Chapter 2 The Second-Order Ordinary Differential Equations

2-1 Introduction

Initial-value problem
Eg. y?-2y=x’-1, y(1)=3, y’(1)=-5.

Boundary-value problem
Eg. y?+y=0, y(0)=y(m)=0.

Theorem Let Yy;(X) and Y (X) be linearly independent solutions of
y”+P(X)y’+Q(X)y=0, then y(X)=C1y1(X)+C2y2(X) is its general solution.

2-2 The 2-order Linear Constant-coefficient Ordinary Differential Equation
Y +AY+By=F(x)
Homogeneous equation: y”+Ay’+By=0
_ A4+ A% _
Let y=€™, r’*+Ar+B=0=r = At ;‘ 4B

— A+~ A2 —
Case 1 AZ4B>0= [ = — A% 2A 4B =1, 6, L #r,.. y(x)=ce™+c,e”

Eg. Solve y”+4y’-2y=0.
(Sol) rP+4r-2=0, 1 =-2+6, .. y(x)=ce>r ¢ e

A
Case 2 A>-4B=0=>r = %A, y(x)=e 2, y, =u(x)e 2
yg(X)—l- AY, (X)+ By, (X) =0= U(X) =CX+G,

Ax AX AX

Choose ¢ =1, ¢, =0, y,(X)=xe 2, .. y(X)=ce 2 +c,xe 2
Eg. Solve y”+4y’+4y=0.
(Sol.) r’+4r+4=0, r=-2, -2, .". y(x) = c,e** + ¢c,xe >

— A4/ _ A2
Case 3 A2-4B<0=> 1 = — %] 248 A p+iqg
y(x) = ¢, &P 4 ¢ elP* = d e™ - cos(qx)+ d,e™ - sin(gx)
Eg. Solve y”+9y=0.
Sol.) r’+9=0, r=%i3, .". y(x)=c, cos(3x)+c, sin(3x
1 2
Eg. Solve y"+2y’+6y=0.

(Sol.) r24+2r+6=0, r=—1£i/5, .". y(X)=Cle_Xcos(\/§X)+Cze_x sin(\/gx)
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Eg. Two students solve y”+ay’+by=0, y(0)=A and y’(0)=B. Using wrong constants
for b and B, one student obtain the solution y,=e*(cos3x+2sin3x). Using wrong
constants for a and A, one student obtain the solution yg=-3¢*+2e**. Find the
correct constants for a, b, A, and B and solve the initial value problem. [’F' }"\”ﬁ

&

(Sol.) ya=€*(cos3x+2sin3X) = r=—2 i3 = r’+4r+13=0=r>+ar+h,

"." bis wrong but a is correct, .". a=4

" y(0)=Ais correct, .". ya(0)=€"(cos0+2sin0)=1=A

y]3=-3e"+2e3X —=r=1,3=r2-4r+3=0=r’+ar+b, "." ais wrong but b is correct, .. b=3
ye' (X)=-3€"+6€>, "." v (0)=B s correct, .". yg'(0)=-3+6=3=B

The correct r*+ar+b=r’+4r+3=0=r=-1, -3 = The correct y(x)=ce™+de™*
Y(0)=A=1=c+d=1 and y' (0)=B=3 = -c-3d=3, we obtain ¢c=3, d=-2
= y(x)=3e*-2e

Non-homogeneous equation: y”+Ay’+By=F(x)

1. Find the homogeneous solution Yy, of y’+Ay’+By=0,
2. Find a particular solution y,, of y”+Ay’+By=F(X),

3. General solution is Yy + Y.

Eg. Solve y”-4y=8x*-2x.
(Sol.) r?-4=0,r=2,-2, .". y, =ce> +c,e’,
yp=ax+ox+c, y, =2ax+h, y,” =2a, .". Y, -4y, =-4ax’-4bx+2a-4c=8x>-2x

= a= —2,b=%,0= -1,.. yX)=ce +c,e”*-2x +%x—l

Eg. Solve y”+2y’-3y=4e*,
(Sol.) r*+2r-3=0, r=1,-3, .". y, =ce*+c,e™",

Vo=AE™, Y, =28, y," =4AE™, .y, 2y, -3y, =4e” = A= %

X —3X 4 2X
y=ce'+ce 4 e
Eg. Solve y”+2y’-3y=4e”.
(Sol.) r*+2r-3=0, r=1,-3= y, =Cc,&* +c,e”*, .. y,#Ae",

