Chapter 1 The First-Order Ordinary Differential Equations (ODE)

1-1 Separable Differential Equation A(x)dx=B(y)dy
Solution: [A(x)dx=[B(y)dy+C

Eg. Solve (a) y’=3x*+1, y(1)=4, (b) 6x-2yy’=0, and (c) 2 Z—y—l = 2_x, 1(0)=0.
Xy y

(Sol.) (a) dy=(3x*+1)dx, y=x*+x+c, y(1)=4=>c=2, .". y=x"+x+2.

(b) 2ydy=6xdx=>y*=3x*+c.

(c) 2ydy = (1+2x)dx, y*+c=x+x%, y(0)=0=c=0, .". y*=x+x7.

Eg. Solve y’=xe*Y with the boundary condition: y=In2 at x=0. [2005 & KET]
(Sol.) e¥dy=xe*dx = e¥=xe*-e*+c, y(x=0)=In2=c=3, .". e¥=xe*-e*+3.

Eg. Solve y’=y?¢* with y(0)=2. [2010 & KAEBEEA]
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1-2 The first-order Linear Differential Equation y’+p(x)y=¢(x)
J.p(x)dx

[ px)ax

Solution: y'-e +p(x)y-e

!

:[y,efpmdx} _ (o) 7R o el I[ q(x),efpmdx} e

= y(x) = effp(x)dx {I [C] (x) ejp(x)ﬂbr }dx + c}
Eg. Solve xy’+2y=3x°.
ol. +—y=3x", p(x)=—, lp(x)dx=2In(x), e""V=x"= x"y +2xy =3x
(Sol) y'+2y=3x" 2| Ip)dx=2in(x), E0=P=> 17y’ + 2y = 3x*
X X

5 3

:>(x2y) :3x4,x2y:3%+c :>y(x)=%+ ¢

2
X

Eg. Solve y’+y=sin(x).

(Sol.) p(x)=1, fp(x)dx=x: y'e'+e’-y=e'-sin (x) = (ex -y) =e" -sin(x),

ey = e*[sin(x) - cos(x)] e :>y(x)=M

2 2

Eg. Solve y’+ycot(x)=5¢™, [2013 Efi A &R & T-F]
(Sol.) p(x)=cot(x), [p(x)dx=Insin(x)|, e"5"@=gin(x) = sin(x)y’+ycos(x)=5sin(x)e ™

—X

+c-e

— 5% 4 ¢

= [ysin(x)]’=5sin(x)e ™ = ysin(x)=-5e W+, .". y(x)= -
sin(x)
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1-3 Bernoulli Differential Equations y’+p(x)y=r(x)y" (It is nonlinear if a#1)

o dy _dy dz _ y* dz
“dx  dz dx l-a dx

§+p(x>-zya — (e = Z (=@ ()2 =) (-a)

=z(x)=e [(l a)- I (X)-ej(lf I dx+c}
N [y (x)]l—a _ e—(l—a)fp(X)dx |:(1 B a)_ J‘ H(x) e(l—a)_fp(X)dxdx + c}

Solution: Set z = y “Ly=2zy

a

N 4
1-

Eg. Solve y’=y(x)*-1). [2004 & KB

_ _ _ dy dy dz I _
Sol) y'+y=xp*.Set z=yH =y y=z o
(Sol.) y'+y=xy y Yo,y o a3

1
—5274/3 4z =xz?, (—354!3)3{[—5274/3 24z = xz7)

!

