
Chapter 2 The Second-Order Ordinary Differential Equations 

2-1 Introduction 

Initial-value problem 

Eg. y”-2y=xP

2
P-1, y(1)=3, y’(1)=-5. 

 

Boundary-value problem 

Eg. y”+y=0, y(0)=y(π)=0. 

 

Theorem Let yR1R(x) and yR2R(x) be linearly independent solutions of 
y”+P(x)y’+Q(x)y=0, then y(x)=cR1RyR1R(x)+cR2RyR2R(x) is its general solution. 

 

2-2 The 2-order Linear Constant-coefficient Ordinary Differential Equation 

y”+Ay’+By=F(x) 

Homogeneous equation: y”+Ay’+By=0 

Let y=eP

rx
P, rP

2
P+Ar+B=0

2

42 BAAr 
  

 2121

2

,,
2

4 rrrrBAAr 


 , ∴   ececxy 21
21 Case 1 AP

2
P-4B>0 xrxr  

Eg. Solve y”+4y’-2y=0. 

(Sol.) rP

2
P+4r-2=0, 62 r , ∴      xx ececxy 62

2
62

1
   

 

Case 2 AP

2
P-4B=0

2

Ar 
 ,     2

2
2

1 ,
AxAx

exuyexy


  

        21222 0 cxcxuxByxyAxy   

Choose  2
221 )(,0,1

Ax

xexycc


 , ∴   2
2

2
1

AxAx

xececxy


  

Eg. Solve y”+4y’+4y=0. 

(Sol.) rP

2
P+4r+4=0, r=-2, -2, ∴    xx xececxy 2

2
2

1
 

 

Case 3 AP

2
P-4B<0 iqpABiAr 




2

4 2

 

      xiqpxiqp ececxy   21   qxedqxed pxpx sincos 21    

Eg. Solve y”+9y=0. 

(Sol.) rP

2
P+9=0, r= , ∴ 3i      xcxcxy 3sin3cos 21   

Eg. Solve y”+2y’+6y=0. 

(Sol.) rP

2
P+2r+6=0, r= 51 i , ∴      xecxecxy xx 5sin5cos 21

   

～～ 11



Eg. Two students solve y”+ay’+by=0, y(0)=A and y’(0)=B. Using wrong constants 
for b and B, one student obtain the solution yRAR=eP

-2x
P(cos3x+2sin3x). Using wrong 

constants for a and A, one student obtain the solution yRBR=-3eP

x
P+2eP

3x
P. Find the 

correct constants for a, b, A, and B and solve the initial value problem. [台大電

研] 

(Sol.) yRAR=eP

-2x
P(cos3x+2sin3x) r= 32 i  rP

2
P+4r+13=0= rP

2
P+ar+b, 

∵ b is wrong but a is correct, ∴ a=4 

∵ y(0)=A is correct, ∴ yRAR(0)=eP

0
P(cos0+2sin0)=1=A 

yRBR=-3eP

x
P+2e3x r=1, 3 rP

2
P-4r+3=0= rP

2
P+ar+b, ∵ a is wrong but b is correct, ∴ b=3P  

 

x 

P 

yRBR’(x)=-3eP

x
P+6eP

3x
P, ∵ y’(0)=B is correct, ∴ yRBR’(0)=-3+6=3=B

 

The correct rP

2
P+ar+b=rP

2
P+4r+3=0 r=-1, -3 The correct y(x)=ceP

-x
P+deP

-3x  
y(0)=A=1 c+d=1 and y’(0)=B=3 -c-3d=3, we obtain c=3, d=-2 

 y(x)=3eP

-x
P-2eP

-3x 

 

Non-homogeneous equation: y”+Ay’+By=F(x) 

1. Find the homogeneous solution yRhR of y”+Ay’+By=0, 

2. Find a particular solution yRpR of y”+Ay’+By=F(x), 

3. General solution is yRhR + yRpR. 

 

Eg. Solve y”-4y=8xP

2
P-2x. 

(Sol.) rP

2
P-4=0, r=2,-2, ∴ , xx

h ececy 2
2

2
1  

yRpR=axP

2
P+bx+c, yRpR’=2ax+b, yRpR”=2a, ∴ yRpR”-4yRpR =-4axP

2
P-4bx+2a-4c=8xP

2
P-2

1,
2

1
,2  cba , ∴ xx 22 ececxy 21)(  1

2

1
2 2  xx  

 

Eg. Solve y”+2y’-3y=4eP

2x
P. 