Try y,=Axe", y,' =Ae"+Axe", y," =2Ae*+Axe",
Y 2y 3y, 4t AL L y=cet+ce Xt
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Eg. Solve y”+4y=cos(X).
(Sol.) r*+4=0, r=+2i, .". yp=C;cos(2X)+C,sin(2X),

and Y,=Acos(X)+Bsin(X), y, =-Asin(X)+Bcos(X), Y," =-Acos(X)-Bsin(x),
y’+4y=-Acos(X)-Bsin(X)+4Acos(X)+4Bsin(X)=3 Acos(X)+3Bsin(X)=cos(X) = AZ% , B=0

.. y=C;co0s(2X)+C,sin(2X)+ % cos(x)

Eg. Solve y”+4y=cos(2X).
(Sol) r*+4=0, r=+2i, .. yy=Cicos(2X)+Csin(2X) but y,#Acos(2X)+Bsin(2x)
Try y,=AXcos(2X)+Bxsin(2X), y,' =Acos(2X)-2Axsin(2X)+Bsin(2X)+2Bxcos(2X),
Yp =-2Asin(2X)-2Asin(2X)-4Axcos(2X)+2Bcos(2X)+2Bcos(2X)-4Bxsin(2X),

Yp +4yp,=cos(2X)= A=0, B= % , . yzcl,cos(2x)+cz.sin(2x)+2sin(2x)
Eg. For y”-3y’+7y=X-cos(2X), find y,.
(Sol.) yp=ax+b+hcos(2X)+ksin(2x), y,' =a-2hsin(2x)+2kcos(2x),
Yy = -4hcos(2X)-4ksin(2X), Yp" -3, +7Yp=X-c0os(2X)

3 1 2 1

:>a=l, b=—, h=——, k=—= yp:—X+i—icos(2x)+£sin(2x)
7 49 15 15 7 49 15 15

10
Eg. Solve y”+2y’+y=z isin(nt) ) [,Ful —‘\F%]]:PI]
n=1

(Sol.) r*+2r+1=0, r=-1,-1, y, =ce’ +c,te™

10

10
Set y, = Z[an cos(nt)+ b, sin(nt)], Y,'= Z[— na, sin(nt)+ nb, cos(nt)],

n=l1 n=1

y,"= i[— n’a, cos(nt)—n’b, sin(nt)]

n=1

=3 [(-na, +2nb, +a, )-cos(nt)+ (- n*b, —2na, +b, )-sin(nt)| = i—Sin(m)

n=1 n=1 nﬂ:
a -2

2 _ n=T T 7 .

-n“a,+2nb, +a,=0 n(n2+1)2
2 1 = 2
-n°b, —2na, +b, =— 1-n

nz b, = 7, v
mr(n + 1)

10 N2\ _
S yt)=y,+y, =ce' +ctet +) (i-n ):n((:tz)+ 12)?cos(nt)
n=1 V4

Eg. Solve y”-6y’+9y=6x+2-12¢™. £

Eg. Solve y”-2y’+y=x?e*. [¥ | “ﬁgﬂ@gﬁ{& . «F'}—k?_ﬁxq

Eg. Solve y”-3y’+2y=x+e™ and y”+3y’+2y=x’(e*+e™) [® —k?q—?:]
Eg. Solve y"+4y=x’cos(2x) [ Rl Ay
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Variation of parameters to find the particular solution y,:

Let y; and y, be linearly independent solutions of y’+Ay’+By=0, then a particular
solution Y, 18 Y, =U(X)Y.1(X)+V(X)Y2(X), and

yp =u'y1 +V'y2 +uy, +Vvy, =uy, +Vy,
Impose the condition: U'y, +V'y, =0------ (1)

" ! n

!
Yo = u'y, vy, '+uy, +Vvy,
’ ! " ”

S Uy, +VY, +Uy, +W, +/>(uy1 + vy, )+B(uy1+vy2)=F(X)
:u[yl +Ay1 +By1:|+vi:y2 +Ay2 +by2:|+u'y1 +V'y2 :F(X)

u' y1 +V y2 = F(X) ...... (2)
- y2 F (X) V= yl F (X)

yl yz - yz yl yl yz - yz yl
Yi Y,

! !

