Chapter 11 Complex Sequences and Series

11-1 Sequence and Series
Sequence {z.}: zo, 21, 22, 23, ..., Zp, ...

Seriest Dz, =2y +2 + 2, ++Z, oo
n=0

Absolute convergence: Z| z, | converges. (In this case, Zzn converges also.)

n=0 n=0
Eg. Z is an  absolutely  convergent series  because
= (n+1)
Zl +=+—+- and )] (=) . -2yt are both
(n+1) 4 9 16 o (n+1) 4 9 16
convergent.

Conditional convergence: Zzn converges but Z| z, | diverges.
n=0 n=0

(-D" 1 1+1 1
2n+1 3

is conditionally convergent because
z 52N +1 y 9 z

is convergent but Z|( Ol =1+= +1+£+--- is divergent.
= 2n+1 3 5 7

Radius of convergence for Zan(z —2,)" : There exists R (possibly R=c) such that
n=0
the series converges absolutely if |z-zo|<R and diverges if |z-zo|>R.

a . (z—z,)"™ a,
| n+1( 0) | 1:>|Z—Z |<| |

|an(Z—ZO)n| |an+1|

(Proof)

Define R =lim &,

n—w a

, SO the proof is complete.

n+l

Eg. Find the radius of convergence for zn—'(z -)".
nl

(n+1jn(z—i)
n

|z—i|<(17Ll —>e"
n

(n+1)n+l S\ n+l
7(n ) (z-1)

(Sol.) -
*(Z —i)"

<1

asn—> o, .. R=e?
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11-2 Complex Taylor’s Series & Laurent’s Series

Taylor’s series: f(z):zilf(”)(zo)(z—zo)“. In case z0=0, it is called Maclaurin’s
n=0 n

series.

_ . ) 2
Eg. Find the Maclaurin’s expansion of f(z)—ﬁj‘0 e " dw.

(Sol.) e™ =1-w?+ (w?)’ + (W)’ + (-w?*)* + (-w?)° e

2! 3 41 5!
4 6 8 10 2n
_lowiey W W W (—1)nW +
2 3 4 5 n!
7 ) 3 5 Z2n+1
edw=z——+ - (1"
0 3 5.2 (2n+1)n!
3 5 2n+1
f(z):i Z_Z__|_ Z _+...+(_1)”Z—+...
N 3 5.2 (2n+n!

Laurent’s series:

e a a
f(2)= D a,(z-2,)" =+ —25+——+a, +a,(2-2)+a,(2—-2,)" +--,
@) n:_wn( o) (=27 (-2 % (2-25)+3,(2-2,)
1 f(w)
where a_ = dw , and C: |z-zo|=p, r1<p<r
" 27z1':f(w—zo)n+1 -2ol=p, T1<p<r2

z-sinz

Eg. Find the Laurent’s series of f(z)= about z¢=0, indicate the type of

singularity and the region of convergence of the series. [JEAEIF)

z-sinz 1 22 ° 7
(SO|.) f(z) = i’ :Z—S{z—[z—§+a_i+_...ji|

1{23 2> 727 Z° } 1z ¢ z°
—_—se + +

ZS

3 5 79

1 72 7t 2 _oo(_:l_)n—l_zzn_z_oO
f(Z)_é_E_'_ﬁ_a-i_—“._nZ;—.—zan
|a,., | _ |(—1)n .z" |(_1)n—1 ) Z2n—2|
la,| | @n+3)]/ | (@n+1) |

z° <(2n+3)(2n + 2) = z<R—®
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Eg. Expand f(z)= by Laurent’s series in case: (a) |z|<1, (b) 1<|z|<2, (c)

z
(z-)(2-2)
lz|>2, (d) |z-1|>1, and (e) 0<|z-2|<1.

z B z 1 2
Z-D(2-2) (2-D(z-2) z-1 z-2

(Sol.) f(2)=

@ |zkk1= 1>%

1 3 7 15
1 _ -1 2 s A 14 oy iy L Aty L
;7E7(—1)(1+z+z +27+:) ( ) 2 4 8 16
= =-1-z-2"-72°-7" -
-2 2 1 z (2 (2
72 flff“a*@ *[5] *
2

(b) 1<zk2 =15, 1>H

4" 2
2 1 :1(1+1+i+i+ ...... j
z-1 1) z z 2 7° ) 1 1 1 7 7?
741- e @)=t L o —
L 7 77 1 4
= =S+ S+ +
z z
-2 1 z (2)2 (2)3
—=——=1+—+|=]| +|=
z-2 .z 2 (2) 2
2
1
(© |z|>2:>|—<1:>1>ﬂ
z
11 :1(1+1+i+j
z-1 z( 71) "z 7 f(z) = 3 7 15
z ! 2 43 44
=S+ S+
= Z 7 z z
-2 2 1 2 (ZT (2)3
— ==l —+| = | || +
-2 742 [ z \z z
z
__2_ 4 8
Tz 2P
1
d |z-1p1= <1
|z-1]
-2 -2 2 1 2 1 -2 .2 2 2
E:(z_l)-f‘ﬁ'l_i:’ﬁ'[“(z‘l) HCRE AR e e
z-1
1 2 -1 2 2 2

f(z) =

-1 2-2 72-1 (z-0)? (z-)° (z-)°

1 1 =] — —_ —_ 2— — 3 R
(€) 0<|Z_2|<1:>z—1=1+(z—2)_1 (2-2)+(z-2)"-(z-2)" +
f(z) = 1L 2z 2 +1-(2-2)+(2-2°-(2-2° +(z-2)* —+---
z-1 z-2 z2-2
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Eg. Find the Laurent’s series of f(z):?_;2 for 1<|z|<2. [1991 & RH#HT]

