Chapter 14 Calculus of Variations and Lagrange’s Multiplier
Method

14-1 Euler Equation and Calculus of Variation
How to find the extrema of I= rf(x,y,y’)dx under y(a)=y; and y(b)=y,?
Assume y(x)=u(x)+en(x), n(a)=n(b)=0, and
b
1(e) = [ f(xu(x)+ &n(x) u'(x) + &' (x))dx
Necessary condition for the extrema of /(¢):
dl (8) dl(e)
de

@m:r P> Ty T j g (x)+ f n'(x) |d

de a| Ox 0 Oy O¢ 0Oy O¢ a| gy

=[S nae Lonte )‘ (f ]n( e =[! % j[g H (1)dx =0

o ey, y) _d (o)) _
oy dx o' '

Sl(e) =0 < —0o =0

b
= Euler equation for /= J. f(x,y,y)dx is

b
Note: The function y(x) which maximizes or minimizes I:j f(x,y,y")dx is called

the stationary solution.

Eg. Find the stationary solution y(x) to maximize or minimize a functional
3
I= jl [x(»")* + y]dx , p(1)=3 and y(3)=4.

Sol) flryy)=x( +y, LT 1 4 =122y 207 =0
oy dx oy dx

=x*y' +x) = % (Euler’s differential equation)=> y = % +cln|x|+d

1 3 5 x 5
N=3=—+d, y3)=4=—+c/n(3)+d =c=0, d=—, .". X)=—+—
(@) 5 y(3) 5 3) 5 (x) )

Eg. Find the stationary solution y(x) of I= J.;[(y')z —x*yldx , y(0)=-2 and y(1)=3.

of d of d '
Sol. 0 =) -x s T T = - 2——2 =— 2—2 "=0
(Sol) f(x,,y)=()" —x"y o oy " 5 (2 =—x =2y

1 1
:y=—£x4+clx+cz, y0)=-2=c,, y(l):3:_ﬁ+cl_2’ O =7

1, 121
. X)=——x*'+—x-2
Y=
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14-2 Ritz Method

For I= j ' f(x,y,y)dx , the stationary solution y(x) 1is approximate to
V(@)= oy (X)) + 0 (x) +cydy (X)) +--0ee +c,@,(x) and fulfills 0/=0.

Eg. Apply the Ritz method to solve I= .[Ol[(y’)z + xy]dx, y(0)=0 and y(1)=1.

(Sol.) Lety(x)=20n¢” (X)=cy +ex+c,x +eyx +-0, 0 9(0)=0, 7. co=0

n=0

Itis found that y =c,x andy=c,x+c,x’ are not exact solutions.
Consider y(x)=c,x+c,x” +cx°, y()=1=c¢, =1-¢, —c,.
Y(x)=c¢, +2c,x+3c,x’ =¢, +2¢,x+3(1—¢, —c,)x’
[V =¢, +4c,’ x> +9(1—¢, —¢,)*x* +4c,c,x
+6c,(1—c, —c,)x* +12¢,(1-¢, —¢,)x’
xp(x)=c¢,x* +c,x° +(1—¢, —c,)x*
o2 2 2 2
I = L[(y )" +xyldx = L{cl +4cic,x +[c, +4c,” +6c,(1—c, —c,)]x

+[c, +12¢,(1—c, =) +[(1—c¢, —¢,) +9(1 —¢, —¢,)  Ix* 1dx

2
= Clz +2¢,c, + & +4c,” +6c,—6¢,> —6cc, 4+ €2 +12¢, —12¢/c, —12c,
3 4
L (-¢ —c))+9(1+¢” +¢," =2¢, = 2¢, +2¢,c,)
5

ol =0
7 8
= 2¢,6c, +2¢,6c, +2¢, ¢, +§5c1 +§c25c2 —4c,6c, —2c,0c, —2c,0c,

1 oc, oc, 1 1
+?3é'cz —3c,6c, —3c,0c, —6¢,0c, —?I—Ter?Sclé'cl +?802§cz
_§§C1 —%&2 +§cl&2 +§cz§c1 =0

501-(201+2cz+g—4cl—2cz—3cz—l ?cl—g gcz):o
- 8 13 1 18 18 18
oc, | 2¢,+—c,—2¢c,+——-3¢,—6c, ——+—c, ——+—=c¢, |=0
3 4 5 5 5 5
¢ _U 1 P
= I_E, ci=loc —c,=— = p(x) = 4
3 1T T (x) o 1
c,=0

. 11 1
If we set y(x)=c,x+c,x” +c;x° +c,x*, we also obtain Q= c2=0=cu, c3= s

It has been convergent to an exact solution!
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Eg. Apply the Ritz method to solve I= J'; [(»")? + xy]dx , (0)=0 and y(1)=1.
(Sol.) Let y(x)= cypx +c;x(x = 1) +------ +c,x"(x=1)
V(D=L L ey =1
1. Assume n=1, y(x)=x+c,x(x—1), y'(x)=2¢c,x—¢, +1
ol = 5.[01[()/’)2 + xy]dx = 5!01[(1 +2¢,x—c¢,)” +x* +ex —c,x dx

=0 1+1clz+l—ic1 :gcl&l—i&l
3 3 12 3 12

:(Ecl _ij-acl 0 Ve, #0
39712

1 1
=>c =—,.. xX)=x+—x(x—-1
s y(x) 8( )

2. Assume n=2, y(x)=x+cx(x—1)+c,x>(x—1)

SR
12 12
:>y(x):x+L[x(x—1)+x2(x—l)]zﬂx+ix3
12 12 12
3. Assume n=3, y(x)=x+cx(x—1)+c,x*(x—1)+c;x° (x—1)
= =i, c, :L, cy =
12 12

:>y(x):x+%[x(x—l)+x2(x—l)]zﬂx+ix3

. 11 | .
.. y(x)=—x+-—x" is an exact solution!
12 12
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14-3 Relationship between Differential Equations and Calculus of Variations

For y +P()y +O(x)y=F(x), set p(x)= e "™* | g(x)=-0(x) &'"™* =-0(x)p(x), and
fx)=-F(x) el P =-F(x)p(x). It is equivalent to the Sturm-Liouville form

_di{ p(x)%}+q(x) y= f(x). And then it can be transformed into 0/=0, where
X X

= [ pG)D F +4(x)y* (6) 2/ (0)y(x) e

Eg. Transform xy”+y’=1/2 into 6I= 0.

