Chapter 2 The Second-Order Ordinary Differential Equations

2-1 Introduction

Initial-value problem
Eg. y”-2y=x*-1, y(1)=3, y’(1)=-5.

Boundary-value problem
Eg. y"+y=0, y(0)=y(m)=0.

Theorem Let vyi(xX) and y,(x) be linearly independent solutions of
y”+P(X)y’+Q(X)y=0, then y(x)=c1y1(X)+Coy2(X) is its general solution.

2-2 The 2-order Linear Constant-coefficient Ordinary Differential Equation
y"+Ay’+By=F(x)
Homogeneous equation: y”+Ay’+By=0

—A++/A?-4B
2
A++/A® —4B

Case 1 A>4B>0=r = — , =1, r, L#r, .. y(x)=ce™ +c,e™

Let y=e™, r*+Ar+B=0=r =

Eg. Solve y”+3y’+2y=0.
(Sol.) r?+3r+2=0, r=-1, -2, .". y(X)=c1e™+c,e**

Ax AX

Case2A2-4B=O:>r:_—2A, y,(x)=e 2, y, =u(x)e 2

y5(x)+ Ay; (x)+ By, (x) =0 = u(x)=c,x+c,
_AX Ax Ax
Choose ¢, =1 ¢,=0, y,(x)=xe 2, .. y(x)=ce 2 +c,xe 2
Eg. Solve y”+4y’+4y=0.
(Sol.) rP+4r+4=0, r=-2, -2, .". y(x)=c1e*+c,oxe*

— A+ _ A?
Case 3 A%-4B<0=r = A—'24B A pzig

y(x)=c,e® ¥ 4 c,eP ¥ = d,e™ - cos(qx)+ d,e™ -sin(gx)

Eg. Solve y”+9y=0.
(Sol.) r?+9=0, r=+i3, .". y(x)=c1c0s(3x)+C2sin(3x)

Eg. Solve y”+2y’+26y=0.
(Sol.) r’+2r+26=0, r=-1%5i, .". y(x)=c1e™cos(5x)+cze™sin(5x)
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Eg. Two students solve y”+ay’+by=0, y(0)=A and y’(0)=B. Using wrong constants
for b and B, one student obtain the solution ya=e?(cos3x+2sin3x). Using wrong
constants for a and A, one student obtain the solution yg=-3¢*+2e*. Find the
correct constants for a, b, A, and B and solve the initial value problem. [2001 &

KEHH

(Sol.) ya=e®(cos3x+2sin3x) = r=— 2 + i3 = r’+4r+13=0= r’+ar+b,

"." biswrong but a is correct, .". a=4

*. y(0)=A is correct, .". ya(0)=e°(cos0+2sin0)=1=A

yp=-3*+2e¥* = r=1, 3= r’-4r+3=0= r’+ar+b, "." a is wrong but b is correct, .". b=3
ye’(X)=-3e*+6e>, *." y’(0)=B is correct, .". yg’(0)=-3+6=3=B

The correct r’+ar+b=r?+4r+3=0=>r=-1, -3= The correct y(x)=ce™+de "
y(0)=A=1=c+d=1 and y’(0)=B=3 = -c-3d=3, we obtain c=3, d=-2
= y(x)=3e™*-2e*

Non-homogeneous equation: y”+Ay’+By=F(x)
1. Find the homogeneous solution y, of y”+Ay’+By=0,
2. Find a particular solution y, of y”+Ay’+By=F(x), 3. General solution is y, + yp.

Eg. Solve y”-4y=8x%-2x.
(Sol.) r*-4=0,r=2,-2, .. y, =c,e > +c,e”,
yp=ax’+bx+c, yp'=2ax+h, y,"=2a, .". y,”-4y, =-4ax*-4bx+2a-4c=8x*-2x

=a=-2,b Z%,C =-1,.. y(x)=ce ™ +c,e”-2x° +%x—1

Eg. Solve y”+2y’-3y=4e*,
(Sol.) r’+2r-3=0, r=1,-3, .. y, =c,e* +c,e ™.