~ _ 1 _ 1
:>z'—3z=—3x:[e 3"-2] =-3x-e " :>z=x+§+ce3" =y~ =x+§+ce3x

(1-2x)

Eg. Solve y'+§y - V*. [2013 B A EFIEETFF1

Q—Q.é——lzfét/}
dx dz dx 3

1
b

(Sol.)Set z=yp"™* =y~ y= z,

_12—4/3 L /. (1 2x) —4/3, (-3:"“3)%[—12_4/3 -Z'+ . (1- 2x)
3 3 3 3 3 3
= z’-z=2x-1, [e™ * z]'’=(2x-1)e* = e™ + z=(-2x-1)e™+c,
z=2x-1+ce*, .. y3=-2x-1+c e*
dP(t) P
Eg. Solve o = P(t)- (¢, — c,P(t)) . [2003 EFFAERT
(Sol.) ar _ ¢P=-c,P’.Set z=P' =P P=z", — db _dP dz =-—z".
dt dt dz dt

2 zcizl=-coz?, (-7 ) x[-z 2 - z’-01z‘1=-czz'2]

z+ciz=c2=> [ ] =c,e" = z="2+De " = Pt)" =& pe
1 G
Eg. Solve %—y(x) +e*y*(x) = 0. [2015 &K EH]
X
_ _ aoody dy dz 1
Sol.) y'—y=—e>y*.Set z=y" =y y=2z", =——z
(Sol) =y R dx  dz dx 2
—z itz =" (K[~ z7 -z =277
2x 2x
=>z4z=e" = [ex -z] == z= tee =y = +ce™"
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1-4 Homogeneous & Quasi-homogeneous Differential Equations
The first-order homogeneous differential equation: y’=f{(y/x)

Solution: Set u:Z,y:ux,dy—u+xﬂ:>xd +u—f(u):>i—@
X dx dx dx flu)-u x

a separable differential equation.

2
Eg. Solve xﬂ:y—+y.
dx x
2
(Sol.) Set u:Z,yzux,ﬂ:u+xﬂ:d—y=(Zj +X:>u2+u:u+xﬂ
X dx dx dx \x X dx
5 du dx du 1
= u =x— An| x| +c=——
dx’ u’ u
-1 —-X

€n|x|+c’y In|x|+c

Eg. Solve d_y:x+y
dx x-y
1+ 2
2
dy X l1+u du du _1+u- u+u’ 1+u
(Sol.) —= = —U+x—=x
dx 1_()/) l-u dx dx l—u l—u
X

= [ I-u jdu zﬁ,tan’l(u)—lﬁnll+u2 |=/n|x|+c
x 2
2
1+(yj
X
Eg. Solve (x—@)y' = y.[1990 5 1|EERH]

(Sol.) (1—\/Z)d—y=1.Let u=2 youw, Doy
x dx x X d

x dx
:>dx (1 \/_
"

:>€n|x|+2\/2+€n(l):(f:>€n|y|+2\/E:C
vy y

Eg. Solve y’=dy/(4x-y). [STALEEISEREEE

(Ans.) In(y)) = 3 e
y

=/n|x|+c= tanl(zj—lﬁn‘xz +y2‘=c
x) 2

-1

-3
du —jldu = '[u?du - €n|u| =u? —fn|u|
u

. ]du = €n|x| +C = I
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d + by +
Quasi-homogeneous differential equation: & _ f ZroyTe
dx dx+ey+h

Case 1 ae-bd#0

. aA+bB+c=0
Solution: Let 4 and B fulfill ,andset x=X+A4,y=Y+B
dA+eB+h=0
gz_iz_f¢u+@Hw _ (a(X+A4)+b(Y+b)+c
dx dX dx+ey+h d(X+A4)+e(Y+B)+h
_ (aX+bY +aAd+bB+c
dX +eY +dA+eB+h
aX +bY )\ . :
= f| ——— | 1s a homogeneous equation.
dX +eY
Eg. Solve Q:M
dx x=2

(Sol) a=2,b=1,c=-1,d=1,e=0,h=-2, ae—bd=0-1=-1%0

24+B-1=0 A=2
= >x=X+2,y=Y-3
A-2=0 B=-3
dy _dy 2@¥+2%{Y—9—1=2X+Y=2+(XJ=M+2
dx  dX X X

