Chapter 3 Series Solutions of Differential Equations

3-1 Simple Power Series Solutions of Ordinary Differential Equations

For y’+g(x)y=r(x) or y”+P(x)y’+Q(x)y=F(x), if g(x), r(x), P(x), Q(x), and F(x) are analytical at zero, then y(x)=
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Eg. Solve (1+x2)y”+2xy’=0, y(0)=0, y’(0)=1. [2004台大電研]
(Sol.) Let y=
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y(0)=0, y’(0)=1
[image: image21.wmf]Þ

a0=0 and a1=1
[image: image22.wmf]Þ

y(x)=tan-1(x)
Eg. Solve (1+x2)y”-2xy’+2y=0. [1990台大土木所]
(Sol.) Let y=
[image: image23.wmf]å

¥

=

0

n

n

n

x

a

, y’=
[image: image24.wmf]å

¥

=

-

0

1

n

n

n

x

na



[image: image25.wmf]å

¥

=

-

-

=

¢

¢

0

2

)

1

(

n

n

n

x

a

n

n

y



 EMBED Equation.3  [image: image26.wmf]å

¥

=

-

-

=

2

2

)

1

(

n

n

n

x

a

n

n



 EMBED Equation.3  [image: image27.wmf]å

¥

=

+

+

+

=

0

2

)

1

)(

2

(

n

n

n

x

a

n

n



[image: image28.wmf]y

y

x

y

x

y

y

y

x

y

x

2

2

2

2

)

1

(

2

2

+

¢

-

¢

¢

+

¢

¢

=

+

¢

-

¢

¢

+



[image: image29.wmf]å

å

å

å

¥

=

¥

=

¥

=

¥

=

+

+

-

-

+

+

+

=

0

0

0

0

2

2

2

)

1

(

)

1

)(

2

(

n

n

n

n

n

n

n

n

n

n

n

n

x

a

x

na

x

a

n

n

x

a

n

n



[image: image30.wmf]å

¥

=

+

=

-

-

+

+

+

=

0

2

0

]

)

1

)(

2

(

)

1

)(

2

[(

n

n

n

n

x

a

n

n

a

n

n



 EMBED Equation.3  [image: image31.wmf]n

n

a

n

n

n

n

a

)

1

)(

2

(

)

2

)(

1

(

2

+

+

-

-

-

=

Þ

+


a2=
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Eg. Solve y”-xy=0 by series expansions. [2013中正電研]
(Sol.) y=
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Eg. Solve y”+x2y=0 by series expansions.
(Sol.) y=
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Eg. Solve y’+ky=0 by series expansions.
(Sol.) y=
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Eg. Solve (x-1)y”-xy’+y=0. [1990台大應力所] (Ans.) y(x)=c1ex+ c2x
Eg. Solve (x+1)y”-(x+2)y’+y=0. [1991台大土木所] (Ans.) y(x)= c1ex+ c2(x+2)
Eg. Solve y”+k2y=0 by series expansions.
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Eg. Solve y”-exy=0 by series expansions.

(Sol.) y=
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Eg. Solve y”-exy=sin(x)+1. [1990台大化工所]
3-2 Method of Frobenius

For P(x) y”+Q(x)y’+R(x)y=0. If 
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Eg. Solve 3xy”+y’-y=0.
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Eg. Solve x2y”+ x2y’-2y=0.
(Sol.) 
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Eg. Solve xy”+(1-2x)y’+(x-1)y=0. [1990交大資訊所]
(Ans.) y(x)=
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Eg. Solve x2y”+ 5xy’+(x+4)y=0.
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