Chapter 10 Integration in the Complex Plane

10-1 Complex Line Integrals and Some Integral Theorems

For smooth curve C: z=z(t) fora<t=hb, then J' f(2)dz = _[; f(z(t))-z'(t)dt

Special case 1 C: [z-zo|=r < z(t)=zo+re", dz=z’(t)dt=ire"dt, and 0=t =2x
Special case 2 C: |z|=r < z(t)=re", dz=z’(t)dt=ire"'dt, and 0=t =2z

Im Im
A 0
/|5-50|=T'

fl=r

Eg. Find fldz, C: |z|=1.
. Z

dz  (ezie

(Sol.) [ZF1 < z=e", 0=t=2x, 7’ ()= ie", = | —dt=2a
" Z e
Eg. Evaluate f az -, C: |z-3i|:1.
27-3 3
1 1. dz r 10 .
Sol). z(t)=3i+=e", z’(t)==ie", = —e"dt =27
(Sob). z(1 3 ® 3 iz—Bi J.O }en
3

Eg. Evaluate ﬁdz ,C: |z|=1.

(Sol.) z(t)=e", z=¢™, 2’ (t)=ie", §zdz= joz”e*“ -iedt = 27i
Eg. Evaluate §[z -R,(2)]dz, C: |z|=2.
(Sol.) |z|=2 < z(t)=2€", ’ ()= i2e"
R.(2) :3(2 +12) :1(2eit +2e™), z-R_(z) zl(z—E) :3(2eit —2e™)
¢ 2 2 ° 2 2
flz-R.(@dz = [ "[2(t) - R.(z0)]- 2" (Ot

(2 it ity it i [2 a2t _ ;
=), E(e —e™")-2ie dt—2|jO (e™" -1dt = —4ni
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Eg. Evaluate EE[‘_'3 +1,,(2)]d=, where C is the square with 0, -2, 2-27, and 2.

(Sol.) 39[:2 +1 (2))d= :I:(—r-' + 1)idt +If:[(r—2z‘f —2)dit+ J‘_Uq[(z +it)? + lidr

Vi D (2 22l .2 2
+| (" +0)diHi| ——+— H| — — 2it° — 61
2 3 2)0 t 3
3 2\ 3
o o o
+f[4r+2r‘r——+— : = —4
3 2 )-2013(2
Im
A
2
Re
2-2q

Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D,
C isasimple closed curve in D, then f f(z)dz=0.

Eg. Evaluate iﬁldz, C: |z-2|=1.
z
c

(Sol.) f(z):i is analytic except z=0. No poles are within C, .". fﬁ =0
z < Z
Eg. Evaluate § — . (1991 3KEAR)
Z —
|z|=1
(Sol.) f(2)=— 1 is analytic except z=+2. No poles are within C, .". § Zdz 1 =
z° - z° -

|z|=1

Eg. Evaluate f :

————— 04z, C: [z-8i|=1.
c* sin(z)(z - 2i)

(Sol)) f(2) :_;_3 is analytic except z=2i, nt (n=0, £1, £2, ...)
sin(z)(z — 2i)

No poles are within C, .". § f(z)dz=0
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Cauchy’s integral formulae Let f(z) be analytic in a simply-connected region D,

and let C be a simple curve enclosing zp in D, then § () dz =2z « f(zo) and
" 2—1,

§; f(z)dz 24
Y(2-2,)"  (n-1)!

e’ dz

f "D (z,).

2><2

Eg. Evaluate =2mie*

=3 £~ =3 £

Eg. Evaluate §‘Z—3dz,c: 1z|=3. (Sol.) §‘Z—3dz=i27z.g )1)| —ix
c c =0

- 6 - 6
Eg. Evaluate §%dz and §L(Z)3dz if C:
Cc Z—* C _l
6 Z 6

z—£‘=§>0.
6

- 6 -
(Sol.) Let f(z)=sin’(z) and n=3, §" (2) 47 = 24 -sins[ﬁj:ﬂ,
;o 6) 32

6

§—sin6(z) dz=277fi-[sin6(2)]" _ A

c (z _”js ZO:% 16
6

Eg. Let zy be within C, find §

z—zO (2—-12,)"

sm(z )

Eg. Evaluate § dz, Cis aclosed curve not passing 1.
C

(Sol.) If C does not enclose 1, dz=0

ZSin(Zi) is analytic within C, .". §23in(z )
(z-1) (z-D)°

2sin(z?)  f(2)

If C encloses 1, let f(z) = 2sin(z?) = -1 = ) n=4, n-1=3
f @ (2) = —24zsin(z?) -162° cos(z?)
§ 2sin(z°) 4, _ —-[—24sin(l) _16c0s(1)] = 2 [~24sin(1) - 16 cos(l)]
(z-1* 3 3
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10-2 Laurent’s Theorem & the Residue Theorem

(principal part)
! a, a, a, !

