Chapter 4 Laplace Transforms

4-1 Laplace Transform F(s)=L[f(t)]= _[Ome‘St - f(t)dt

Eg. Evaluate L[cos(at)] and L[sin(at)].
(Sol.) e™ = cos(at) +isin(at)

: o -1 1
L elat — e |atdt e —(s— |a)tdt .e —(s— |a)t
[e”] J;, I s—ia 0 s-ia
S . a I
= ——— +1——— = L[cos(at)] +iL[sin(at)]
s“+a s“+a
. S . a
. L[cos(at)] = ——— and L[sin(at)] = ———
s“+a s“+a

Eg Find jo“’e -cos(bx)dx , with a>0. [2005 & A ERF] (Ans.) a/(a*+b?)

Basic theorems of Laplace transforms F(s)=L[f(t)] and G(s)=L[g(t)]:

1. L[caf(t)+c2g(t)]=c1F(s)+c2G(s)

2. L[f’(t);:sF(s)—f(O), L[f”(t)]=s°F(s)-sf(0)-f*(0), L!f”’(t)]:s3F(s)—32f(O)—sf’(O)—f”(O),
and L[V (t)]=s"F(s)-s"*f(0)-s"f*(0)-s">f"(0)-...-sf"2(0)-f"(0)

(Proof) L[f*(t)]= J':e’“ - fr(t)dt= J':e’“ df (t) =e"t ()| |2 - j: (-s)e ™ - f(t)dt

=-£(0)+s j: e - f (t)dt =sF(s)-f(0)

Similarly, L[f"(t)]=s*F(s)-sf(0)-f*(0), and by mathematical induction, we have
L[f(t)]=s"F(s)-s"*(0)-s"% " (0)-s"F*(0)-...-sf"2(0)-f"(0)

3 LU f (u)du } FE)
(Proof) L[ [ f(u)du} ~ e [ faudt=["[e f (waudt=["["e* f (u)dta

=[  (u)du[ e ot =—% [ f@o-e*]d =% [ f@edu =@

4. L[t"f(t)]=(-1)"F"(s)
(Proof) L[tf(t)]= j et - tf (t)dt = j - f(t)dt—-— j et f()dt=-F’(s)

By mathematical induction, we have L[t”f(t)] (-1) F(”)(s)

5, L[@} = f F (u)du
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6. L[f(at)]=[F(s/a)]/a and L[f(t/a)]=aF(as), a>0
(Proof) For a>0, let at=u

L[f(at)]=roe*St ~ f(at)dt=l re_(z)at - f (at)d(at) -1 re_(:)u - f (u)du =£F[(E)]
0 a % a a a

Let b:1 = L[f(l)]:L[f(bt)]:E F[(i )]=aF(as) and then L‘l[F(as)]:i [f(l)]
a a b b a a

1 .
1 _ efsT
(Proof) Let t+T=u, t+2T=v, ...

LIf]= [ e ftdt= e fdt+[" e f()dt+[ e f(t)dt+..

7. L[f(®)]= LT e~ f(t)dt if f(t+T)=F(t)

=[le f@dt+[ e f(E+T)dt+[ e F(t+2T)dt+
0 T 2T
T ST (2T oot } <1
=j0 e‘5‘~f(t)dt+eSTIT e L f(t+T)dt+ e’ LTe ©21) f (t 4 2T)dt +...

T - T su - T o
=j0 e‘S‘-f(t)dt+eSTI0e - f (u)du +e®T joe - (V)dv+...

L [ f(tt
e

_ ST, -2sT T st _
=(1+e*+e +...)j0e F(Odt=—

8. L[f(t-a)u(t-a)]=e**F(s)
(Proof) For t>a, let t-a=u

L[f(t-a)u(t-a)]= .[:e’“ f(t-a)u(t—a)dt= fe’“ f(t—a)d(t—a)
=e® j:e*“-a) f(t-a)d(t—a)=e™ j:e - f(u)du= e®F(s), and then

we have L™ [F(s)e™]=f(t-a)u(t-a)

9. L[f(t)e*]=F(s-a), s>a

(Proof) For s>a, L[f(t)e"]= j:e-st.f(t)eatdu j:e*sfa’t.f(t)dt =F(s-a), and then
L™ [F(s+a)] = f(t)e™

10. Itlrg f(t) =limsF(s)

1L lim £ (t) = limsF (s)

Eg. Find L[t"].

