
Chapter 14 Calculus of Variations and Lagrange’s Multiplier 
Method 

 

14-1 Euler Equation and Calculus of Variation 

How to find the extrema of I=  under y(a)=y 
b

a
dxyyxf ),,( 1 and y(b)=y2? 

Assume y(x)=u(x)+εη(x), η(a)=η(b)=0, and 
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Necessary condition for the extrema of I(ε): 
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Euler equation for I=  is  
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Note: The function y(x) which maximizes or minimizes I=  is called 

the stationary solution. 
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Eg. Find the stationary solution y(x) to maximize or minimize a functional 

I= , y(1)=3 and y(3)=4.  
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Eg. Find the stationary solution y(x) of I= , y(0)=-2 and y(1)=3.  
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14-2 Ritz Method 

For I= , the stationary solution y(x) is approximate to 

y(x)

dxyyxf
b

a ),,(

)()( 110 xcx )()(220 xcxcc nn    and fulfills δI=0. 

 

Eg. Apply the Ritz method to solve I= , y(0)=0 and y(1)=1.  
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(Sol.) Let y(x)= , ∵ y(0)=0, ∴ c
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It is found that xcy 1  and y=  are not exact solutions. 2
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Eg. Apply the Ritz method to solve I= , y(0)=0 and y(1)=1.  
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(Sol.) Let y(x)  )
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14-3 Relationship between Differential Equations and Calculus of Variations 

 

For y”+P(x)y’+Q(x)y=F(x), set p(x)= , q(x)=-Q(x) =-Q(x)p(x), and 

f(x)=-F(x) =-F(x)p(x). It is equivalent to the Sturm-Liouville form 
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I= . dxx)}(yxfxyxqxyxp 
1

0

22 )(2)()()](')[({

 

Eg. Transform xy”+y’=1/2 into δI= 0. 

(Sol.) 
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Eg. Transform y”-y=x/2 into δI= 0. 

(Sol.) y”+0y’-y=x/2, p(x)=exp[ ]=1, q(x)= -(-1)．1=1, and f(x)=-x/2．1= -x/2,  dx0

∴ y”-y=x/2 is equivalent to 
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δI=δ =0.  
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Eg. Transform y”=-x2/2 into δI= 0. 

(Sol.) y”+0y’+0y=-x2/2, p(x)=exp[  dx0 ]=1, q(x)=-0．1=0, and f(x)=-(-
2
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14-4 Lagrange’s Multiplier Method 

 

To find the relative extrema of F(x1,x2,…,xn) subject to k conditions 
φ1(x1,x2,…,xn)=0, φ2(x1,x2,…,xn)=0, φ3(x1,x2,…,xn)=0, φ4(x1,x2,…,xn)=0, …, 
φk(x1,x2,…,xn)=0, we have 
G(x1,x2,…,xn;λ1,λ2,…,λk)=F(x1,x2,…,xn)+λ1φ1(x1,x2,…,xn)+ …+λkφk(x1,x2,…,xn) 

subject to the necessary conditions: 
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F(x1,x2,…,xn)=Max or Min. 

f F(x,y,z)=x2+y2+z2 subject to the conditions 

(Sol.) φ1(x,y,z)=x2/4+y2/5+z2/25-1=0, φ2(x,y,z)=x+y-z =0 
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Eg. Find the extrema o
x2/4+y2/5+z2/25=1 and z=x+y. 
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Eg. For a simple lens of focal length f, the object distance p and the image 

distance q are related by 1/p+1/q=1/f. Find the minimum object-image distance 

p+q. [2003中央光電所] 

(Sol.) Let G(p,q,λ)=p+q+λ(1/p+1/q-1/f) 
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Eg. Apply Lagrange’s multiplier method to find the extrema of F(x,y)=x2+y2 
under the constraint x2/4+y2/9=1. 

(Sol.) Let 
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