+ + +
(z-2,)° (2-29)° (z-12,)

+a,+a,(2-2))+a,(2—2,)° ++
|

If f(z)= ian(z—zo) =

(analytic part)
1§ f(2) dz
(

Laurent’s theorem a, =— 1
2m ¢ (2-1,)

: 1
Residue: a, =—¢ f(z)dz
1=5§10)
Residue theorem Let f(z) be analytic in D except z;, z, ..., z, and C encloses z;,
Z7, ..., Zy Within D. Then we have § f(z)dz =2 -ZReS(f) and
c [

m-1
Rzes(f) = (ml_l)!!Lrle ;j —[(z-2;)" - 1(2)], where m is the order of a pole z=z;.

In case of m=1, Res(f)= Iim[(z—zj)- f(2)].

sin(z) sin(z)

Eg. Find the residue of f(z) = —; and evaluate f 7z, C: |z-i|=2.
&4) -
_ 1 s Sin(z) ;-1 __E. .
(Sol.) m=3, R(ias(f) —(3 i [( 0)°- 2y —=]= > sin(i) 2|S|nh(1)

L f (Si”(_z))z dz = 27 -(—%isinh(l)} — zsinh(Y)
Z—1

Eg. Evaluate § COS(Z))d for (a) C: Jz]== (b)C i2-1|= —,(c)C: iZj=2. [1991 &
Kih ]

(Sol.) (a) Thereis only one pole 0 within C.

Res(f)= [ cos(z) 1= —(z-Dsin(z) - cos(z)| =1

0 (2 1)'H0dz z 2(z-1 (z-1)? o

§ COS(2) 4, = oni

7°(z-1)

(b) There is only one pole 1 within C.

Res(f)—llm[(z 1)- cos(j)l)] 0s(1), fcos(z))dz =2mui - cos(1)

cos(z)

2*(z-1)

(c) There are two poles 0 and 1 within C. § dz =2mi - [-1+cos(1)]
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Eg. Evaluate [1991 X RFHEFT]

(Sol.) There is only one pole 1 within C.

) 22 +1 22 +1 22 +1
Res(f)=Ilim[(z-1)- =lim =1, ..
eo(t)=linlz 1) 22—1:I 1 7 +1 fz

dz =2xi - 1 =2mi

Eg. Evaluate §tan z2dz, C: |z|=2. [1993 H1[IEEHH]

(Sol.) There are two poles +n/2 within C.

2sin(2) —%sin(z)

= |i _Z . = |i _£ .sin(z) = |i =

R§S(f) !Lrg[(z 2) tan(z)] !Lrg[(z 2) Cos(Z)] ILnr: c0s(2)

sin(z) + zcos(z) — Ecos(z)
lim R =1
7 —sin(z)

. zsin(z)+zsin(z)

Res(f) = lim[(z +—) an(z)] = lim[z+%) @1 = jim 2 =
-z 1t . 2" cos(z) 22 cos(z)

sin(z) + zcos(z) + zcos(z)
lim — =1
O —sin(z)

§tan 2dz =2ni - [(-1)+(-1)]= -4ni

Eg. Evaluate f%dz C is any piecewise-smooth curve enclosing 0, 2i,
2°(z° +4

and -2i.

(Sol.) f(z):z(ziLinZi()z()z/Z—Zi)’ Iziﬂg[sin(z)/z]:l, .. f(z) has a removable

singularity at 0= m of the pole z=0 in f(z) is 1.