(Sol.) rP

2
P+2r-3=0, r=1,-3, ∴ , xx

h ececy 3
21



yRpR=AeP

2x
P, yRpR’=2Ae2x

P, yRpR”=4AeP

2x
P, ∴ yRpR”+2yRpR’-3yRpR =4eP P

2x
P

5

4
 A , 

∴ xxx eececy 23
21 5

4
   

 

Eg. Solve y”+2y’-3y=4eP

x
P. 

(Sol.) rP

2
P+2r-3=0, r=1,-3 , ∴ yRpR≠AeP

x
P,  xx

h ececy 3
21



Try yRpR=AxeP

x
P, yRpR’=AeP

x
P+AxeP

x
P, yRpR”=2AeP

x
P+AxeP

x
P, 

P   ∴ yRpR”+2yRpR’-3yRpR =4ex A=1, ∴ x +xeP

x
P x ececy 3

21

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Eg. Solve y”+4y=cos(x). 

(Sol.) , ∴ yRhR=cR1Rcos(2x)+cR2Rsin(2x), irr 2,042 

and yRpR=Acos(x)+Bsin(x), yRpR’=-Asin(x)+Bcos(x), yRpR”=-Acos(x)-Bsin(x), 

y”+4y=-Acos(x)-Bsin(x)+4Acos(x)+4Bsin(x)=3Acos(x)+3Bsin(x)=cos(x)A=
3

1
, B=0 

∴ y=cR1Rcos(2x)+cR2Rsin(2x)+  xcos
3

1
 

Eg. Solve y”+4y=cos(2x). 

(Sol.) , ∴ yRhR=cR1Rcos(2x)+cR2Rsin(2x) but yRpR≠Acos(2x)+Bsin(2x)irr 2,042   

Try yRpR=Axcos(2x)+Bxsin(2x), yRpR’=Acos(2x)-2Axsin(2x)+Bsin(2x)+2Bxcos(2x), 

yRpR”=-2Asin(2x)-2Asin(2x)-4Axcos(2x)+2Bcos(2x)+2Bcos(2x)-4Bxsin(2x), 

yRpR”+4yRpR=cos(2x)
4

1
,0  BA , ∴ y=cR1Rcos(2x)+cR2Rsin(2x)+  xx

2sin
4

 

Eg. For y”-3y’+7y=x-cos(2x), find yRpR. 

(Sol.) yRpR=ax+b+hcos(2x)+ksin(2x), yRpR’=a-2hsin(2x)+2kcos(2x), 

yRpR”= -4hcos(2x)-4ksin(2x), yRpR”-3yRpR’+7yRpR=x-cos(2x) 


49

3
,

7

1
 ba , 

15

2
,

15

1
 kh     xxxy p 2sin

15

2
2cos

15

1

49

3

7

1
  

Eg. Solve y”+2y’+y=  nt
nn

sin
110

1

 

. [台大電研] 

(Sol.)  tt
h tececyrrr   21

2 ,1,1,012

Set , ,     



10

1

sincos
n

nnp ntbntay     



10

1

cossin'
n

nnp ntnbntnay

    



10

1

22 sincos"
n

nnp ntbnntany  

        



10

1

22 sin2cos2
n

nnnnnn ntbnabnntanban  



10

1

sin

n n
nt


 









n
bnabn nnn

nnn

1
22

  anban 022  

 























22

2

22

1

1

1

2

nn
nb

n
a

n

n




 

       
 










10

1
22

2

21
1

cos2sin1

n

tt
ph

nn
ntnntntececyyty


 

Eg. Solve y”-6y’+9y=6x
P

2
P
+2-12e

P

3x
P
. [台大電研] 

Eg. Solve y”-2y’+y=x
P

2
P
e

P

x
P
. [文化電機轉學考、台大電研] 

Eg. Solve y”-3y’+2y=x+e
P

2x
P
 and y”+3y’+2y=x

P

2
P
(e

P

x
P
+e-x

P
) [交大電研] 

P

Eg. Solve y”+4y=x
P

2
P
cos(2x) [交大電子研究所]
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Variation of parameters to find the particular solution y
RpR
: 

Let yR1R and yR2R be linearly independent solutions of y”+Ay’+By=0, then a particular 
solution yRpR is yRpR =u(x)yR1R(x)+v(x)yR2R(x), and 

 212121 '' vyuyvyuyyvyuy p  

Impose the condition:  10'' 21  yvyu  

  2121 '''' vyuyyvyuy p  

  xFvyuyBvyuyAvyuyyvyu 




   21212121 ''  

 xFyvyubyAyyvByAyyu 



 



  21222111 ''  

                 2'' 21 xFyvyu   

       






1221

1

1221

2 ','2,1
yyyy

xFyv
yyyy

xFyu  

Wronskian determinant:    1221

21

21
21 , yyyy

yy
yy

yyW  

   
     

  


 dx
yyW
xFyxvdx

yyW
xFyxu

21

1

21

2

,
,

,
       xyxvxyxuy 21   

 

Eg. Solve y”+4y=tan(2x). 