Let yp=Ae™, v, =2Ae™, y,"=4Ae™, .". v, "+2y, -3y, =4 = A=§,

_ 4
y=ce*+c,e™ +ge2X

Eg. Solve y”+2y’-3y=4e*,
(Sol.) r’+2r-3=0, r=1,-3= y, =c,e* +c,e ™, .". y,#Ae",
Try yp=Axe", y, =Ae*+Axe", y, " =2Ae*+Axe",

LY H2yp -3y =4 = A=, .y =cet + e +xe”
Eg. Solve y”+4y=cos(x).
(Sol.) r®+4=0, r=+2i, .". yp=c1008(2X)+C2sin(2x).

Let yp=Acos(x)+Bsin(x), yp,’=-Asin(x)+Bcos(x), y,”’=-Acos(x)-Bsin(x),

yp"+4y,=3Acos(x)+3Bsin(x)=cos(x) :A:% , B=0, .". y=cic0s(2x)+c,sin(2x)+ %Cos(x)
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Eg. Solve y”+4y=cos(2x).

(Sol.) r®+4=0, r=42i, .". yh=C1C08(2X)+C,Sin(2X) but y,#Acos(2x)+Bsin(2x)
Try yp=Axcos(2x)+Bxsin(2x), yp’=Acos(2x)-2Axsin(2x)+Bsin(2x)+2Bxcos(2x),
yp”’=-2Asin(2x)-2Asin(2x)-4Axcos(2x)+2Bcos(2x)+2Bcos(2x)-4Bxsin(2x),

Y +4y,=-4Asin(2x)+4Bcos(2x)=cos(2x) = A=0, BZ%, y:clcos(2x)+czsin(2x)+%Sin(ZX)

Variation of parameters to find the particular solution yp:

Let y; and y, be linearly independent solutions of y”+Ay’+By=0, then a particular
solution yp is yp =u(X)y1(x)+v(x)y2(x), and

Yo =Uuy, +V'y, +Uy; +Vy, =uy; +Vy,

Impose the condition: u'y, +V'y, =0------(1)

”n n ”

Yo :U'y1|+vly2'+uy1 +Vy,

= Uy VY, Uy WY, +A(uy1 VY, )+B(UY1+VV2):F(X)

= u[yln + Ayl' + Byl} +v[y2" + Ayz’ + byz} + u'yl' +V' yZ’ = F(x)

V) ()

@), @)=u'= 2
Yi¥o = Yo u ylyZ yzyl
Wronskian determinant: W(yl,y2)= yl' yz' = y1y2, _y2y1’
1 Yo
u(x)zjﬂdx, v(x)= L(X)dx =y, =u(X)y, (x)+v(x)y,(x)
W(y.y,) W(y,.y,)

Eg. Find y, of y” ——y + y_x +1.[1991 JE KRBT

(Sol) y, =X, y, =x*, (yl,yz):x-4x —X -1:3x4

- x +1 1
— _g =
0= [ J 01Xl
x4 x2 x*
Yo _U(X)yl +V(X)y2 :_?_7+_€n | Xl
4 2 4 2 4

x* X2 X x> X
L y(X)=yptye=cx+dxt — 2 — 2+ 2 gn| x| =cix+coxt — 2+ 2 /n| x
Y(X)=YntYyp 0o 23 | X |=C1x+C2 > "3 | x|
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Eg. Solve y”+4y=tan(2x).
(Sol.) y’+4y=0 = y1=c0s(2X), y2=Sin(2x)
W(Y1Y2)= 1Y, —YaYy = 2c0s*(2x)-sin(2x)-2sin(2x)]= 2

u(x)= I —sin(ZX; tan(2x)dx = %sin(Zx)—%én tan[%+ xj

v(x)= I cos(2x)- tan(2x) i — —%cos(Zx)

- 2
Yo = U(x)y, (x)+v(x)y,(x)
tan(% + x]

cos(2x) /n —%cos(Zx)sin(Zx)

= %sin(Zx)cos(Zx)—
tan(Z + xj
4

Eg. Solve 4y’ +36y=csc(3x).

