Chapter 3 Series Solutions of Differential Equations
3-1 Simple Power Series Solutions of Ordinary Differential Equations
For y’+g(x)y=r(x) or y”+P(x)y’+Q(x)y=F(x), if g(x), r(x), P(x), Q(x), and F(x) are
analytical at zero, then y(x)= ianx” :

n=0

y'=> nax"'= Znanx”‘1 =Y (m+Da,,x" =D (n+Da,,x"
=1 m=0 n=0

y"'= inn Da, x"? in(n—l)anxn im+2 m+Da, X" in+2 n+Da,,x".
m=0 n=0

n=0 n=2

Eg. Solve (1+x?)y”+2xy’=0, y(0)=0, y’(0)=1. [2004 & A EF]

(Sol.) Lety=>"a x" ,y’:Znanx”‘1 "=y n(n-Da,x"? =) (n+2)(n+Da,, X"
n=0 =

n=0 n=0

L+ x2)y" +2xy = y" + X°y" + 2xy’ Z (n+2)(n+Da,,,x" +Z (n-1a x" +22nax

n=0 n=0

=Y [n(n+Da, +(n+2)(n+Da,,,Ix"=0=>a, n a,
n=0 (n+2)
_1n
—a,=a,=a,=---=0 and aZM:% .
x* x> X
= y(x) = Zax a0+a(x—?+?—7+—---):ao+a1tan’l(x)

y(0)=0, y’(0)=1 = a,=0 and a;=1=>y(x)=tan™*(x)

Eg. Solve (1+x?)y”-2xy’+2y=0. [1990 &k +AKFi]

(Sol.) Lety=>"a,x",y’=> na x"*
n=0 n=0

y'=>n(n-1a,x"* =3 n(n-L)a,x"* = > (n+2)(n+a, X"
n=0

n=2 n=0

(L+Xx2)y" =2xy' +2y =y + X°y" = 2xy' + 2y
_Z(n+2)(n+1)an+2x +Zn(n Da, x" —ZZnax +22ax
n=0

» - ~ . _(n-)(n-2)
Z:;[(n +2)(n+Da,,, +(n-2)(n-a,]x"=0=a,,, = 2D
ar=— = 1)(2 2 a,=-ao, a4=0, a¢=0, ---, and a3=0, as=0, a;=0, ---

. y(X) =a, +a,x—a,x* =a,(1-x?)+a,x
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Eg. Solve y”-xy=0 by series expansions. [2013 1 1F ]

(Sol.) y:ianxn , y”:i(n +2)(n+Da, ,x", xy:ianxn+l = iam_lxm = ian_lxn ,
n=0 n=0 n=0 =1 =1

y'—Xxy = i[(n +2)(n+Da,,, —a,,]x"+2a, =0

n=1
a,,., ZL,HZL 2,3,...,a,=0, :agza—o,aﬁi,ag):O,
(n+2)(n+1) 3-2 4.3
ag= a3 — a'O ,a7= a4 — al ,aSZO, ag= a6 — aO ,
6-5 6:5-3-2 7-6 7-6-4-3 9-8 9.8:6:5-3-2
— a'? al
dio= = [BCEEN]
10-9 10-9-7-6-4-3
) X3 X6 X9 X3 X7 XlO
Soy=aollv—+ + oveee +ag | X+—+ + Foeee
32 6:532 986532 4.3 7-6-4-3 10.9-7-6-4-3

Eg. Solve y”+x%=0 by series expansions.

(Sol)y=Y a,x",y"=> (n+2)(n+Da,,x", xy=>a x> =>a, ,x"=> a X"
n=0 n=0 n=0 m=2 n=2
y'+x’y =Y [(n+2)(n+Da,,, +a,,]x" +2a, +6a,x =0
n=2
—a,,
=>a,,=——"——, N=2,3,- , a,=a,=0
(n+2)(n+1)
=a, = ao,a8= % asz_al,ag: a
4.3 8.7-4-3 5.4 9.8-5-4
X4 X8 5 X9
y_a'() — _+ ...... +al X_ ......
4.3 8-7-4-3 5-4 9.8-5-4

Eg. Solve y’+ky=0 by series expansions.