(Sol.) y”+4y=0 yR1R=cos(2x), yR2R=sin(2x) 

         22sin22sin2cos2, 2
122121  xxxyyyyyyW  

        





 


 xnxdxxxxu

4
tan

4

1
2sin

4

1

2

2tan2sin 
  

        


 xdxxxxv 2cos
4

1

2

2tan2cos
 

       xyxvxyxuy p 21   

     






  xnxxx

4
tan

4

2cos
2cos2sin

4

1 
    x2sinx2cos

4

1
  

  





  xnx

4
tan2cos

4

1 
  

 

Eg. Solve 4y”+36y=csc(3x). 

(Ans.) 
36

])3sin(ln[)3sin(

12

)3cos(
)3sin()3cos(

xxxxxbxay


  

 

Eg. Solve y”+4y=sec(2x). [中原電子所] 
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Eg. Find yRpR of 1
44 2

2
 xy

x
y

x
y . [清大電研] 

(Sol.) , , 4
21 , xyxy    443

21 314, xxxxyyW 

            
 




393

1 3

4

24 xxdx
x
xxxu ,    

 



24

2

6

1
||

3

1

3

1

x
xndx

x
xxxv   

     ||
329

424

21 xnxxxyxvyxuy p   

∴ y(x)=yRhR+yRpR=cx+dx4
P P | =cR1Rx+cR2Rx|

329

424

xnxxx
 P

4
P ||

32

42

xnxx
  
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2-3 Euler Equation xP

2
Py”+Axy’+By=F(x) 

Solution: z=ln(x), y’=
dz
dy

xdx
dz

dz
dy

dx
dy 1

 , 

y”= 







dz
dy

xdx
d

dx
yd 1
2

2









dz
dy

dx
d

xdz
dy

x
11

2 dx
dz

dz
dy

dz
d

xdz
dy

x








11
2

 

2

2

22

11

dz
yd

xdz
dy

x
 , and 

2

2
2

dz
yd

dz
dyyx  , 

dz
dyyx   

)()1(
2

2
zeFBy

dz
dyA

dz
yd

  is the second-order linear ODE. 

 

Eg. Solve xP

2
Py”-5xy’+8y=2ln(x)+xP

3
P. 

(Sol.) , )(xnz 
2

2

22

11

dz
yd

xdz
dy

x
y  , 

dz
dy

x
y 1
 , zezy

dz
dy

dz
yd 3

2

2

286   

4242 zz
2121)( xcxcececzyh  , 33

16

3
)(

4

1

16

3

4

1
)( xxnezzy z

p    

34
2

2
1 16

3
)(

4

1
)( xxnxcxcxy    

 

Eg. Solve x
P

2
P
y”-2y=1/x. [文化電機轉學考] 

(Sol.) , )(xnz  zey
dz
dy

dz
yd  2
2

2

, 
x
dcxdecezy zz

h   22)( , 

x
xzezy

z

p 3

)ln(

3
)(









  y(x)=
x
dcx 2 -

x
x

3

)ln(
 

 

Eg. Solve (a) xP

2
Py”-4xy’+4y=0 and (b) xP

2
Py”+5xy’+4y=0. 

(Sol.) (a) Let y=xP

r
P, ,  1 rrxy 22 )(  rxrry

  0)44(44 22  rrrxyyxyx r

 ,  0452  rr 4
214,1 xcxcyr 

(b) y=xP

r rP

2
P+4r+4=0, r=-2, -2 P

 ,  2
1

 xy )(2
2 xnxy  )()( 2

2
2

1 xnxcxcxy  

Another method: z=ln(x), 
dz
dy

x
y 1
 , 

2

2

22

11

dz
yd

xdz
dy

x
y   

 zezyy
dz
dy

dz
yd 2

12

2

)(044  ,  z2zezy2 )( 

 ,  2
1 )(  xxy )()( 2

2 xnxxy   )()( 2
2

2
1 xnxcxcxy  
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Eg. Solve (x-2)P