() 2)=u-

Wronskian determinant: W(y,,y, )= =YY, oY

1 2

UX=LF(X)XVX=L(X)X:> = u(Xx X)+ WX X
0=t Wt )= [t ey, =l (v, ()

Eg. Solve y”+4y=tan(2x).
(Sol.) y*+4y=0=y;=cos(2X), Y>=sin(2x)
W(yl Y, ) =YY, =¥ = 2cos’ (2X)_ SiIl(2X)[— 2 Sin(2X)] =2

u(x) = J- — sin(ZX)- tan(ZX) dx = lsin(2x)— lfn tan z + X
2 4 4 4

v(x) _ J- cos(ZX)- tan(ZX) dx = —%cos(2x)

2
Yo = U(X)yl (X) + V(X)yz (X)
= %sin(ZX)cos@X) - M -In tan[% + XJ —icos(2x)sin(2x)

= —%cos(Zx)-ﬁn

7
tan| — + X
(4 )

Eg. Solve 4y”+36y=csc(3X).

xcos(3x)  sin(3)- In[|sin(3x)]
12 36

(Ans.) Y = acos(3x)+bsin(3x) -

Eg. Solve y”+4y=sec(2X). [f| I’F'{?.;%:;’Eﬁ]
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4 4 5 .
. ﬂ__ ! — N =
Eg. Find y, of y X y +—X2 y=X +1. [(%“\ﬁﬁ:]

(Sol) y, =% vy, =x*, W(y,,y,)=x-4x* —x*-1=3x",

—x*x? +1 X X xIx* +1 1 1
u(x):jﬁT)dx:—?—g, v(x):J.(T)dx:gén|x|—6?
xt x X
Y, = u(x)y, +v(x)y, = —?—7+?€n| X|

LV 2 4

X x> X
VRV =oxtdX — 2 — 2+ D n | x| =cix+eoxt — 2 + 2 /n| x
YX)=YntYp s 23 | X|=CiX+Cy >3 | X|
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2-3 Euler Equation x*y”+Axy’+By=F(x)

dy dy dz ldy

Solution: z=In(X), y—d 2 A xdz’
X y4 X X az

poy_d(1o)_ 1y 1d(dy)_ 1dy 1d(dy)de
dC  dx\ xdz x> dz xdx\dz x> dz  xdz\dz) dx
1 dy 1 dZy 2\ dy dzy ’ dy
=—— 24 - ,and X’y =——+ , =
x> dz x* dz* an y dz dz? Y dz
d’y dy
= — +(A—1)d—+ By = F(€*) is the second-order linear ODE.
7

Eg. Solve x2y”-5xy’+8y=2In(x)+x’.

o 1dy 1dy o _1dy dy dy
Sol.) z=/n(x), =—— 24+ , Yy =—-2, _
(Sol) X, ¥ x> dz x* dz’ xdz' dz? d

z

2 4 8y=2z+¢€

1 3 1 3
2)=ce’” +ce'* =¢cx’ +¢,x*, )=—z2+——e7=—/n(xX)+—-Xx
Ya(2)=C¢ > | > Yo (2) SR 2 (X) T

1 3
X)=c, x> +¢, X +—/n(x)+——x>
y(X) =¢, ) 2 (X) T

Eg. Solve X’y"-2y=1/x. [¥ [~ Fffilsr4)

2
(Sol.) z=/n(x), d Zy—g—Zy:e‘Z, yh(z)zce22+de‘2=cx2+g,
dz= dz X

—ze" _ —In(X) = V=0 +g_ In(X)
3 3Xx X 3X

Yo (2) =

Eg. Solve (a) x?y”-4xy’+4y=0 and (b) X’y”+5xy’+4y=0.
(Sol.) (a) Lety=x', y' =rx"", y"=(r>-r)x"
= XY —4xy' +4y=X"(r* —=r—4r+4)=0
r’-5r+4=0, r=1, 4= y=c¢x+c,x*
(b) y=X' = r*+4r+4=0, r=-2, -2
=Y, =X, Y, =XIN(X) = Y(X) =X +C, X IN(X)

, ldy , 1dy 1d%
Anoth thod: z=In(x), y'=—2, y'=———+—
nother metho nx), y & y v dZ+x2 >
2
d y+4ﬂ+4y ijl(z) e’ > yz(z)zze‘zz

dz dz
= Y, (X)= X7, Y,(X) = X2N(X) = Y(X) =X +C, X IN(X)
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Eg. Solve (x-2)2y”+4(x-2)y’+6y=0. [¥ Y

