ + 1)idt Jrl[:[(r—Zz')2 —2)dif+ [_"2[(2 +it)? +1)ids

- i ?‘3 JTE .\_2 f3 o 2
H| (" +0)diHi| ——+— H| — — 2it” — 61
2 3 2)0 | 3
3 2 X 3
, 0 |
+r‘[4r+2fr——+— 1 gy S
3 2 -2113 12
Im
0 2
Re
-2t 2-2i

Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D,
C is a simple closed curve in D, then f> f(z)dz=0.

Eg. Evaluate §.;3dz, C: |z-8i|=1.
¢ sin(z)(z - 2i)

z

(Sol)) f(z2)= m

is analytic except z=2i, nm (n=0, 1, £2, ...)

No poles are within C, .". it; f(z)dz=0

Eg. Evaluate §ldz, C: |z-2/=1.
'z

(Sol.) f(z)=l is analytic except z=0. No poles are within C, .". @ =0
z

z

c
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2z+1 1
Eg. Evaluate dz, C: |z-31]=—.
5 i§23—z'zz+6z : | | 3
2z+1)dz 1¢dz —-1+4+4i¢ dz 1+6i ¢ dz
(Sol). i}#:_ 4 § - — i; ‘
z—iz"+6z 6% z 10 < z+2i 15 4 z-3i
1+6i 2« 1 i , 1+ 6i
— ._eldl‘: 2 = — 12 21
- [ 3 - 2a) ( )
—e
3

Eg. Show that [ ¢’ -cos(@+sin0)df = [ e -sin(6 +sin 6)d6 = 0.
(Proof) Let C: |zZI=1 = z(8) =€ =cos@+isin@,.". f(z)=e" is analytic within C.
§ede — O — jzzecoseﬂsinﬂdezﬂ — JZ” iecos@ ei(0+sin6)d0
0 0

c

= i.[()z” e’ {[cos(@ +sin ) + i[sin(O + sin §)]}d I

_ Iozn e’ - {—sin(@ + sin @) + i cos(& +sin 0)}d O
.. Re():]m(...):()

Cauchy’s integral formulae Let f(z) be an analytic is a simply-connected region D,

C is a simple curve enclosing zy in D, then §f() =2mi * f(z9) and
zZ—2Z,
z)dz 27m e
§ f( ) n = f( 1)(20)'
" (z—2z2,) -1)!
Eg. Let 2y be within C, find §> and j;— n=2.
2 (2-2)"
(Sol.) Let fizo)=1, £"(z0)= 0:>§ =27 and §—=o
z-z, (z—2z2,)"
-6
Eg. Evaluate §S Zdz and §Lz3dz if C: Z_E‘ 0>0.
ez .
6 6
. .6 . .
(Sol.) §Sm 2 iz =2mi-sin®| 2| =2 §Lzsdz=2—’”-[sm"z]" L
6) 32 ( ﬂj 2! w=2 16
cZ_i c = 6
6 6
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Eg. Evaluate §‘>e—3dz, C: |z|=3.
'z

(Sol) §<dz =iz ) _—
. Z (3—1)!‘2020
. 2
Eg. Evaluate §% dz , C is a closed curve not passing 1.
Z —
. 2 : 2

(Sol.) If C does not enclose 1, %L(ZR is analytic within C, .". i;zsL(ZR dz =

(z—-1) " (z-1)

: 2
If C encloses 1, let f(z) =2sin(z’) = 2sin(z") __J(2) n=4, n-1=3

z-D'  (z-D*’

P (2) = -24zsin(z*) —162z° cos(z?)

-

c

Eg. Evaluate §

(Ans.) 0, 2me*

. 2 . ;
2sin(z 4) dz = 2_7”[_24 sin(1) —16cos(1)] = ﬁ[—24 sin(1) —16 cos(1)]
(z-1) 3 3
2z
LTI B ¢ SN XD
EEE 4 =32
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10-2 Laurent’s Theorem & the Residue Theorem

(principal part)
! a, a, a

(Z_Zo) (Z Zo) (Z Zy)

ta,+a,(z—z,)+a,(z—z)) +--
|

It f(2)= Ya,(z=2)" =+

(analytic part)
Laurent’s theorem a, = f /() -dz
2 (z—zy)"
. 1
Residue: a_, = —.ff(z)dz
27,

Residue theorem Let f(z) be analytic in D except zy, Z,, ..., Z, and C encloses z;,

Z2, «..y Zy Within D. Then we have j;f(z)dz =27 - ZRes(f) and
c j=l

m-1

RSS(f)—( _1), ,d’“

In case of m=1, Rgs(f) = lim[(z —-z,;)- f(2)].