2
Py”+4(x-2)y’+6y=0. [文化電機轉學考] 

(Sol.) z=ln(x-2), 
dz
dy

x
y

)2(

1


 , 

2

2

22 )2(

1

)2(

1

dz
yd

xdz
dy

x
y 







  

063
2

2

 y
dz
dy

dz
yd

, 










zezy

z

2

15
cos)( 2

3

1 , 










zezy

z

2

15
sin)( 2

3

2  












)2(

2

15
cos)2()( 2

3

1 xnxxy  , 










)2(

2

15
sin)2()( 2

3

2 xnxxy   

∴ 



















)2(

2

15
sin)2()2(

2

15
cos)2()( 2

3

2
2

3

1 xnxcxnxcxy   

 

Eg. Solve (a) xP

2
Py”-xy’+y=ln(x) and (b) xP

2
Py”-4xy’+4y=xP

4
P+xP

2
P. [交大電子所] 

(Ans.) (a) 2)( 21  nxnxxcxcxy  , (b)  y(x)= 244
21 2

1

3

1 xnxxxcxc    

Eg. Solve 
x
xyyx

3ln
4  . [台大電研] (Ans.) 

3

ln

2

)(ln
)(

2
3

21

xxxccxy    

 

2-4 Miscellaneous Problems 

 

Eg. Solve y’=y
P

2
P
-2xy+x

P

2
P
+1 [交大控制研究所] 

(Sol.) Let u=y-x, y’=u’+1=uP

2
P+1, dx

u
du


2

, -1/u=x+c
xy 

1
=x+c. 

 

Eg. Solve 1+x
P

2
P
y

P

2
P
+y+xy’=0. [交大電信研究所] 

(Sol.) Let u=xy, u’=y+xy’, 1+uP

2
P+u’=0, dx

u
du


 21

, tanP

-1
P(u)=-x+c tanP

-1
P(xy)=-x+c. 

 

Eg. Solve x dy
dx

y x
y

y
x

   
3

exp( ) . [交大電子研究所] 

(Sol.) )exp(
2

x
y

y
x

x
y

dx
dy

 . 

Let 
dx
duxu

dx
dyuxy

x
yu  ,, , )exp(

2

u
ux
xu

dx
duxu  , )exp(

1 u
udx

du
 , 

ueP

-u
Pdu=dx, -ueP

-u
P-eP

-u
P=x+c, cx

x
y

x
y




 )exp(]1)([ . 
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Eg. Solve xy”+2y’=4xP

3
P. 

～～ 18

3(Sol.) Let u=y’ 42 xuux 
2

3

5

4

x
cxu    D

x
cxdxxuxy

5
)()(

4

 

Another method: xP

2
Py”+2xy’=4xP

4
P (Euler’s equation) 

 

Eg. Solve y”-2yy’=0. 

(Sol.) Set u=y’, 
dy
duu

dx
dy

dy
du

dx
du

dx
ydy 


 cyuyu
dy
duu  202  

dx
cy

dycy
dx
dy





2

2 Kx
c

y
c









 1tan

1
 

Eg. Solve 
32 yyx

x
dx
dy


 . 

(Sol.) Let u=xP

2
P, 

3
2

yuy
x

du
dyx

dx
du

du
dy

dx
dy


  

22 33 2][22 yy eyeuyyu
dy
du    

2222

1][ 22 yyyy ceyceeyeu   
2

122 yceyx   

Another method: 
x
yxy

dy
dx 3

  (Bernoulli’s equation) 

 

Given a solution yR1R(x) of y”+P(x)y’+Q(x)y=0, then a second solution 
yR2R(x)=v(x)yR1R(x) is obtained by the following method: 

0])()(2[)( 111  yxPxyvxyv . Set v’=u 0)(
2

1

1 










 uxP

y
yu  

Eg. Solve 0
13

2
 y

x
y

x
y  if 

x
y 1

1   is given. 

(Sol.) Let 
x
xvxyxvy )(

)()( 12  , 112 ' yvyvy   

1111112 )( yvyvyvyvyvyvy  111 2 yvyvyv   


2
1

11111 )(
3

2
x
vyyvyv

x
yvyvyv 0

3
2 111  yv

x
yvyv  
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x
xnxyxnxv

x
vu ||

)(||)(
1

' 2


   

 

Eg. Given y(x)=x is a solution of y”-xy’+y=0, find the other solution. [ 交 大 電 信

所] 