Res(f)_llmz %:1
0 7%(z°+4) 4
It o sin(z) 1
Rgs(f)_!er;i(z 2i) - 2% (2 + 2i)(2 21 16 in(2i) = 16S|nh(2)
sin(z) i

=—sin(2i) = —%sinh(Z)

Res() = lim(z+2i)-— (z+2i)(z—2i) 16

§ f(z)dz = Zm[%—%smh(Z) ——smh(2)} :E.—Zsmh(Z)

1

dz C: |z]=3. [2013 HLIEBHH]

Eg. Evaluate f
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10-3 Evaluation of Real Integrals

T

y Case 1 IOZH K[cos@,sin0]d&

k=1 Choose  C: |z|=1, z=¢”  =sinf= i(z —Ej :

il R 2i z
./ e
cosezl[ulj, do =E

Z iz

== Lz” K[cos®,sin 8]d6 = f KE(Z +%j%(z —%ﬂ

Eg. Evaluate JOZﬂ#ZsW) .

dz/iz 2idz 2idz
(Sol.) I 5_ BCose_if) . §322—1OZ+3:C 1
¢5-3- ( j c (z-2)(z-3)
z
:27z1'-R(las(f):Zm'-Iirq(z—l)-lz—I:Zﬂi-A:%.
3 =3 3(z-)2-3) -
do 2 do
Eg. Show that if a>|b|.
g J. a+b5|n¢9 0 a+bcosé ,/ 2_p ]
dz/iz 2dz 2dz
(Proof) '[ —iﬁ /i —§> = :f
a+bsm¢9 b 1(2_1] " bz? +2iaz—b  *b(z-12,)(z-7,)
2i z

Poles: z, :é(—a+\/a2 —bz) is within C: |z|=1, but z, :%(—a— a’ —b2) is not.

Res(f) = lim(z—z,)- 2 2 1 2 b 1

7 -7 b(Z—Zl)(Z—Zz) b z,-1, b 2i\/a2—b2 i\/az—bz
2 do . 1 2
J‘ N :2721' =
° a+bsing ivaZ—b? +a?-b?

[2011 R EEHT]

dt
Eg. Evaluate JO a?cos?(t) +b?sin?(t)
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CaseZI f(x)dx= j p(X)dx j LI {cosax}dx

= q(x) [sinax

Choose C as a seml-c:lrcle Wlth infinite radius enclosing
the upper half-plane. Poles: z1, zo, ..., z, are in the upper

half-plane, Z1,Z2,---,Zn are in the lower half-plane.
Assume deg(q) > deg(p)+2, then

[ f(9dx= m§ f(z)dz = Zmz Res(f)

Eg. Evaluate _[ T [1991HRLIIEERA]
» (x* —2x+2)2
(Sol.) Poles: 1+i (upper half-plane), 1-i (lower half-plane)
z _ 1 . d21 z

l+'s[(z2 —27+1)? 71 (2- 1)I d iz 0 [z-(1+0)]° .[z—(l—i)]z}
=|imi{ 2 z}z[z—(l—i)]z—22.[24—(1—i)]|

20z [z - 1-1)] [z-(@1-1)] i

J.OO —— xdx 5 =24 .Re.s[—2 Z 2]:277,'i . (__')=7r/2
»(X°—2x+2) Wio(z2° =224 4

Eg. Evaluate J.

= x° +64
(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane)
Res(f) = lim(z—8i) ——~ -1 [ 21 =27 — =%
8i 258 (z+8i)(z-8i1) 161 s=x°+64 161 8
Eg. Evaluate J.
14 x*
A 3 S 7a
(Sol.) Poles: e*, e * (upper half-plane), e 4, e * (lower half-plane)
et | i
Res(f)= lim[2 % ]= lim[-]=— + _=tea_1 V2 V2 ,
i/t =14zt =47 ( i%j 4 4/ 2 2
z—>e z—e 4] e

Res(f)—;zle-"’"’/“zl[ﬁ—@] [ dx =27ziB-(—i\/§)}=”—\2/§.

