Chapter 11 Complex Sequences and Series

11-1 Sequence and Series

Sequence {zn}: zo0,z1,22,23, ...y Zny ...

Series: .z, =zy+z +zy+e bz, oo
n=0

Absolute convergence: Z| z, | converges. (In this case, ZZn converges also.)

n=0 n=0
Eg. z =D is an  absolutely convergent series  because
n=0 (n +_1)
Z| l+ieli i and > =D - =Ly are both
(+1) 4 9 16 =(n+1) 4 9 16
convergent.

Conditional convergence: )z, converges but » |z, | diverges.

n=0 n=0
i) AT S S S
= 2n+1 = 2n+1 3 5 7
(-1)" 1 1 .
is convergent but Z| 1+— +—+—+--- is divergent.
gt 2n+1 35 7

Radius of convergence for Zan(z —z,)" : There exists R (possibly R=w) such that

n=0
the series converges absolutely if |z-zo|<R and diverges if |z-zo|>R.
a, (z—z,)" a
(PI’OOf) | n+1( O)n |<1:|Z_ZO ’< | n |
’Cln(Z'—'ZO) | | an+1|

Define R =1lim @

n—>0 an+1

, so the proof is complete.

Eg. Find the radius of convergence for Z ' (z—1)".
n=0 M.

(’H_ljn(z—i)
n

-1

(n+1)""

(Z _ l-)n+1
(Sol |1+ D -
n

—i)"

<1

—n

1
|z—i|<(1+— —e',R=e
n
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11-2 Complex Taylor’s Series & Laurent’s Series

Taylor’s series: f(z)zzl

n'f(")(zo Nz—1z,)" . In case zo=0, it is called Maclaurin’s
n=0

series.

Eg. Find the Maclaurin’s expansion of f(z):i e dw.

\/;J.o
(Sol) e™ =1-w"+ W) W) w) (w)

2! 3! 4! 5!
4 6 8 10 o
TS A VA A AP
=1 w+2! 3!+4! 5!+ +(=1) +
z 2 Z3 ZS 22n+1
I edw=z-"—+ — et (=) n
’ 352 (2n+ !

z z z

2 3 5 ., 2n+1
f(z)—ﬁ(z—?+5.2!—+---+(—1) erj

Laurent’s series:

X e ) =... a_, a,
10 TGy = i

S )

where a, = dw , and C: |z-z¢|=p, ri<p<r
n 27Z_l-§(w_z)n+l | 0|p 15O

ta, +a,(z—z,)+a,(z—z,) +-+ ,

z—sinz
i

Eg. Find the Laurent’s series of f(z)= about zo=0, indicate the type of

singularity and the region of convergence of the series. [?%*’F%{—’Fﬂf]

(Sol) f(z)="2 sz: 1{2_(2_i+i_i+_...ﬂ

357
l{z3 2zl } 1 z2 z¢ z¢
= — 4 — 4 — _——t 4 —.
3 o579 35 7 9

z, =0 is a removable singularity.

ZZ Z4 Z6 i(_l)n—l .Z2n—2 i
_———+———+—---: —————=>a
JO=53"5 7y ~  on+l) &
n+1 n 2n-2
|an+l ’ |( 1) |(_1) Z | <1

la,| | (2n+3)' \ | @n+1) |

2> < (2n+3)(2n +2) = z<R—w0
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Eg. Expand f(z):( by Laurent’s series in case: (a) |z|[<1, (b) 1<|z|<2, (c)

-z
z-1)(2-2)
|z|>2, (d) [z-1|>1, and (e) 0<|z-2|<1.

(Sol) f(2)= - L2

(z-12-2) (z-1)z-2) z-1 z-2

@ |zkl=> 1>H
2

1 3 7 15
i:%:(fl)(l+z+z2+z3+---) ) f(Z):_EZ_ZZZ _§Z3 _EZ4 -
= =—l-z-z"-z*-z* -
e ()
2
b) 1<zk2=1>— 1>H
z 2
1 __t 111 1 j 5
R Z( S : g to1 1+24%2 4.,
) _[+lz)++ , .. f(2) +Z3+ZZ+Z+ + +4+
2—22=1_1Z=1+;+@ +@ v
2
© |zp2=> <1:>l>l
] g
1 __1 =1(1+1+L+...)
zZ— z z 22 1 3 7 15
! z[l—é) , f(Z):____z__3_Z_4_...