(Sol)y=>a,x", y'=> nax"*=>nax""=> (m+Da,,x"
n=0 n=0 =1 m=0

=Y (n+Da, x"+k> ax"=0= > [(n+Da,, +ka,]x" =0
n=0 n=0 n=0

ki ~D"k"
=>a,, =— al ,n=0,1,2,3,... :an:()—a", =1,2,3,--
n+1 n!
y=2an><":2a°(_1) (kx) L, SR e
n=0 n=0 n! n=0 n!

Eg. Solve (x-1)y”-xy’+y=0. [1990 & KFEJIFT] (Ans.) y(X)=C1€*+ C2X
Eg. Solve (x+1)y”-(x+2)y’+y=0. [1991 & AT ARFT] (Ans.) y(X)= c1&*+ Co(x+2)
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Eg. Solve y”+k?=0 by series expansions.

(Sol)y=> ax", y"=> an-Dx"?=>"a_,(n+2)(n+1)x"
n=0 n=2 n=0

y'+k?y=>la,,(n+2)(n+1) +k%a,]x" =0
n=0

_ 2
:>an+2=¢; n=0’1,2, ......
(n+2)(n+1)
—k?a, -k?a
=a, = a; =
21 3.2
k*a, _ k'ay

a,=——2— ag=—t—
4.3.2.1 5.4.3.2-1

. _ (_1)n k2n 'ao . _ (_1)n k2na1

2 (2n)! M (2n+)!
= < < (2ml (=1 (kx)*" Las 1" (k) >
Y= 28X = 28X+ ) Ban mzo amy k& @minl

= a, cos(kx) + % -sin(kx)

71 X

Eg. Solve y”’-e"y=0 by series expansions.

(Sol.) y=>» a_x" ex—ixn—1+x+xz+xs+...
Iy e el =Ygy
S x? X3
y'—e'y=>Y n(n-Da,x"’ 1+x+?+?+ (ao+alx+a2X2+...)
= (2a, +6a,x +12a,x* +20a,x° +--)

—{ao +(a, +a1)x+(a—2°+a1+a2jx2 +(%"+%+az +a3jx3 +} =0

a
=2a,-a,=0, 6a,-a,-a, =0, 12a4—7°—a1—a2 =0

a a, +a a, +a
—a,=-2, ag=—""+, a,=—"2—F,
2 6 12
a a, +a a, +a
= y=a, +aX+—x+| 22— Ix* | 2L |x* +
2 6 12

=ad,Y, (X) + alyl(x)
Eg. Solve y”-e*y=sin(x)+1. [1990 &AL T Fr]
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3-2 Method of Frobenius

For P(x) y"+Q(X)y’+R(x)y=0. If Q) and % have a regular singular point at
X

P(x)
L Q)
P(x) : SRR
Xo=0, and are analytical at x0=0, then y= Zanx is a
XZ@ n=0
P(x)

solution=>r*+Ar+B=0=r=r1, I,
Case 1 ri#£r, and ry-ry is not an integer, then

n+n n+r;
y, = ax"™" and y,=> b x""
n=0 n=0

Case 2 ri-r; is a positive integer, then y, = Zanx“*f1 and
n=0

Y, = 2 b, x™" + Ay,/n(x) , where A may be 0.

n=0

Case 3 r;=rp, then y, => a,x™ and y, =y,/n(x)+ > b x""
n=0

n=1
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Eg. Solve 3xy”+y’-y=0.

(Sol.) y"+iy'—iy:0, 3 and -— have a regular singular point at 0, but
3x°  3X 3X 3X
2
L:E and -2 = —% are analytic at 0.
3x 3 3X 3

y:icnxnﬂ’ y¢:i(n+r)cnxn+r—l’ yn

n=0 n=0

s

(n+r)(n+r-1C x""?,

n

1l
o

3Xyn + yr _ y — 32 (n + r)(n +r _1)Cnxn+r—l + Z(n + r)Can+r—1 _ chxmr
n=0 n=0 n=0

=Y (n+1@n+3r-2)C x""*->C x""
n=0

n=0

=r@Br-2)Cox"™" + > (N+r)(3n+3r—2)C x""™* = > C x""
n=1 n=0

=r@Br-2)Cox™ + > (M+r+1)(Bm+3r+1)C,, . x™" = > C x""
m=0 n=0

=r@r-2)Cox" + Y [(n+r+1)@Bn+3r+1C,,, —C, Ix""
n=0

n+l = Cn or D D

(n+r+1)(3n+3r+1)

n

" (ntr+1)@n+3r+1) )