37/4 i3z 3 o v
4(6%) 4 4l 2 2 X +1
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sin X

Eg. Evaluate J. cosX dx and Jm 5 5
= (x? +4)(x* +9) = (X +4)(x" +9)

-3i (lower half-plane)
-3

(Sol.) Poles: 2i, 3i (upper half-plane), -2i,
-2

e —e
es(f) =", Res(f)=—

iz

€

e
J'°° _ e” _ dX=27zi(i—£j ﬁ(ﬁ_iJ
= (X +4)(x°+9) 20i 301 5 2 3
- COS X r(e? e oo sin x
:>.[ 2 2 X:_(___j’ _[ 2 2 =
= (X* +4)(x° +9) 5( 2 3 = (X +4)(x° +9)

Eg. Evaluate J. xsm(\/l;x)d
XS+

4i (upper half-plane), -4i (lower half-plane)

(Sol.) Poles:
i+/3z . 43 43 ) ik o
f()= 22—, Res(N="C =€ " X gy_9si. 8 —zie "
z°+16 8i 2 = x* +16 2
T xcos(\/_x)cI 0 and [ xsm(\/_x)d _
= x? +16 = X*+16

2

Eg. Evaluate _[

(x? +1)?
(Sol.) F%dx:i 4dx Poles: i (upper half-plane), -i (lower
o (x“+1) » (x* +1)°
half-plane). f(z)—( +1) (z+i)2(z—i)2 ,mof (z-1)
i L {( iy _52 2}=22(z+i)2—_252(z+i) _-8i+d4i i
i (2-1)1dz (z+1)(z—-1) (z+1) =i 16 4

e X? 27 i Vs
. I ﬁdx=—(——j=—.
o (x? +1) 2\ 4) 4

Xs'”(x)d (1991 %ZABEH] (Ans.) =

X% +4

Eg. Evaluate _[ cos(a;z) dx, 228 . [1991 &R ]
>

Eg. Evaluate J.O
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A CaseSJ' f (x)dx = I p(x)dx or w&.{c_osax}dx
- g(x) |sinax

Some poles of q(z) are Iocated on the real axis.

Choose C as a semi-circle with infinite radius enclosing
the upper half-plane, but excluding the poles on the real
axis. Let zx (1<k<n) be the pole on the upper half-plane
and a; (1<j<m) be the pole on the real axis. Then we

have Ji f(x)dx:zm-kZ;Rzeks(f)wzi-;‘Rae;s(f).

Eg. Evaluate Iwmdx. [20033%5 A B (5]

1 1
2(z2 - 4z2+5) z2[z-QR+i)[z-(2-)]
0 (on the real axis), 2+i (upper half-plane), 2-i (lower half-plane)
o 1

(Sol.) f(2)= has 3 poles:

o 1 o
=em ® lim [[z - 2+D] oz M )
27 A _z(2-0) A _27

"@2+h)-2i 5 5 5 5

Eg. Evaluate _[
=x% 41

57

(upper half-plane), -1 (on the real axis), e 3 (lower half-plane)

(Sol.) Poles: e5

|7Z'

Res(f) = lim [ ]_| e =1e2m’/3=1{—3—£]
es 763 Z z—>e3 32 3(eﬂ1/3) 3 3 2 2

ST T I VO IR

3(-1)° = x* +1 3

X 72X
cos(~, ) sin(*,")

Eg. Evaluate .[ 3 dx and j 22
- X— - X—

.72'Z 72

dx .

(Sol.) Pole: 2 (on the real axis), f—dz = Res 2= i eim = i,

cos(™%) sin(Zx)
" I 2 dx =0 and j 2 dx = -=.
= X=2 = X=2

~7o4



Ix

: 2
Choose C as a sector with angle il
n

. TT
n

. ! . T .
enclosing only one pole at e ™ or a sector with angle o enclosing no poles.

Eg. Evaluate J. 3 —, 1>1.
VX
: 2z : i
(Sol.) Choose C as a sector with angle — enclosing only one poleat e " .
d
dz o [f 95X 2m o &
%—nzzm-Res(f):Em-fzm E=g" — | = ;_1 == Zen
* 14z A2 el 1+z NI |e=e ]

. 2 i 9 y o 3 . ‘\JFE:'T
Eg. Show that JE_ sin(x )dx :L cos(x”)dx = T

: 4 .
(Proof) Choose C as a sector with angle — enclosing no poles.
4

&e"‘zd: =0= J-:e"":dx < J._

¢

x
4

X K
ip2 1 s 0 iR3,T i—
P -rRe”;dH+I[ e * .e*dRrR

0 R

E X x
ol e : 2 nns) B cin 3 R sinl6 i(5+R°
Ao R_"'DO I: e:ﬁ‘e _jRerS dﬁszfelR‘[:n__ﬁ‘ fem d‘_]elr‘dngkl;e K" sin Ber(S J 8 cas)b’}dg_ho-
i f f~ =
” 2 N =2 21 - V2 mr; N2 V7
j. [cos(x™) +isin(x”)]dx]= | - e " dR= : - 1
0 0 2 # ) 2 ) 2 2
\ - - J - - - -