1
= —— 2 ~€
4cos( X)- /n

xcos(3x) sin(3x) - In[[sin(3x)[]
36

(Ans.) Y = acos(3x) +bsin(3x) —

Eg. Solve y”+4y=sec(2x). [ R EFFr]
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2-3 Euler Equation x%y”+Axy’ +By=F(x)

dy_dy dz_1dy

Solution: z=In(x), y'=— = ,
.y dx dz dx xdz

y,,:dzy d(ldy] _iﬂ 1d(dyj _id_y 1d[dy]_%
dx> dx\xdz x2 dz xdx\dz x> dz xdz\dz) dx
1dy 1d?y ) dy d?y dy
=—— 24+ -~ 7 and x’y"=-—"2L+ Coxy ==
x2 dz x? dz? y dz dz?® Y dz

d’y dy
=+ (A—l)d—+ By = F(e*) is the second-order linear ODE.
z

=

Eg. Solve x%y”-5xy’+8y=2In(x)+x".
ldy , 1dy 1d° d°y _dy
ML S A Ay
xdz’ x?dz x®dz® ' dz? @ dz
yn=c1e?+c,e=cix*+cox* and y,=az+b+ce®, y,’=a+3ce®, y,"=9ce¥,
yp” -6y, +8y,=2z+e% = 8a=2, -6a+8b=0, -c=1=>a=1/4, b=3/16, c=-1,

(Sol.) z=In(x), y'=

+8y =2z+e%

1 3
X)=c X2 +c, X +=/n(x) + — - x°
y(x) =¢, 2 1 (x) 16

Eg. Solve xy"+4y’' = Inx’

Sol.) X%y +4xy’=3In(x), z=In(x), y'==—2, y"=———2+ =
(Sol)xy™+axy'=3In(x), 2=In(x). y'== " V' == 7 T 7 gy

?j y+33y 3z, yn=c1e%+c,oe¥*=c,+c, x> and yp=az 2+hz+c, yp'=2az+h, y,"=2a,
z z

3, (Inx)~ x)* _Inx

Yp ' +3yp’=3z=6a=3, 2a+3b=0=a=1/2, b=-1/3, .". y(X)=C1+C2X 5 3

Eg. Solve xy”-2y=1/x. [XALTEHIBE] (Ans.) y(X)=cx’ Ins(x)
X X

Eg. Solve (a) x%y”-4xy’+4y=0 and (b) X%y +5xy’ +4y=0.

(Sol.) (a) Let y=x", y’=rx"?, y=r(r-1)x"? = x%y”’-4xy’ +4y=x(r*-5r+4)=0

=r=1, 4= y=c1x +Cox".

(b) y=x"=> r’+4r+4=0, r=-2, -2=y1=x2, y,=xZIn(x) = y(X) = ¢,x % + ¢, x 2/n(x)

1) ldy 77 1 dy 1 d2y
Another method: z=In(x), y'=——=,y’'=———+—
0.y xdz'’ x*dz x® dz®
d diy dy _ Cp 222 o202 2 2
+4d +4y=0= yi1=e "=X", yo= ze =X In(X) = y(X)= ¢, X + ¢, X “/n(X)

d 2
Eg. Solve (a) x%y”-xy’+y=In(x) and (b) x?y”-4xy’ +4y=x*+x%. [X A ETFF7]

(Ans.) (@) y(X) =cx+c,xn(x)+/n(x)+2, (0) yX)=c,x+c,x* + % x*onx — % x?
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Eg. Solve (x+2)%y”-(x+2)y’+y=3x+4. [2012 EfiA & F & TF-F7]

2
(Sol) z=lnpx+2), y'= -+ W oy L &1 dy
(x+2) dz (x+2)°dz (x+2)° dz
2
%—2%+ y =3’ -2, y;=e’=x+2, y,=ze’=(x+2) - In(x+2), and y,=az’e*+b,
z z

yp =2aze” +az’e’, y,"=2ae’ +4aze’ +az’e’ =y, -2y, +y,=(2ae’ +4aze’ +az’e’)-2(2aze’
+az’e’)+az’e’+h=2ae’+h=3e” -2 = a=3/2, h=-2 = y,=32%"/2-2=3(x+2)* - In(x+2)/2-2,