2°-3z+
1 -1 1
SOI. = +
( )22—3z+2 z2-1 z1-2
1<|Z|<2:>1>i’__1:__1.L:__1.|:1+1+i2+...:|
4'z-1 z ;1 z Z 2
z
2
:>1>I |, L__—li—_—l 1+£+Z—+
2-2 2 .z 2| 2
2
2
:)f(Z)z——+_ is _i 1+£+Z__|_
2 2 4
Eg. (a); for 1<|z|<3 about z,=0, (b) ¢ > for [z-1[>0 about zp=1.
(z-1(z-3) (z-1)
Find their respective Laurent’s series. [1991 X AE(E]
1 1
1 2,2
Sol.) (a = +
( )()(z—l)(z—3) z-1 z-3
1 1 1

1<|z|<3:>l<1, 22 1 _ 2.[1+1+i2+..}
2| z-1 2z (1_1) z
z

" T A _ 2
1<|z|<3:>1>m, 2___2 1 _11+£+Z_+...
3 - 3 9

2
= f(z):—1(£+i2+i3+---)—%(1+%+%+---j
z

2 z z
e’ _ee’ e L (2P (z-1?
e T Al i (L G A T R
—e | 1 . 1 +1+(z—1) o]
(z-)° (z-1) 2o 3

Eg. Find the Laurent’s series of f(z)= 522 I 1<|z-j|<2. [2013 H1EERH}]
7’ + jz
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11-3 Summation of Series by the Residue Theorem

Theorem Let zy, ..., Zm be the poles of f(z), then Z f(n) = _”Z Res[cot(zz)-  (2)]

and i (-D)" f(n) = —ﬁzm: Rze s[esc(nz) - f(2)].

j=1

Eg. Evaluate 1—%+%—%+—---. [1991 JFKER]

111 1 1 (=" . (-)"
Sol) 1-Z+=>—-Z+4=-——4—.= =(=1)-
(5ol 3 57 9 1 nZL‘Zn—l ( )nz:l‘Zn—l

2
S M S SO
= 2n-1 3 5 7 4
c 1 1 1
Eg. Evaluate Attt
: nzzl“(n 1) 3> 5% 7?

] 1 0 0 1
(Sel. Z(2 n—1)> Z (2n— 1) +Z(2n ~1)?

n=—0 n=1

( +—+—+1] ( —+- j:Zi—(znl_l)z

1+i2+i2+i2+_“:12 1 _ =7 Res COt(;rZ)2
3?52 7 24 @n-7 2 1 (22-])

2
:iR?s cot(71r2) _ —87z Iimjl_(;j cot(;lzz) X(Z_Ej
Y i dz| 1y
2 | ( 2) ( 2)
’ 1 1 1 7
=——(-m)-csc?(Z)=—, = + =—
(-7) (2) 3 nz:;‘(Zn—l)z RO g
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Eg. Evaluate 1+2i2+3i2+...

(Sol.) i%:%i%:_% [cot(zﬂz)J

n N VA

N=——
n=0

7[222 7[424
1- + — 4.
cot(nz)  cos(nz) 2! 4! 11 71

22 2'sin(m)
YA

N—— 7 7~
N
|
am

W/
w
+
|
——
3
~N
w
N

" Re s( cot(nz)

~ 7103



11-4 Infinite products

Theorem If l_Ian (#0) converges, then lima, =1.

n—oo
n=1

N-1
a, |=lima,

el N—o

N N
(Proof) Let p, =1n:!an, 1=lim py /lim py , =m(ln1an/
Theorem H(l+an) converges if and only if Zlog(l+an) converges.
n=1 n=1
Theorem H(1+ a,) is absolutely convergent if and only if Zan is absolutely
=1

n=1
convergent.

n=1

Eg. Determine the domain D of convergence for H[(H lj . z”}

(1+1j z"
n

n? 2 1 1\"
1 n In(l+—] nln(1+—) Ine n
1+=| =e “V=e "Vo—>e"M=e
n

>1

nN—oo

- 1\ . L
Sol. 1+=1] z"| divergesif /im
(Sol.) l_ﬂ( n} ] g

lime"-z"
n—oo

n=1

>1=|z>e™, H[[u%) z”} diverges

D={z:|zl|<e™'} for convergence.

Weierstrass’ theorem Let f(z) be analytic. All zeros ay, a,, as, ..., an, ... are single

and 0<[as|<[a|<|as|< ..., fim|a, [z, then f(2)= f (0)e™ @ @ .T][a-z/a, )e?™ |.
n—oo K=1

|, 7 ¢ R
Eg. Showthatcos(z){l (”/2)2}{1 (3”/2)2}{1 (5”/2)2} :

(Proof) Zeros of cos(z):i%, i%[, 157”

cos(0) =1, z[cos(z)]'/cos(z),,, =0, e*'™ e’ ™) =1
", cos(z) =|1- z 2][1__22 2}
[ (7/2) (37/2)

Note: sin(z)= 2[1—2—22} : {1_%} : [1_%}
4 (27) (37)
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