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Chapter 3 Series Solutions of Differential Equations 

3-1 Simple Power Series Solutions of Ordinary Differential Equations 
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Eg. Solve (1+x2)y”+2xy’=0, y(0)=0, y’(0)=1. [2004 台大電研] 
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Eg. Solve (1+x2)y”-2xy’+2y=0. [1990 台大土木所] 
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Eg. Solve y”-xy=0 by series expansions. [2013 中正電研] 
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Eg. Solve y”+x2y=0 by series expansions. 
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Eg. Solve y’+ky=0 by series expansions. 
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Eg. Solve (x-1)y”-xy’+y=0. [1990 台大應力所] (Ans.) y(x)=c1ex+ c2x 
Eg. Solve (x+1)y”-(x+2)y’+y=0. [1991 台大土木所] (Ans.) y(x)= c1ex+ c2(x+2) 
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Eg. Solve y”+k2y=0 by series expansions. 

(Sol.) y=∑
∞

=0n

n
n xa , ∑

∞

=

−−=′′
2

2)1(
n

n
n xnnay ∑

∞

=
+ ++=

0
2 )1)(2(

n

n
n xnna  

∑
∞

=
+ =+++=+′′

0

2
2

2 0])1)(2([
n

n
nn xaknnayky  

)1)(2(

2

2 ++
−

=⇒ + nn
ak

a n
n ; ,2,1,0=n  

 
12

0
2

2 ⋅
−

=⇒
ak

a     
23

1
2

3 ⋅
−

=
aka  

 
1234

0
4

4 ⋅⋅⋅
=

aka     
12345

1
4

5 ⋅⋅⋅⋅
=

aka  

     

 
)!2(

)1( 0
2

2 n
ak

a
nn

n
⋅−

=     
)!12(

)1( 1
2

12 +
−

=+ n
aka

nn

n  

∑ ∑ ∑
∞

=

∞

=

∞

=

+
++==

0 0 0

12
12

2
2

n m m

m
m

m
m

n
n xaxaxay  ∑ ∑

∞

=

∞

=

+

+
−

+
−

=
0 0

12
1

2

0 )!12(
)()1(

)!2(
)()1(

m m

mmmm

m
kx

k
a

m
kxa  

)sin()cos( 1
0 kx

k
akxa ⋅+=  

Eg. Solve y”-exy=0 by series expansions. 
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Eg. Solve y”-exy=sin(x)+1. [1990 台大化工所] 
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3-2 Method of Frobenius 

For P(x) y”+Q(x)y’+R(x)y=0. If 
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Eg. Solve 3xy”+y’-y=0. 
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Eg. Solve x2y”+ x2y’-2y=0. 
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Eg. Solve xy”+(1-2x)y’+(x-1)y=0. [1990 交大資訊所] 
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Eg. Solve x2y”+ 5xy’+(x+4)y=0. 

(Sol.) 04'5" 2 =
+

++ y
x

xy
x

y , 
x
5  and 2

4
x

x +  have a regular singular point at 0, but 

x
x5 =5 and 2

2 4
x

xx +
⋅ =x+4 are analytic at 0. 

∴ y=∑
∞

=

+

0n

rn
n xa , ∑

∞

=

+−++=′′
0

2 )1)((
n

rn
n xarnrnyx  

∑
∞

=

++=′
0

)(
n

rn
n xarnyx , ∑ ∑

∞

=

∞

=

+
−

++ ==
0 1

1
1

n m

rm
m

rn
n xaxaxy ∑

∞

=

+
−=

1
1

n

rn
n xa  

∴ yxyxyx )4(52 ++′+′′ ∑
∞

=

+
− ++++−++=

1
1 ]4)(5)1)([(

n

rn
nnnn xaaarnarnrn  

                0]45)1([ 0 =++−+ rxarrr  

 ⇒ 2,2,0442 −−==++ rrr : Case 3 

0]4)4)([( 1 =+++++ −nn aarnrn  

 2
0

2
1

)!(
)1(

2
n

a
a

n
a

ar
n

n
n

n
−

=⇒−=⇒−= −  

 ∴ ∑
∞

=

−⋅
−

⋅=
0

2
2010 )!(

)1()(
n

n
n

x
n

axya  

Let ∑
∞

=

−+=
1

2
12 )(

n

n
n xbxnyy   

 ∑ ∑ ∑
∞

=

∞

=

∞

=

−−− +−+−−+′+⇒
1 1 1

122
11 )2(5)3)(2(24

n n n

n
n

n
n

n
n xbxbnxbnnyxy  

 0])4(5[)(4 111
2

1

2 =++′+′′⋅++∑
∞

=

− yxyxyxxnxb
n

n
n   

∑
∞

=

− =⇒⋅
−

=
0

1
2

21 2
)!(
)1(

n

n
n

bx
n

y , 22
1

)!(
)1(2

nnn
b

b
n

n
n

−
−

−
= −  

  −+−+−+=⇒ 2
12 576

25
108
11

4
2)()( xx

x
xnyxy  

 