Xﬂ+u=u+2, uzln(ch):>y—+3:ln[c(x—2)2]
aX 2

Case 2 ae-bd=0

Solution: Set Vzax+by:dx+ey’y=a( ):ﬂ__(ﬂ_lj
a d b dx b\dx

sz ax+by+c j_(ﬂ_lj f(av+c):>ﬂ=1+éf(av+cj S a
dx dx+ey+h b\ dx dv+h dx a” \dv+h

separable equation for v and x

dy 2x+y-1

dx  4x+2y-4

(Sol.) a=2,b=1,c=-1,d=4,e=2,h=-4
_2x+y 4x+2y

Eg. Solve

" ae—-bd=0, .

2 4
ﬂ =1+ 1f2v-l = 8y =8 dv:dx:ﬂ—ianOv 9l4c=x
dx 2 4v—4 10v-9 5 25

2 2
—2x+y)——/ln|10x+5y-9|+c=x
5( ¥) e y=9]
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1-5 Exact Differential Equations and Integrating Factors

Exact differential equation: M(x,p)dx+N(ey)dy=0 if 2L a(x’y )_oN éx’y )
y X

0°F(x,y) aM(x,y) oN(x,y)

Solution: 3 F(x,y) fulfills
oxoy oy ox

— dF = 8F((3x,y)-dx+ aF(gx’y)dy = M(x,y)dx + N(x,y)dy =0
X y

Solve M =M(x,y) and M =N(x,y)
ox oy
= F(x,y)=C is its solution.
Eg. Solve (6xy-y*)dx+(4y+3x2-3xy*)dy=0. [2011 F EERF)

(Sol.) 8(6%)/_)}3): 6x—3y2 = 8(4y+3;c: _3xy2)

aFéx’y) =6xy -y = F(x,y)=3x"y -2’ +¢,(y)
X

OF (x.y) _ 4y +3x* =3xy” = F(x,y)=2y" +3x°y —xp” +¢,(x)

oy
:>F(x,y):2y2 +3x’y—xp  +c, . 2y7 +3x°y—x’ =C

3
Eg. Solve Q:M
dx 3x°y’ +e’
3 2.2 y
(Sol.) (2xy3+2)dx+(3x2y2+ey)dy=0, Mz&cf =M
oy Ox
%22@3+2:>F(x,y):x2y3+2x+cl(y)
x
—8ng,y) =3xy? +e’ = F(x,y)=x"y’ +e’ +¢,(x)
Y
:>F(x,y)=x2y3+2x+ey+c, oo X7y +2x+e’ =C

Eg. Solve y=(y*-x)y’.
(Sol.) ydx+ (x —y? )dy =0
3

4,2
aa(yy)= a(xaxy )=1,F(x,y)=fde+cl =[le=y iy +e,= = v,

=

3

" xy—y—:C
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Integrating factor u(x,y): For M(x,y)dx+N(x,y)dy=0, in case

oM (x,y) # ON(x. ) but lulor, )M (x, )] = lulor )N (v, )] , and then u(x,y) 1s called
oy Ox oy Ox
the integrating factor.

Eg. Solve (3*-6xy)dx+(3xy-6x*)dy=0.
8(3xy —6x° )

2
(Sol.) M=2y—6x¢ 3y—12x =
oy ox

Choose u(x,y)=y = (y3 —6xy° )dx + (3)cy2 —~ 6x2y)dy =0
6(y3 —6xy2) Z3) —12ay = 8(3xy2 —6x2y)

oy 4 ox
GFé);,y) =y —6x’ = F(x,y) =xp’ =3x*y* + c (y)
GF((; y)_ =3xp7 —6x>y = Fx,y)=xp° =3x*y> +¢,(x). .. x’ =3x%y* =C
Another Method: L = —m is the first-order homogeneous equation.

dx 3xy — 6x°

y
ﬂ__y2_6xy (x) ( ) Let M—Z:>y—u+x%

dx  3xy-6x’ J X X
337_6 =— —I du:fn‘x‘+c
-4u” +12u X 47 u(u-3)