-2 _ 2 122 (2) (2
z-2 =z 17% z[1+z+[zj +[z)+ ]
:,E,iz,é,.,,
@ [z-1p1=> <1
|z—-1|
-2 -2 2 1 2 N ., ~
272:(271)71:_;'1_L:_ﬁ'[l+(z_1) T S e hest
z—1
. 1 2 -1 2 2 2
. f(Z)_z—l_z—2_z—1_(z—1)2 =1’ (=Dt
© 0<z—2klm— o b o1 (z=2)4(z=2)" = (2-2)" + -
z=1 14+(z-2)
. 1 2 2 , . \
S f(2)= - =- +1-(z=-2)+(z-2)"=-(z=-2)" +(z=2)" —+--
z-1 z-2 z=2
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Eg. Find the Laurent’s series of f(z):Z;2 for 1<|z|<2. [*F'r‘\ﬁ‘ﬁﬁf]

z"—3z+
1 -1 1
Sol. = +
( )22—3z+2 z—1 z-2
1<\zy<2:>1>i,‘_1=‘_1.L=‘_1.{1+1+L2+..}
|z z-1 z 1_1 z z z
z
| z | 1 -1 1 -1 z z°
:>1>—, —_— = — 1+—+—+...
27 z-2 2,z 2| 2 4
2
11 1 1, z z2°
= = —F+—+—+|—=|1+=—+—+-
f(2) [Z e ]2( > J
1 z
Eg. () ———— for 1<|z|[<3 about z0=0, (b for |z-1|>0 about z¢=1.
g ()(Z_l)(z_3) 2| 0 ()(2—1)2 |z-1] 0
Find their respective Laurent’s series. {%*%‘[’ﬁ]
_1 1
(Sol.) (a) ! -2, 2
(z-D)(=z-3) z-1 z-3
R _1
l<|z|<3:>i<1, 2_ 2 1 _ 2.{1+l+i2+..1
|z| z-1 z (1_1) z z z
z
1 1
|z] 2 ) 1 -1 z z?
I<z|k3=1>—, = . = |1+Z4+Z 4.
37233 4% 6 39
3
1(1 1 1 1 z z
= =——| -+ —=+—+ || 1+ =+ —+--
f(2) 2(2 =t j 6( 375 J

z z—1

e e-e

= = €
(z-1* (z=1" (z-D

1+ (z-1)+ (z ;'1)2 + (2= +..]

(b) 3

1 1 1 (z-))
+ +—+
(z-1° (z-1) 20 3

=e +...]
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11-3 Summation of Series by the Residue Theorem

Theorem Let 7y, ..., Zy be the poles of f(z), then Zf(n)-—;rZRes cot(z)- f(2)]

and Z D" f(n)= —ﬂZRCS[CSC(?ZZ) f(2)].
Yo Ol
(Sol.) (a) Z - . {Rc S[ cot(nz) j ( cot(7z) H
—n a \ 2" +a’ -ai \ 2> +a’
o {cotz(;rlal) coi(zzu)} 7rcot(7z'al) Zcoth (d)

(b)z =i 21 +—+Z Z 2+i2:£(:oth(7ra)
= a

2
“nt+ad Snt+a’ “n’+a’ =n +a a

V4
= —coth(m) - —
e P
Eg. Evaluate 1—l+l—l+—-~-
3 5 7
I 1 1 1 1 = (=) = (=1)"
Sol) 1-—+———=4+———+—-= ) ———=(-1)-
(Sel.) 35 7 9 11 1 2n—1 ( );211—1
0 _ n 0 _ n 00 _ n
Z&: Z( 1) +Z( 1) =(...+l_l+l_lj +[_1+l_l+l_+...]
= (2n-1) = 2n-1 =2n-1 7 5 3 3 5 7
el
,,=121’l—1
Ll L Ly CD rp festm)
3 57 2,=2n-1 2 % 2z-1
_"Re csc(nz) 7 il S5 z—l _z
4 1 1 N 1 4
2 - z——
2 2
n+l
B S
2n—1 3 5 7 4
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Eg. Evaluate 1+2L2+L2+..._

(Soly 3L =

~ rlz? 'zt .
cot(nz)  cos(mz) 2! 4!
z? z* sin(7z) ) z’z’ j
+_...
3!
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11-4 Infinite products

Theorem If Ha (#0) converges, then lima, =1.

n—
n=1

(Proof) Let p, :ﬁan , 1= llmpN/hmpN = hm(Ha Ha ] llmaN

n=1 n=1

Theorem H(l+an) converges if and only if Zlog(l+an) converges.

n=1 n=1

Theorem H(1+an) is absolutely convergent if and only if Zan is absolutely

n=1 n=1

convergent.

Eg. Determine the domain D of convergence for H{(l +lj z]

n=1

(1+l) z"
n

l " nzln(l+l) nln[l#—ljn |
I+—| =e "=e Yo" =e"

n

>1

n—>0

(Sol.) H{(Prlj z"} diverges if /im
n=1 n

n=1

z"‘>1:>|z|>e‘1, H[[lJrl) z”] diverges
n

. D={z:|z|<e'} for convergence.

Weierstrass’ theorem Let f(z) be analytic. All zeros a;, a, as, ..., an, ... are single

and 0<[a|<|az|<[as|< ..., fim|a, |= 0, then f(z2)= £(0)e? @ .TT[(1-z/a, )™ |
n—o0 k:l

Eg. Show that cos(z)= {1— (2] }{1— (/2] }{1— G2y }

(Proof) Zeros of cos(z) = +5, +37”, +57”,---

cos(0) =1, z[cos(2)]'[cos(2)., =0, €”'* &7 =1

: cos(z):{l—ﬁ]{l_(yjﬁ]”

Note: sin(z)zz{l—z—zz]{l— z” 2]{1_ z 2}
Ve (27) (37)
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