(Sol.) According to L[t"f(t)]=(-1)"

d" ° 1
F(s)and L[1]=| e ™dt==
o Feand L= :

dn
ds"

_ n T'(n+1)
(S 1) = n+l =
S S

L[t"] = L[t" -1] = (-)"

n+1
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Eg. Find L[e*cos(kt)], L[e*sin(kt)] and L[e*].
k
k2

(Sol) Licos(kD)] = > and Lsin(kt)] =

k2

Accordingto L[ f (t)-e*]=F(s—a) and L[l]= J.:e‘“dt L :
S

s—a . k 1

. L[e*-cos(kt)] = —————, L[e™-sin(kt)]=————, and L[e*]=——

[ (kt)] (s—a)® +k? [ (kt)] (s—a)® +k° [ s—a
Eg. Find L[3t-5sin(2t)]. [2001& A EWT]
(Sol.) L[3t-5sin(2t)]=3L[t]-5L [sin(2t)]=—>- - 19

s? s?+4
Eg. Find L[e'f(3t)] in case of L[f(t)]=e™*
-3
(Sol) 1. L[f(3t)]==e V) = :l))e‘%, Lle™ f(3t)] = 1eS+l The result is correct!
1 -1 -3

2. Llet - f(t)]=e s, L[e™t-f(3t)]= Loemn =%e5+3.The result is wrong!
Another method: L[e™ - f(3t)] = J; e .e. f(3t)dt = Iowe’(s*l’t - f(3t)dt
Y - L*l (3) s+1
=%L e 5 f (3t)d(3t) = j e 5% f (u)du

-3
ZEF(S+lj 1o
3 (3 ) 3

1, 0<t<1

Eg. Find L[f(0)] if f(t+2)=f(t) and f(t)= {_1 Let<o

(Sol.) According to L[f(t)]:1 175T E e ™. f(t)dt if f(t+T)=f(t)and T=2,

1 [f sy s Propesgr] . 1 [e™® 2
_ezs-er “ofo e T

1 e—st
+
0 s

LT (O] =

{1 e +e? }_3. (1-e°) _11-¢

T1- s 1+e®)1-e") s 1re

Eg. Find _[:de. [2003 BB ~ 1993 3 A FEHHT]

o0
S = tan‘l(s)S

sin(t) _¢ sin(t) oo o 1
(Sol.) L{ t } [e -TdtzL L[sm(t)]ds:LSz+l

T 1
=——tan— (s
> (s)

Set s=0, I“’de .
0 X 2
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4-2 Inverse Laplace Transform L™[F(s)]=f(t)

Basic theorems of the inverse Laplace Transforms:
1. L [F(s+a)] = f(t)e™

2. L'[F(s)-e™®]= f(t—a)-u(t—a):{

3. L'Y[F(as)]= [f(V/a)]/a

f(t—-a),t>a
O,t<a

4. L FO(s)]=(-1)"t"f(t) 5. L7 f F(u)du] = @
6. L™ [sF(s)]=F’ (t)+f(0)4(t) 7. L* ?} - j; f (u)du

8. L[1/s"=t"(n-1)!=t" /1 (n) 9. L™ [c1F(s)+cG(s)]=c1 f(t)+cog(t)

Eg. Find L-lH, L‘l[%] L‘{%] L S%},and L.

S S S

] . 1] t° 1] t 1] t*2 t?
Sol.) LY1/s"=t"Y(n-1)!, LY =|=—=1, LY = |=—=t, LY =|=—=—,
(Se) LAY (") M ol [sz} i} Lﬁ} 2 2

L [i} :E:% By L™ [sF(s)]=f"())+f(0)a(t), L*[1]= Ll[s ﬂ =0+1-9(t)=o(t).