-—[I Zdu =ln|x|+c = fn‘u (u— 3)‘ -“4/n|x|-4c

:>( )(y 3)—A xy —3xy = A, xy3—3x2y2=A

Eg. Solve (x+eY)dy-dx=0.
aM(x,y) L 8N(x,y)
ox

Choose integrating factor: e = —e "dx + (xe*y + l)dy =0

8(——e_y) o O(xe_y + 1)

(Sol.) M(x,y) =-1, N(x,y) =x+e’,

oy ox
F(x,y) =—xe "’ +c¢ (x,y) =—xe ' +y+c, (x,y), JooxeV+y=C
Another method: ¥ _ . _ v is the first-order linear differential equation for x(p).
dy
ﬂ—x—e , ply)=-1, ejp(y)dy =e’, e @—e 'x=e"e" =1
dy dy

’

(e‘yx) =1, e’x=y+c, —xe " +y=C
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1-6 Riccati’s Equation y’=P(x)y*+O(x)y+R(x)

Suppose that there exists one specific solution y=S(x), then a general solution can be
obtained as follows

y=S()et, v= s'(x)_ZLz.Z'
$0)-L-2 =l 520+ 2 L o [ s+ | 40

~ = P(x) 5 + 2P(x)S() 2 + O(w)- -

z'+[2P(x)S(x)+ O(x)]z = —P(x) is the 1st-order linear differential equation.

Eg. Solve y'=ey* —y+3e™.

1 z'
3x ¢ . 3 i 3x
(Sol.) y=eisasolution = y=e"+—,y" =3¢ ——
z z
' 3x
z _ 2e 1 1
3¢ - =e ™ + +— || e +—|+3e™
z z z z
r_ —3x ' _ —3x rx X _ —2x
z'=2z—e " +z,z2+z=—e"", Ze'te' - z=—e
' 1 2
(z ex) =—e, ze*=—e " +c, .. y:e3"+ﬁ
2 e +2ce

1-7 Solutions of the First-order Ordinary Differential Equations by Matlab
language

In Matlab language, we can use the following instructions to obtain the solution of

the first-order ordinary differential equation:

>>soln=dsolve('Dy=3*y+exp(2*x)','’y(0) = 3") % solve y'=3y+exp(2x), y(0)=3

ans=-exp(2*x)+4*exp(3*x)

1-8 Some Theorems on the First-order Ordinary Differential Equations

A family of curves F(x,y,k)=0 is a solution of y’=f(x,y).
Eg. A family of circles x2+y*-k*=0 is a solution of y’=-x/y.

Theorem An oblique trajectory intersecting )’=f(x,y) at an angle a Iis
,__f(xy)+ tan(a)
P71 £ y)tan(a)

y’=-1/fixy).

; particularly, if a=n/2, then the orthogonal trajectory is



Eg. Find the families of oblique trajectories intersecting the circle x’+y’=k* at
angles of 45° and 90°.

(Sol) x*+y’ =k <> y'=-== f(x,y)

: o)
1. tan(45°):1, y' = Y _y-x _\x y—1

Cov=1  v=1-v' -y 1+v* 1
v+ xv'= , V'= =— -—
v+1 (v+1)x v+l x
(1+v2)dv=—ﬂ:>l£n|l+v2 |+tan’1(v)=—£n|x|+c
l+v X 2

Theorem A family of curves F(0,r,k)=0, of which differential equation is

f(0,r,r’)=0. Then the family of orthogonal trajectories has differential equation
A0,r,-¥*r’)=0, where r’=dr/d6.

Eg. Find the family of trajectories orthogonal to r=kcos(0).
(Sol.) r=kcos(0), r’=-ksin(6) = r=-cot(0)r’

2
Family of orthogonal trajectories: » = —cot(@)-[ r' J
,

= L' = tan(0) = r = k'sin(#)
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