[(z—z,)" - f(2)], where m is the order of a pole z=z;.

sin(z) sin(z)

Eg. Find the residue of f(z)= — and evaluate § dz , C: |z-1]=2.
(z- l) 2 (z—10)°
- 1 im s sin(z) e o L
(Sol.) m=3, Rf:s(f) = G [( i) i) ] 5 sin(7) 5 isinh(1)

L SN o~ oz (—%isinh(l)) = 7sinh(1)

(z-i)

2
Eg. Evaluate §22 * 1 dz , C: |z-1=1. [?&‘—kﬁ[‘gﬁ'ﬁ*]

z7 —

c

(Sol.) There is only one pole 1 within C.

Res(f)=limi(z~1)-~ z +1] imZ 1y

=l z41

1
§22+ dz=2mi - 1 =2ni
Z —

c
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Eg. Evaluate §tan zdz, C: |z1=2.  [F|! I’F%,—”]jﬂf]
(Sol.) There are two poles +r/2 within C.

zsin(z) - %sin(z)

= 1 _ T _ 1 _myosin(z) . _
R;?S(f ) g{z}[(z 2) tan(z)] grf[(z 2) —cos(z)] I p—_

sin(z) + zcos(z) — z cos(z)
lim 2 =1
- —sin(z)

. o i o i o zsin(z)+§sin(z) )
es(f) = lim[(z+—)-tan(z)] = lim[(z+—>)- ] = lim =
_z -t 2 e 2" cos(z) o cos(z)

sin(z)

2

sin(z) + zcos(z) + %cos(z)

lim : =1
-z —sin(z)

§§ tan zdz =2mi - [(-1)+(-1)]= -4ni

Eg. Evaluate §%dz, C is any piecewise-smooth curve enclosing 0, 2i,
.z (z" +4)
and -2i.
sin(z)/z e T .
(Sol.) f(z)= . lim[sin(z)/z]=1, .. fz) has a removable

2(z+2i)(z=2i) 250
singularity at 0= m of the pole z=0 in f{z) is 1.

. sin(z) 1
Res(f)=limz- ————=—
0 ) =0 ZX(Z°+4) 4

sin(z) = L sin(2i) = —%sinh(Z)

Res(f) = lim(z =2i)- 2 (z+2i)(z-2i) 16

) , sin(z) i .. I .
Res = lim (z + 2i) - = —sin(2i) = ——sinh(2
)= im0 22 (z+2i)(z-2i) 16 (2= nh )

f f(2)dz = 2;{% - % sinh(2) - % sinh(Z)}

— —"sinh(2
2 4 @

Eg. Evaluate f ZCOSZ

~z (z—
]

(Ans.) —2m, 2mcos(l), 2m[—1+cos(l)]

dz for () C: |z|=%, (b) C: |z-1|=%, (© C: lz1=2. [Fi ™%
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10-3 Evaluation of Real Integrals

T

1 Case 1 jOZ”K[cos 0,sin 01d6
215 K= Choose C: zZ=1, z=¢" =sinf= i
¢/ g

cosd = ! [z+lj, do C.IZ
z iz
=] = IMK[COSG, sinfd1do = §K l[z +l),l(z —lj =
0 < L2 z) 2i z iz
2z cosé
Eg. Evaluate J. —dé.
0 1
1+—cosé
4
1 1
, 0 2177 427 +1)
T COS
(Sol.) jo 1—d¢9—§ — §§ —
1+ cosd eyt L Z+7 lz(z + Z+)
4 4 2 z
Poles: 0, —4++/15 (within C), —4 - J15 (exterior to C)
2
Res(f) =limz- _ 4z E4 =-4i

=0 jz(z" +8z+1)

B 4(z* +1) _1e6i
714{%&(]()_ hm [Z (4+\/_)] Z(zz+8z+l)_\/g

LG—c;)se do = 2711'[— 4+ 10 ij _gr -2

1+ —cos@ \/E \/E
4

Eg. Show that I a0 v do

0 a+bs1n9 0 a+bcosl «/ 2 _p2

if a>|o).

dz/iz 2dz
P — — =
(Proo) [ a+bsmt9 § bl(z_lj szz+2iaz—b §
2i z

b(z-z,)z-2z,)

Poles: z, =é(—a+\/a2 57 ) s within C: -1, but =, =é(—a—\/a2 57 s not

Res(f) = lim(z—z,)- 2 _2 1
2 2z b(z=z)z-z,) b z,—z,
2 b 1
b 2iNa®-b>  iNa® -b
. do . 1 2z
= =
0 g*+bsing iat =b>  a?—b?
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case2 [" 2 or [ p(x)-{cosax}dx

q(x) q(x) |sinax

Choose C as a semi-circle with infinite radius enclosing
the upper half-plane. Poles: zy, z,, ..., z, are in the upper

half-plane, Z1522,°""5Zn are in the lower
half-plane.