(Sol.) y”+£ +0y = L, p(x)zexp[jldx I=x, g(x)=-0 - x=0, and f(x)Z-L - x=-1/2,
X 2x X 2x

. xy’+y’=1/2 is equivalent to _4 xﬂ :—l, so it can be transformed into
dx| dx 2

o1=6 [ [x(y')* + y1dx =0,

Eg. Transform y”-y=x/2 into 6I= 0.

(Sol.) y"+0y ’-y=x/2,p(x)ZeXp[J.de]:l, qg(x)=-(-1) - 1=1, and fix)=-x/2 + 1= -x/2,

) ) d|d ) .
.. y7-y=x/2 is equivalent to —— & +y :—f, so it can be transformed into
dx| dx 2

5]25_[01[()/’)2 +y° + xy]dx =0.

Eg. Transform y”=-x/2 into 6I= 0.

2 2
X

(Sol.) y+0y +0y=-x/2, p(x)ZeXp[dex]Zl, q(x)=-0 - 1=0, and ﬂx)Z-(—%) . 127,

2
. y"==x*/2 is equivalent to —di[%} :% , so it can be transformed into
x| dx

ol= JA;[(y’)2 — x*y]dx =0.
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14-4 Lagrange’s Multiplier Method

To find the relative extrema of F(x;,x2,...,xn) subject to k& conditions
(Dl(xl,XZ)"'rxn):Oa (p2(x1ax2,---axn):()a ¢3(x17x2,"'3xn)209 ¢4(x1ax2,"'9xn):0a
gok(xl’st"'rxn):()) we have
G(xX1,02,. . . XA 1,42, A )=F (01X 2, Xn) A1 01 (X1 ,X02, X)) T TR (X 1,2, 0 Xn)
0
e
X
8C1; x1:x1(ﬂ1aﬂz>"',ﬂk) /11:?
) . —=0 X, =X, (A, 45,0, 4,) A, =?
subject to the necessary conditions: < Ox, = ) = .
.aG x, =x, (A4, A) (A =2
iy
Ox,

= F(x1,x2,...,xn)=Max or Min.

Eg. Find the extrema of F(xyz)=x"+y*+z° subject to the conditions

X*14+y*5+7/25=1 and z=x+y.

(Sol.) @ (x,p,2)=x* /4" /5+2%/25-1=0, @, (x,y,2)=x+y-z =0
G(x,y,z;4,,4,) = x? +y2 +z? +/11(x2/4+y2/5+22/25—1)+12(x+y—z)

oG . Ax . o2
a—2x+7+/12—0 2,14‘4
a—G=2y+2/11y+ﬂb2:0:> y= —54,
By 5 24, +10
Gy 2y g |, 2
oz 25 24, +50

75

¢, (x,y,z2)=x+y—z=0=X%,=-10 or 17

A A

L A=-10=x="2,

¢, (x,y,2)=x*[4+y* [5+27/25-1=0 = 4, =1L6\/E

s 5.5

= (62 =| 22,2, 43,2 45 |2

(6.2:2) [ 19" V19 V19
5 34 17

19

]:>F(x,y,z)=x2+y2+z2 =10

17 140
2. A= x= A, y=—— A, z=— A, A, =+

G 7 VI T 28727 T 17646
:(x,y,z)z[i 40 T 35 ,x > :>F(x,y,z):E
V646 /646 /646 17

.. Max=10, Min=75/17
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Eg. For a simple lens of focal length £, the object distance p and the image
distance ¢ are related by 1/p+1/g=1/f. Find the minimum object-image distance

pq. [2003f] 1504 ]
(Sol.) Let G(p,g.\)=p+q-\(1/p+1/g-1/f)

Z—G:0:>1—iz:0:>p:i\/z

e ’  Up1g=2=1/f= A=4f 2= p=q=2f = p-q=4f
T o021-L=0=g=2J2

oq q

Eg. Apply Lagrange’s multiplier method to find the extrema of F(xy)=x*+y’
under the constraint x%/4+y%/9=1.

2 2
(Sol) Let G(x,y;A)=x"+y° +ﬂ,[%+%— J

a—G:0:>2x+&x=0:>x=00r/1:—4
Ox 2
a—G=0:>2y+2y:0:>y200rﬂu=—9
oy 9

2 2

1.x=0/\x—+y—:1:>y:i3
4 9
=x>+y"=0+(+3)> =9

2 2

2.y=0n" 1L 1= x=42
49

= x?+y? =(+2)? + 0% =4, .. Max=9, Min=4

Another method:
l.x=0AA=-9
2 2
Glx=0,y:4=-9)=0"+ " —9 42 _1]=9
4 9
2.y=0AA=—4

2 2
G(x,y=0;,A=-4)=x"+0’ —4[%+%—1] =4, .. Max=9, Min=4
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