Chapter 13 Special Functions

13-1 Gamma & Beta Functions
Gamma function: I'(x)= .[:t"‘le‘tdt
Theorem I'(x+1)=xI"(x), I"’(x)= J:O In(t)-te'dt

g [Cx gt
(Proof) r(x+1)_j0 te'dt = L t*de

i_ +j e'dt” —xj e~ dt = xT'(x)

—tre™

Theorem I'(n)=(n-1)!, I'(1)=0!=1.

x-1
Theorem I'(x)I"(1-x)=— T__[! dt
sin(zmx) 90 1+¢

Theorem r(zj Jr, )= j e Intdt =-y=-0.5772156...

1 1 N’
(Proof) F(EJF(I - 5] = {F(EH = (Wj =T= F(—) Jr
sin
2
Stirling’s formula: I'(n+1)=n!~ v 2mn"e™

Beta function: f(x,y)= J; ' A-0)"dt = F'Ory)

I'x+y)
Eg. Evaluate Il dz - [1991 FF17]
0 ll_Z4
1
4 1 (11
Sol.) Let t=z*, dr=42" d - t“ 1_12 dt==p| —,—
(Sol) = - Z'[ ‘[ '[ (1= 4ﬂ(4 2}

Theorem f(m,n)= Zj n*""(@)cos" " (0)dO

Theorem f(x.y)=p(y.x)
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13-2 Bessel Functions

Bessel differential equation of order v: xzy”+xy’+(x2-v2)y=0, its general solution is
yx)=c1Jy(x)tc Yy(x).

Bessel differential equation of order v with parameter 1: x*y”+xy’+(A2x*v?)y=0, its
solution is y(x)=c1Jy(Ax)+c, Yy (Ax).

k (X \v2k
» (=1 (5)
Bessel function of the 1st kind: Jv(x)=2—
k=0 k!'F(V + k + 1)

Note: J_,(x)=(-1)"Jn(x), Ju(x) and J_,(x) are linearly dependent, But Jy(x) and J_,(x)
are linearly independent for ve N.

Orthogonality of J,(x):

1 it and Jo()=Ja(u)=0, then [ xJ, (2x)J, (s)dx = 0

Else if 2#u but Jo(1)#0£J. (1), then

2
Else if A=y, J,(1)70, then jol xJ * (Ax)dx = %{J;Z (1) + (1 - ’/’1—2}1"2 (1)}

Bessel function of the 2nd kind:
J,(x)cos(vmr)—J_, (x)

'V is not an int eger

sin(vrr)
Yy(x)=
. J, (x)cos(vr)—J_, (x) : .
lim - » v is an integer n.
von sin(vr)
Jn(x) Yafx)

" Jo

0.5 )
)’H/\

-1

=2

HV(D (x)=J,(x)+iY, (x): the st kind
H,"”(x)=J,(x)=iY,(x): the 2nd kind
Note: H,"V(x) and H,®(x) are linearly independent.

Hankel functions: {
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J J
Jinc function: jinc(x)=ﬁ and jinc ’(x)=-ﬁ
X X

Jincix)
0. 54

Properties of Bessel functions:
, 1
L. BV ('x) = E[Bv—l (x) - Bv+1 (x)]

2 [x"B,(0)] =—x"B, ,(x)
3. [x"B,(x)]' =—x"B,,,(x)

4 B0 =22 B,(5)-B, ()

X

5. xB,(x) = VB, (x) + 1B, , (x) =B, (x) - xB,,, (x)

6. J,(xt )= ST @, ()

m=—0o0

7. Generating function g(x,?) for J,(x): g(x,f)=exp {g(t —%ﬂ = i] L(0t"
-1
gx,0) = g(x,TJ = J_,(x)=(-D"J,(x)

8. cos(xsinf)=J,(x)+ 22 J,,, (x)-cos(2m@)

m=1

sin(xsin @) = 25: Iy (X)-sin((2m —1)0)

m=1

1=J,(x)+ 2iJ2n (x)=J, (x) + 25“ J 2 (x)

cos(xcos@) =J,(x)+ 2i (-D"J,,(x)cos(2n0)

n=1

sin(xcos @) = 25: (="', (x)cos((2n—1)8)

n=1
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9. J, (x)= 1 j " cos(2n6) - cos(xsin §)dO = (b j " cos(2n6) - cos(x cos 0)d O
7T v0 /A
1 . . (=1)" ¢r .
gy (x)=— jo sin((27 +1)0) - sin(xsin 8)d@ = ~——— jo cos((2n +1)0) - sin(x cos 0)d O
T T
J,(x)~ 2 cos(x _ﬁ_ﬂ)
X 4

Y (x)~ isin(x—z—ﬂ
X 4

Spherical Bessel functions:

1 n . 1 " .
J 1 (.X') = (—1)” {Exn 2(lij (SIH.X')’ Jl ()C) — _xn 2(li} (SIH.XJ
"2 & X dx X P V4 X dx X

Y@= @Y @ =D @

2 2

J, (x)= isinx, J  (x)= icosx
3 X ) X

Modified Bessel functions:
I,(x)=({)"J,(ix): the st kind

K, (x) dd [/ ,(x)—1,(x)]: the 2nd kind, where v is non-integer

- 2sin(vr)
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13-3 Legendre Differential Equations and Legendre Functions

Legendre equation: (1-x%)y”-2xp’+n(n+1)y=0, its general solution is
Yx)=c1Pn(x)+c20n(x).

Legendre functions (polynomial) of degree » of the 1st kind:

W2l (2n - 2k)1x" 2

Py(x)= ; 2"kl (n—2k)!(n—k)!