H
. a% el o x s 3 __}.‘._“,T-
it Jo cos(x " )dx = L sin(x” )dx = %
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p(x)

Case § rﬂ G(e" )dx , where G{.\')=H—”
= X+ l?i:—l X

M

Choose C as an infinitely-wide rectangle and there is one pole

on the imaginary axis.

a‘-+

mx
Eg. Evaluate r : —dy, O<m<1. [ 1991 KH#8EF]
“=]l+e
(Sol.) Pole: i
o™ w ™ 25 em.ﬁ.‘ _e.fm,l' i -(?W 'EI'_?NT 0 e—m}E ‘!?-m'}. .
)E —d= :b = b h e olx = 5 idv
= 1-4iEs 514 g 0 lt+e"-e ol B i wl+e™ e
> e (z—mi)e™
=27 -Res(f) :-_m-llmg
o 2 1+e'
™z . I
e +m(z—m)e 2 i
=27 -lim ( - Je” _ 27 (=17 = 2™ T
== o
~ R _efm;
L 0Emsl ———idy —0
l+e™ e
mI my
e it ® e
§ : d-: :szf{m 1)x :j (1_€Fﬁmﬂ) . . d\'
" 1+e - I+¢
WX ~
© @ 2 T T
:j b § dx = .f.f”‘rrr' ,e-’”” ’ (_l) = " r iz ==
=]+e | - @ gl sin{mm)
2i
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Case 6 Other types Tt N
© F
Eg. For 0<p<1, [ — L [ &
0 r(l Fx) g 5
(Sol.) "." 0<p<l, .". Poles are 0 and -1. K Ke
§ :Pd: _P . iE(p-1)
=2~ Res(f)—'f"m 11111( +1)- =2mi-e™*  and
2(1+z2) z(z+1)
§ zfdz IR x¥dx IM f(Rem)”’(fb‘l_j_r(xe"‘T)"_ld{.\'em') IU i(ge'®)*de
z(1+2) | x@+x)| P 1+Re” R 1+ xe'*” 2r 14 ge”’
2 i(ReT)
" 0<p<l, R—>o0, .. —_— =0
. -L 1+Re”
o i(ge’)?da
— e
: Lf 1+ ge’?
Y g - F - L I2ryp-1 iz o 1) 2x(p-1) W g B
$§-d. :,[ X7 dn +|ri{.w ) rffre )_J- [1-¢ ] x?dx
(1+2) O x(1+x)| f= 1+ xe'™”" . x(1+x)
J-x xlelt 27 "D B T -
T oyl+x) 1-TED (T —e¥)[2i  sin(pr)
= oy Tt A\
Eg. For -1<a<1, [ =7 [RABEHE
" (1+x)° i
Fit ~ 2003 FRREERAT] ¢
(Sol.) —1 1s a multiple-order pole. Re
:a{f.' B I 1 2 :ﬂ ' fx{a-1)
§ — =27 -Res(f) =27 lim—d[(z +1)* - _)/d==27i-ae"™ " and
(1+z)° -1 =-1]1 (z+1)°
§ 2z _IR x%dx +hzfr|:lihﬂ,""9]1";r'Re"'g"a:ff} r(.re"ﬁ“')“d(.‘re"“”) |I° (se®)ige®d o
(1+2) P+ PP 0+Re9)? R (14+xe™) 2 (1+ ge'®)?
r (Rol® T
© _1<a<l, R—oco, . I (Re )"R; 49 .4
(1+Re 32
F- N ié
o el 0 (ge”) rsi ffﬁ 0
I (14 ¢ge’ )"
_a 7 - 1] 2asa __x Flr(a+l)
::’SG z (L, :I X :'i'r’_q_ (xe }(?:E.\eq 0w J'ﬂ[l e ]-x°
A+2)° P (A+x)7 = (1+xe"") (1+x)°
; J-m x'dy 2mi- ae'™@D B i _ar
C W 1+x)? 1= (@™ —e7™)/2i  sin(an)
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