, 1 dy -1 dy 1 d?y
Sol.) z=In(x-2), y'= . y'= he A :
(Sol.) 7In(x2). "y (x—2) dz y (x=2)> dz (x-2)* dz’

3z
32y+3%+6y 0, v,(2) = e2 cos(gz} y,(2)=e 2 'sin(gZJ

=y, (X) = (x-2) 2 -cos{gﬂn(x—ﬂ}, y,(X)=(x-2) 2 -sin[@ﬁn(x—m}
J15 J15 }

3 3
LYy(X)=c,(x-2) 2. cos[TEn(x - 2)} +C,(x=2) % sin{Tfn(x— 2)
Eg. Solve (a) X?y”-xy’+y=In(x) and (b) X*y”-4xy’+dy=x"*+x>. [ Rk
(Ans.) (a) Y(X)=CX+C,XNX+/nx+2,(b) y(X)=c,X+C,X" + % x*onx — % X’

Inx® (lnx)2 _Inx

" 7_ _‘\
Eg. Solve xy"+4y [F[ yPJI](Ans) y(X) =C, +C, X 3

2-4 Miscellaneous Problems

Eg. Solve y’=y*-2xy+x*+1 [ *Eﬁ’ﬂ?ﬁﬁﬁﬁ*]
(Sol.) Let u=y-x, y'=U’'+1=u’+1, d—_ dx, -1/u=x+c= y—lx—x+c
u’

Eg. Solve 1+x2y*+y+xy’=0. [T J\F‘%fﬁmEﬁ]

(Sol.) Let u=xy, U'=y+xy’, 1+u*+u’=0, du = —dX, tan” (U)=-x+C=>tan™' (Xy)=-X+C.
u
Eg. Solve X- ﬂ—y—x—3 exp(= ) [ Ao
dx y
2
oy MY X o).
dx x vy X

2

Let u:z, y:ux,ﬂ:u+x%, u+X%—U—X—ex p(u), du :lexp(u),

X dx dx dx u dx u

ue™du=dx, -ue™-e"'=x+c, [—(l) —1]- exp(_T) =X+C.
X
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Eg. Solve xy”+2y’=4x".

3 4
Sol.) Let U=y’ = xu' +2u = 4Xx’ :>u:4i+i = Y(X) = | u(X dx:X__E+ D
5 : 5
X X

Another method: X*y” +2xy’ =4x" (Euler’s equation)

Eg. Solve y”-2yy’=0.

dy' du_du dy du du

(Sol.) Setu=y’, y" = U— =>U—-2yu=0=>u=Yy’ +cC

dx  dx dy dx dy dy
dy 2 dy 1 gy
=>——=y +C=>——=0X=>——t — |=x+K
ax 7 vy +c Je o (\/E
Eg. Solve ﬂ:%
dx XxXy+y

(Sol.) Let u=x’, dy_dy o, X

dx du dx du uy+y’

%—2yu 2y s [u-eV ] =2y
dy

u=e" [-y’e” e +cl=-y’ —1+ce” = x> =-y’ —1+ce”
dx y’ ., .
Another method: d— = Xy +-— (Bernoulli’s equation)
X

Given a solution Yy;(X) of y”+P(X)y’+Q(xX)y=0, then a second solution
Y2(X)=V(X)y1(X) is obtained by the following method:

VY, (X)+V2Y (X) + P(X)y,]=0. Set vV’=u=u'+ {ﬁjt P(x)}u =0

1
Eg. Solve y"+— y+ -y=0 if y, =l is given.
X

X !/ [
(Sol.) Let y, =v(X)y, (X) =(7), TAISVISVRRVARY

! \/ 1 ! ! ] " " ! "
=(Vy +Vey) =V Y VY VY Ry = VY 2V Y+ vy

" ! ! n 3 ! ! Vy ", ! 3 !,
VY, +2v YTV, +;(V Y +Vy1)+x_21:VY1 +2Vy1 +;Vy1 =0

e 3 1
V=u=u+ 2%, Slzu+ X iZlu=u+-u=0
Y X 1 X

X

u:v‘=1:>v(x):£mx|:> Y, (X) =
X

Eg. Given y(x)=X is a solution of y”-xy’+y=0, find the other solution. [ & ‘Ffﬁ 'fl
E )-’r]
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