L y(X)=cp(x+2)+co(x+2) - In(x+2)+§(x+2)2 - In(x+2)-2
Eg. Solve (x-2)°y"+4(x-2)y’+6y=0. [SU{L B iiEEE]

— 3+ 1
(Sol.) Let y=(x-2)", r*+3r+6=0, r=3+\/ﬁ,

oy(X)=c (x- 2)% ‘cos{@én(x - 2)} +C,(x— 2)% -sin{@ﬁn(x - 2)}

2-4 Miscellaneous Problems

Eg. Solve y'=(y+x)*-1. [2012& KB FHTH4H]

(Sol.) Let u=y+x, d—u:y’+l:u3, d—g = dx, _12 =x+C= _—12:x+c
dx u 2u 2(y+x)
Eg. Solve y’=(-2x+y)*-7, y(0)=0. [20105 X BAH]
(Sol.) Let u=-2x+y, duooyzg, QU2 _du _ 1[ 1 1 Jdu = dx,
dx dx u?’-9 6 u-3 u+3

In(Y =3 )=6x+c, U3 =aet YT 2XT3 peb yo)=0y A=-1, .. YT 2X 3 obx

u+3 u+3 y—2x+3 y—2x+3
Eg. Solve y’=y?-2xy+x°+1. [1991 R L BHT ~ A AFLEIFA]
(Sol.) Let u=y-x, y’=u’+1=u+1, d—l: =dx, -l/u=x+c= -1 =X+C

u y —X

Eg. Solve 1+x%y?+y+xy’=0. [BX AR BSFT]
du
1+u

(Sol.) Let u=xy, u’=y+xy’, 1+u*+u’=0, = —dx, tan™(u)=-x+c = tan(xy)=-x+c

2

Eg. Solve xy”+2y’=4x°,

3 4
(Sol.) Letu=y’= xu’+2u =4x* = u :%+% = y(X) = ju(x)dx :X?—§+ D
X

Another method: x%y”’+2xy’=4x" (Euler’s equation)
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Eg. Solve y”-2yy’=0.

dy’ _du _du by du ud—u—2yu—0:>u—y +C

Sol.) Set u= T=—
(Sol. R dx  dx dy dx dy dy

dy dy 1 al Yy
= 2=y 4C>——=dx=>——tan" | == |=x+K
dx v’ y2+c Je (\/Ej

Eg. Solve d_y: X

dx x*y+y®

(Sol.) Let u=x?, dy _dy du_, dy__ X g
dx du dx du uy+y

3—”— 2yu=2y> = [u-e’ ] =2y%"
y

2 2 2 2 2
u=e"” [-y’e Y —eV +c]=-y?-1+ce’ = x> =-y* —1+ce’

3

Another method: % = Xy + L (Bernoulli’s equation)
y X

Given a solution y;(x) of y”+P(x)y’+Q(x)y=0, then a second solution
y2(X)=v(X)y1(X) is obtained by the following method:

vy, (X) +VTT2y; (X) + P(X)y,]=0. Set v’=u= u’+{ﬁ+ P(x)}u =0

Y1
” 1. .
Eg. Solve y"+— y+ y 0 if y, == lisgiven.
X

(Sol.) Let 'y, =v(x)y,(X) =%, Y=V Yy +Vey)

Yo =(V'y +vey) =viey vy vy vy =y 2V Yy vy,
" [ 1 14 3 ! ’ V " nh,! 3 1,
Viey +2v 'y1+Vy1+;(V -y1+vy1)+%:v Y1+2Vy1+;VY1 =0

.1
Veusu | 3w X 3w Luso
Y, X 1 X X

X

u:v':1:>v(x):£n|x|:> y,(X) =
X

Eg. Given y(x)=x is a solution of y”-xy’+y=0, find the other solution. [ & X & {8
Ffl
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