. r:§, 0:>rl—r2:§ is not an integer: Case 1

rl:ngnJrl:L:Cl:&’ 2:&: CO TS
3 (Bn+5)(n+1) 5 8-2 2.8
— CO
" n5.8-11------- (Bn+2)
r2:0:>Dn+1:L:>D1:DO’ D2: DO ’ ,
(n+1)(Bn+1) -1 21-4
_ D,
" nn-4-7------ (3n-2)
> ne2 i
Sooy(x) =G, ! X ®+D, ! X"
= n5-8-11.-.--. (Bn+2) —nh-4.7...... (B3n-2)
=Co ¥, (X) + Dyy,(X)

~=20



2

Eg. Solve X%+ x%y’-2y=0.

2
(Sol)) y"+ '—%yzo, —% has a regular singular point at 0, but —2X2 =-2 is
X X

X
analytic at 0.

Loy=Yax™, xPy =Y (n+r)(n+r-La x"
n=0 n=0

0y = 30 a3 e, 0 =3 (T D, 0
n=0 =1 =
XZyﬂ + X2y!_ 2y

=[r(r-1a, —2a,]x’ +i[(n+ nn+r-Ya, +(n+r-1a, —2a]-x"" =0

n=1

=r=2,-1=r-r,=3 isapositive integer: Case 2
[(n+r)(n+r-1)-2]a, +(n+r-1a,, =0
6a,
n(n+2)(n+3)

n=2-a,= n+1 a=>a, =ED"-

,=————a
n(n+3)

. e (D
. yl(X)—GaonZ:(;n!(n+1)(n+3)

Let y,(x) = Ay, /n(x)+ > b,x™" = Ay, /n(x)+ > b x"*
n=0 n=0

= AX?y; - n(X) + 2AXy; — Ay, + D (n=1)(n = 2)b,x"™* + Ax®y;/n(x)
n=0

o0

+ Axy, + Y (N=2)b,_,x"* =2> b x"* - 2Ay,/n(x) =0
n=1

n=0

= AQXY]+XY; = ¥y) + 20X " = 20X+ 3 [n(n = 3)b, + (N = 2)b, X" =0

n=1

n-2 1
:>A=0, bn:_mbn—l:blz_EbO’ b2=0, b3=0, o
1 1
Ly, =by| ==
Y, (X) O(X 2)
0 (_1)an+2
yl(X)ZGZ
—=nin+)(n+3
= 1 01( DO 600 = ey (0 + 6y, (0
X)=—-=
Y, (X) X 2

Eg. Solve xy”+(1-2x)y’+(x-1)y=0. [1990 X A& FT]
(Ans.) y(x)=c,e” +c,e” - fnx
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Eg. Solve X%+ 5xy’+(x+4)y=0.
X+24y:0, El and x+24
X X X

g:5and xz-xt4
X X

Ly=Dlax™, xPy = (n+r)(n+r—-1)a x""
n=0

n=0

have a regular singular point at 0, but

(Sol.) y"+E y'+
X

=x+4 are analytic at 0.

Xy/ — Z(n + r)aanH ’ Xy — Zanxn+r+1 — Zamilxmﬁ — zanilxmr
n=0

0
n=0 m=1 n=1
n+r

X2y" +5xy" + (X +4)y = Z[(n +r)(n+r-a, +5(n+r)a, +a,, +4a,]x
n=1

+[r(r-1) +5r +4Ja,x" =0
=r?+4r+4=0,r=-2,-2:Case 3
[(n+r)(n+r+4)+4]a, +a,, =0
A, _ (D’
n’ " (n)?

r=—2=—a,=—

. = (-D"

. aoyl(x):ao'z( )2 X"
n=0 n')

Let y, =y,/n(x)+ > b x"?
n=1

= 4y, +2xy; + »_(n—2)(n—3)b,x"? + > "5(n—2)b,x"* + > b x"*
n=1 n=1

n=1

+ Z4bnx”‘2 +0n(x)-[x?y; +5xy; + (x+4)y,]=0
=1

(=D -b,, 2(-1)"
=Y~ X" =h =2, b =—1t-
yl o n!)z 1 n2 n(n!)Z
2 3 11 25
= X) =V, /N(X) + === ——X——— X" e
Y2(X) = ¥,fn(x) x 4 108 576
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