Chapter 14 Special Functions

14-1 Gamma & Beta Functions

Gamma function: Γ(x)=
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Theorem Γ(x+1)=xΓ(x), Γ’(x)=
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(Proof) 
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 EMBED Equation.3  [image: image5.wmf])
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Theorem Γ(n)=(n-1)!, Γ(1)=0!=1.
Theorem Γ(x)Γ(1-x)=
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Theorem 
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, Γ’(1)=
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(Proof) 
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 EMBED Equation.3  [image: image11.wmf]p
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Stirling’s formula: Γ(n+1)=n!
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Beta function: β(x,y)=
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Eg. Evaluate 
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(Sol.) Let t=z4, dt=4z3 dz,
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Theorem β(m,n)=
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Theorem β(x,y)=β(y,x)
14-2 Bessel Functions

Bessel differential equation of order ν: x2y”+xy’+(x2-ν2)y=0, its general solution is y(x)=cJν(x)+dYν(x).
Bessel differential equation of order ν with parameter λ: x2y”+xy’+(λ2x2-ν2)y=0, its solution is y(x)=cJν(λx)+dYν(λx).
Bessel function of the first kind: Jν(x)=
[image: image18.wmf]å
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Note: J-n(x)=(-1)nJn(x), Jn(x) and J-n(x) are linearly dependent, But Jν(x) and J-ν(x) are linearly independent for ν
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Orthogonality of Jn(x):

If λ≠μ and Jn(λ)=Jn(μ)=0, then 
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Else if λ≠μ but Jn(λ)≠0≠Jn(μ), then
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Else if λ=μ, Jn(λ)≠0, then 
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Bessel function of the second kind:


Yν(x)=
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Hankel functions: 
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Note: Hν(1)(x) and Hν(2)(x) are linearly independent.

Jinc function: jinc(x)=
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Properties of Bessel functions:

1. 
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2. 
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3. 
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4. 
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5. 
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6. 
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7. Generating function g(x,t) for Jn(x): g(x,t)=exp
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8. 
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9. 
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10. 
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Spherical Bessel functions:
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Modified Bessel functions:
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14-3 Legendre Differential Equations and Legendre Polynomials

Legendre equation: (1-x2)y”-2xy’+n(n+1)y=0, its general solution is y(x)=cPn(x)+dQn(x).
Legendre polynomial of degree n of the 1st kind:

Pn(x)=
[image: image56.wmf][
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Orthogonality of Pn(x): 
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Legendre polynomial of degree n of the 2nd kind:

For |x|<1,

Qn(x)=
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Qn(x)=
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 if |x|>1, but Qn(x) is divergent at x=±1.
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Properties of Legendre polynomials:

1. 
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2. 
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3. 
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4. Generating functions for Pn(x) and Qn(x):
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Associated Legendre equations and functions: 
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, its general solution is y(x)=
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Properties of the associated Legendre polynomials:

1. 
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2. 
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14-4 Applications of Bessel and Legendre Functions
Electrostatic potentials in the cylindrical coordinate:
In source-free region: 
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Set 
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(If V is finite at ρ=0
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Special case 1: V is independent of z, 
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 (Euler's equation)
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Special case 2: V is independent of φ and z
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Electrostatic potentials in the spherical coordinate:
In source-free region: 
[image: image98.wmf]0
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 (Euler's equation)
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Let x=cosθ
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Special case: m=0
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14-5 Elliptic Integral Functions
If we set v=sinθ, x=sinφ, and 0<k<1,
the 1st-kind elliptic integral: 
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the 2nd-kind elliptic integral of: 
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the 3rd-kind elliptic integral of:
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Eg. Evaluate 
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