Assume deg(q) = deg(p)+2, then f; f(x)dx = Ilair?o j; f(z)dz = 2711'5: R¢ s(f)

dx.

Eg. Evaluate (a) j‘” 2164dx and (b) j
X+

° +64
(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane)

Res(f)=lim(z—8i).;=i’ J'OO 21 dxzzm'.izf
ST s -8 16T Sext 64 68
l 3 i 57
(b) Poles: 2e°,2i, 2e ° (upper half-plane), 2e ¢,-2i, 2¢ © (lower half-plane)
Res(f)= ! = Logae o L IRE , Res(f)= ! I
oo 6(2em‘/6) 192 192 2 2 > 6(2i) 192
1 e
Rgﬁsg‘(f)_ NS € = —| == 9J. 3 = |:_( l—l):|
2e 6(2¢°f 192 192] 2 2| exteea 192 43

Eg. Evaluate r > cosx2 dx and r > s1nx2 dx
= (x"+4)(x"+9) = (x"+4)(x" +9)

(Sol.) Poles: 2i, 3i (upper half-plane), -2i, -3i (lower half-plane)

iz -2 -3
e

e —e
f@—ma Rgs(f)—z—ol., RSS(f)— 30;

o e ([e? &7 . e? e’
J 5 5 dx =2m| ——— |=—| — ——
= (x*+4)(x" +9) 20i 30i) 5\ 2 3
o COS X (e e ao sin x
S R S { A [ (L ——
(x*+H(x"+9) 502 3 (x"+4)(x" +9)
o xsm(ﬁx) g

Eg. Evaluate J-

= x'+16
(Sol.) Poles:  4i (upper half-plane), -4i (lower half-plane)
l\/gz —4\/7 41\/7
4ie e
z)= , Res = =
/@) 22 +16 4 ) 8i 2
© i"/3x 443
j xze dx =27 < = zie
= x"+16 2

" Jm XENIE) cos(/3x) dx=0 and Jm 23N sin(+/3x) dx = me

- x? +16 x> +16
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2

o X
Eg. Evaluate | ———-dx
8 '[0 (x* +1)°

2
(Sol.) I = 1) :%j (2x—1)2dx. Poles: i (upper half-plane), -i (lower
+ - (x° +
2 2
z z
half-plane). z)= = ,mof (z—1i)*
plane). &) = T e (=0
lim 1 (z— z* _22(2+i)2—222(z+i) _—8i+d4 0
=i (2-1)! d (z +i)’(z — i) (z+i)* i 16 4

©  x? 27 i s
: Iﬁdx:— 1=
0 (x”+1) 2 4 4

o >0 , -
Eg. Evaluate L igsfra;? dx, Z> 0 [’Fi_“ﬁ?ﬁ

o x sin(x)

Eg. Evaluate j dx. [@“’\’?ﬁ*[’ﬁ] (Ans.) e

o x*+4

Case 3 jw H(x)dx , where H(z)= o(ipj, p>1.
B B

Some poles of H(z) are located on the real
axis.

Choose C as a semi-circle with infinite radius
enclosing the upper half-plane, but excluding the
poles on the real axis. Let zx (1<k<n) be the
pole on the upper half-plane and a; (1<j<m) be
the pole on the real axis. Then we have

j H(x)dx =27 - ZRes(H)er ZRes(H)

j=r Y

Eg. Evaluate r = 14 5 dx. [® _“?‘*fﬁwﬁ’?‘]
©X(x X

1 1
2z -4z+5) Zz-Q2+D)]z-(2-0)]
0 (on the real axis), 2+i (upper half-plane), 2-i (lower half-plane)

(Sol.) fiz)= has 3 poles:

o0 1 . .
I a2 g )
. 1 . 1
:2 ) 3 _ ; . . 1 S —
e ) S el M L anrs)
2di mi_xQ-i), A _2x

Q2+d2 5 5 5 5
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-1

N Case 4 j:{sm(xn)}dx or .[:G(x")dx

cos(x")

: 2
Choose C as a sector with angle —
n

T
=

: . V2 .
enclosing only one pole at e ” or a sector with angle — enclosing no poles.

Eg. Evaluate J. 3
0 1+x"

, 11=>1.