_(@n-1@2n-3)--1 {xn =) o n(=D(r=2)(=3) . +}
n! 2(2n—-1) 2:4-2n-1)(2n-3)
1 4

B 2"nl dx"

(x* =1)

Orthogonality of P,(x): Ill P (x)P,(x)dx = %5,"”
- n+

Legendre functions (polynomial) of degree n of the 2"" kind:

For [x[<1,
_1\"2AHn E ’
o)
n!
_{x_i_i(—l)k(n—l)-~~(n—2k+1)(n+2)-~~(n+2k)x2k+1} e ven
=1 2k +1)!
On(x)= ,
’%1 n+l L_l
e K 2 ﬂ
n!
_{H_i(—l)kn(n—2)~~-(n—2k+2)(n+1)~~-(n+2k—l)x2k} o
p= (2k)!
_N 2"(n+ k) (n+2k)! o . D _
On(x) & i 2n+ 2k 1 1) X if [x[>1, but Qn(x) is divergent at x==1.

Pn(x)

=+

Ps

-1

-1
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Properties of Legendre polynomials:

1. m+DL,, ,(x)-2n+1)xL,(x)+nL, ,(x)=0,n>0
2. L (x)-2n+DL,(x)-L (x)=0

3. (x> =1L/ (x)-nxL,(x)+nL, (x)=0

4. Generating functions for P,(x) and Q,(x):

! P (x)t"

. Z > , ;‘coshl( [-x ]: iQn(X)t"
N1=2xt+t* == N1=2xt+1¢* Vx? -1 n=—o

2
Associated Legendre equations and functions: (l—xz)y”—2>g/’+{n(n+1)—1m 2}y:O,
—X

its general solution is y(x)=¢,P," (x) + ¢,0," (x),

where L"(x)=(1-x")"?"— d

Properties of the associated Legendre polynomials:
L L, "(x)-QCn+IW1-x>L," " (x)- L, " (x)=0
2. xL,"(x)=L, " (x)+(m-n—-1J1-x>L" " (x) =0

2 (n+k)!
2+l (n—k) ™

3. [ RSP ()dx =

13-4 Applications of Bessel and Legendre Functions
Electrostatic potentials in the cylindrical coordinate:

o’V 1oV oV a V_
+——t—

op> pop p’o’ ¢ 022

o’R IGRJ 1 8@ 19°Z

: 2
In source-free region: V-V =

Set V(p,$,2) = R(p)P(P)Z(z) = R(

+ +— +—
op> pop) ® p'og* Z oz’
2 2 2
set 2oz, TP g, 5= X g
oz o¢p k
= O(¢) = Acos(ng) + Bsin(ng)
d’ Z—k Z=0=Zz)=c etcre™
Z
2 2 2
d §+ LdR | 1—— R=0= 2 §+xd—R+(x2 —nz)R:O (Bessel differential
dx~ x dx x’ dx dx

equation) = R(x) = R(kp) =e,J, (kp) +e,Y, (kp)
(If V is finite at p=0= e,=0)
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2

Special case I: V is independent of z, ) =0
z

d’®

2

+1°® = 0= O(g) = Acos(ng) + Bsin(ng)

d’R dR
o (Zp) +p (p)
dp dp
Special case 2: V is independent of ¢ and z

i{pm} 0= V(p)=R(p)=d, Inp+d,
dp dp

n’R(p)=0 (Euler's equation)= R(p)=c,p" +c,p"
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Electrostatic potentials in the spherical coordinate:
2
In source-free region: V¥V = ﬁ(rz a—V] + ,1 'i(Sing'a_Vj"' - 12 ¢ Z -
or or sind 06 00 ) sin“ 60 0¢
Set V(r,0,8) = R(r)®(0)D(4)

r* d*R  2r dR 1 d(. d@j 1 d*o
:E + + sind-— | +

4> R dr ©sin6do d0) " ®sin’6 dg*
2 2
Set 14 f L+ 2R s
R dr R dr
2
=22 f + 2r‘;—R —¢({+1DR =0 (Euler's equation)=> R(r)=Ar'+Br "
r r
d’® ) :
i =-m O = D(¢) = Ccos(m@) + Dsin(mep)
2 2
Let x=cosf=> (1-x%) d S) — 2x@ +| 0(L+1)— e > |®© =0 (Associated Legendre
dx dx 1-
equation)
= 0@ =0(x)=EP," (x)+ FQ," (x) = EP," (cos ) + FQ," (cos 0)
2
Special case: m=0=> (1—x?) d ? - 2x€jl—® +/(/+1)® =0 (Legendre equation)
X X

= O = EP (cosf)+ FQ,(sinb)
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13-5 Elliptic Integral Functions

If we set v=sinf, x=sing, and 0<k<1,

the 1°-kind elliptic integral: F(k,¢) = I:

do zjx dv
JI-K*sin? 6 7 JJd—v)(A—-k*v?)

l. ¢= % , complete integral, F(k,%j =F(k). 2. 0<¢g< % , incomplete integral.

722
the 2"%-kind elliptic integral of: E(k,d) = j:xll —k*sin® 6d0 = L 1/11 k ‘2} dv.
—v

1. ¢= %, complete integral, E(k,%j =FEkk). 2. 0<¢< %, incomplete integral.

the 3"-kind elliptic integral of:

y do x dv
T1(k,n,0) = = .
! (1+nsin> @) -+1-k>sin> @ ! 1+ ) A=) (A - k)

1. ¢= %, complete integral, H(k,%) =Il(k). 2. 0<¢g< %, incomplete integral.

Eg. Evaluate J-Oﬂ/z V1+4sin® xdx.
(Sol.) Ioﬂ/z N1+ 4sin’ xds = Lﬂ/z V5—4cos® xdx (set x= % -0)

=5 —%sinz 0d0 = ﬁE(\/Q
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