
Chapter 14 Special Functions 

14-1 Gamma & Beta Functions 
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14-2 Bessel Functions 

Bessel differential equation of order ν: x2y”+xy’+(x2-ν2)y=0, its general solution is 
y(x)=cJν(x)+dYν(x). 

Bessel differential equation of order ν with parameter λ: x2y”+xy’+(λ2x2-ν2)y=0, its 
solution is y(x)=cJν(λx)+dYν(λx). 
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Note: J-n(x)=(-1)nJn(x), Jn(x) and J-n(x) are linearly dependent, But Jν(x) and J-ν(x) 
are linearly independent for νN. 
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Jinc function: jinc(x)=
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Spherical Bessel functions: 
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14-3 Legendre Differential Equations and Legendre Polynomials 

Legendre equation: (1-x2)y”-2xy’+n(n+1)y=0, its general solution is 
y(x)=cPn(x)+dQn(x). 

Legendre polynomial of degree n of the 1st kind: 
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Properties of Legendre polynomials: 
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14-4 Applications of Bessel and Legendre Functions 

Electrostatic potentials in the cylindrical coordinate: 

In source-free region: 0
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Special case 1: V is independent of z, 0
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Electrostatic potentials in the spherical coordinate: 

In source-free region: 0
sin

1
sin

sin

1
2

2

2
22 







































VV
r
Vr

r
V  

Set )()()(),,(   rRrV  

 





 








 d

d
d
d

dr
dR

R
r

dr
Rd

R
r

sin
sin

12
2

22

0
sin

1
2

2

2






 d

d
 

Set )1(
2

2

22

 
dr
dR

R
r

dr
Rd

R
r

 

0)1(2
2

2
2  R

dr
dRr

dr
Rdr   (Euler's equation)R(r)=Arl+Br-(l+1) 


 2
2

2

m
d
d


 )sin()cos()(  mDmC   

Let x=cosθ 0
1

)1(2)1(
2

2

2

2
2 

















x

m
dx
dx

dx
dx  (Associated Legendre 

equation) 

 )()()( xFQxEPx mm
  )(cos)(cos  mm FQEP    

Special case: m=0 0)1(2)1(
2

2
2 





 

dx
dx

dx
dx  (Legendre equation) 

  )(sin)(cos  ll FQEP   

～～ 132



14-5 Elliptic Integral Functions 

If we set v=sinθ, x=sinφ, and 0<k<1, 

the 1st-kind elliptic integral: 
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Eg. Evaluate dxx 
2

0

2sin41


. 

(Sol.) dxxdsx  
2

0

22

0

2 cos45sin41


 (set 


2
x ) 









  5

4
5sin

5

4
15

2

0

2 Ed

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