: 2T . :
(Sol.) Choose C as a sector with angle — enclosing only one pole at e "
n

§lfg—zn:2m-Res{f) =2m- (im (:—e
+z i =

g™ z—s "] N

I 27 2m =
eﬂ
J1+

7 NZ" - |eman bl

n T
g™ —eg " sin| —
R ]
= % v
2i

~ - 3 G 3 -JE?T
Eg. Show that JE_ sin(x )dx :.‘-n cos(x)dx = T

: T :
(Proof) Choose C as a sector with angle — enclosing no poles.

xr
—

X x
192 (24 . 0 o253 e
. R 2
4 gk’ -rRe”;df?wLIf e’ .e*dR
R

0

&e"‘zd: = () = J.:e"":dr -

[

B
p— g 2 B i =inl6 (SR’
ASs R—w, L“ " -iRe dﬁ—fﬂi (o280 1B g0 — iR |'* 20 28 60,

J.: [cos(.r ) + i sin(x? )]dx}=

>
A% 3 o x . i __}.‘._,_;T_
JO cos(x*)dx = L sin(x” )dx = .
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- .
by Case § [ G(e* )dx , where G(.\:)Z#
N X +qrr—1(x}
Choose C as an infinitely-wide rectangle and there is one pole
> on the imagmary axis.

i

.

L
mx
Eg. Evaluate r dx, 0<m<1. [&KEFF]
=] +e*
(Sol.) Pole: iz
f em: (f I[w eM‘T d I G‘mR _e.rm}' ) s (?W ‘ﬁxlmﬁ 0 (’_MR .(J.rmy (h
—{z = ; T e ] = J
11+e° -] + g 1+e® .6 = |+e g 7] +e . o"
_ z—m)e™
zlm-Res(f =2m- 11111( )_
S
mI . mz
: e™ +m(z—me > : i
=27 -lim ( - ko 2mi(—1)™" = 2mie! ™"
e 2 B
. . : a7 em Pﬁ"l' efm'l
U 0EmEl Ry [ = icdhy — 0 Jand j. —-—n’ﬁ —0
0 ]+ o" 2]+ e
g?.h‘: i iy
§ ﬁr— = 7?€f{m -1y _‘[ (1 J rm?) - d_\'
1+e* 1+¢
X 3
= @ ) 27 i T _m
= J—oc v = 2 A E e =
l+e l-¢ e —eg sin(mm)
2i
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Case 6 Other types Tt
e xfdx
Eg. For 0<p<1 =1 E
RS J; *r(l+'r)
(Sol.) "." 0<p<l, .". Poles are 0 and -1. ie
§ :Pd: __P . irlp=l)
=2m- Res(f)-?m lml( +1): =2mi-e™" | and
z(1+2) z(z+1)
§ zfdz IR x¥dx r‘-f f(Rem)‘”n’b‘ (W' V¥ d(xe® ) |0 i(ge’®)P d e
s1+2) | x@+x)| P 1+Re” 1+ xe"”" ir 14 ¢ge”
. ) A Refﬂ);’(;'g
Bip<l, Rooo, = JPARE) 44,
R -I; 1+Re'”
o i(ge’)?da
= i e _— 0
: -[z,r 1+ ge'’
:.‘>§ =?d= "r X7 dx +I,'0{xe’3")*""d(:re’”)=j‘==[l-e””{*”_”]-xpriv
z(1+2) |0 xQ+2)] = . x(1+x)
J«x alelt 2m - P B T -
T ox(1+x) 1-TED (T —e™)[2i  sin(px)
= x%dx T A
Eg. For -1<a<1, [ =7 [RABMEHR
o (1+x)° .
Fit ~ ShREEERT] ¢
(Sol.) —1 1s a multiple-order pole. Re
z%dz , e 1 Ol fa(a-1)
§ —=2m-Res(f)=2a -lim—d[(z+1)" - ~)/d= =27 ae .and
A+z)° -1 s=-1]| (z+1)°
§ 2'dz _J-R x%dx +bdﬁrl[:Rt-:-"'g')";v'E’.e"'gnﬁ&} r(re"z“"}“d(xe""”) |f° (ge')ige'’d o
A+2)" P+ PP 0+Re®Y || (+xe)’ 21 (14 ge'?)’
*r (Rol® e
- -1<a<l, R0, .*. ,[ (Re )rR; d@ 0
(1+Re )
id~a . ig
ool 0 (ge’”) 13_{; :’fﬁ 0
2 (14 ge")"
:dd: = .Tnd.\' (\?I ".I') (?I(\-P :l [1 ?I’-\T{{Hl}] T
= = 4
SG(l+'_')2 J“’ 1+ x) '[ (1+ xe"” r (1+x)°
. r x"dx _E;‘zf-ne'm'” B i _arm
T (14 x)? 1-® (™ _ o™i sin(anm)
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