1
(s-2)°

Eg. Find L{ } [2013 B A BB

(Sol.) L [1/s"=t"Y(n-1)1, L{i} :t2—2I :% ,and L[F(s+a)] = f(t)e™,

S3
L 1 _tZeZt
(s-2)° 2

23

Eg. Find L{ € 4}.[1993 o B
(s-2)
H -1 Ptk N . N -1 1 =eZt't3
(Sol.) Accordingto L™[F(s)-e*]=f(t—a)-u(t—a), L [(s—2)4] 3
o e—25 B e2(t-2) (t_2)3 . ]
Ulepyd= 3 ut?)
Heaviside’s formula:
L’l[i+---+ A, B 06D po
(s—a) (s—a)" s-b (s-r?+w* (s-r)*+w?

m-1_. at
=Ae* +Ate™ +...+ AZ“ T +Be™ +--- + acos(wt) -e" + Bsin(wt) -e"
m—1)!
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Eg. Find L2371 |
s(s—-1)

A+B=2 s—1=B=1

Sol)2L _A LB AGs-1)+Bs=2s-1 or -

(s ) s s-1 -A=-1 s=0=>-A=-1
A=, B=1= L[ 2571 =|_-1[] N ] 1+¢'

s(s-1)
2_
Eg. Find L™ w .
(s=D°(s+3)
2

oy 295419 A A, B

(s-12(s+3) (5-1) (5-1° s+3

A +B=2 A =-2
2s* —9s+19
> {2A 1A -2B=-0 1A =3, L[S =26t vt 4 e
S — S
_3A +3A,+B=19 |B=4 (s=1)7(s+3)

Eg. Find L{ﬁn(?zﬂ [2005 JEREARERH]

(Sol.) According to L’l[f F(u)du] = 9 and L'[F(s+a)]=e™-f(t)
L‘l[fn(ﬁﬂ = L‘l[r [L—Ljds} :1~[e‘t —e ]
s+1 s\S+1 s+2 t

Eg. Find L™ 25;12 .
(s“+2s+2)

(Sol.) According to L' [F(s+a)]=e ™ - f(t) and L'[F™(s)]=(-D"t"f ()

4 s+1 T et B s I O T | D
L {m]—e L [(52 +1)z} e L L -1 ds(s%lﬂ 5 t-sin(t)

2

. S
Eg. Find L™
: LZ—ZS+

3} . [2015 &K EERH]

(Sol.) According to L [F(s—a)] =e® - f(t) and L *[1]=d(t)
L s? :L1[1+ 2s—3 }:L‘l 1. 2(s-1) 1
s?—2s+3 s?—-2s5+3 (s-D*+2 (s-1D?+2

. 2(s-1) 1 V2 _ ¢ 1 ¢
=171 . =5(t)+2cos(N2t)e' - — sin(2t)e".
P(s—l)ﬂ(ﬁ)z V2 (s—1)2+(ﬁ)2} V2
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Eg. Solve y"+y+ [[ y(u)du =L, y(0) =0. [2011 5 IEEHH]

(Sol.) sY(s)- y(0)+Y(s)+@_%
- V3
S S 1 _ 2 2 2 3
Y(8)=— = = <. —y(t)= _sm(_)e >
sorerd (s+;)2+(\/2§)2 V3 (s+$)2+(‘/2§)2 V3

Eg. Solve y’+2y+ J't y(u)du =u(t-1), y(0) =0. [2013 5Bk R &t BHIERH]

(Sol.) Y(s) =_* . L 1=t tand L [F(s)e™]=f(t-a)u(t-a),
(s+1)° (s+1)

CoyO)=(t-1)e ™Y - u(t-1)

4-3 Laplace Transform Solutions of Differential Equations with Polynomial
Coefficients

Eg. Solve xy”’-xy’-y=0, y(0)=0 and y’(0)=3. [1991 FZ X EBH¥F]
(Sol) Ly(]= [ y(x)e dx =Y (s), LIx"y(x)]=(-1)"
LIy ()] =Y (5) =™+ y(0) =82y (0) =++++++= 5y "2 (0) =y (0)

—di[szv (5) = 5y(0) — YO - (- L)[sY (5) — y(@)] Y (5) = 0
S ds

n

d ~Y (s), and
ds

—2sY () =s?Y'(s)+Y(s)+sY'(s)-Y(s) =0

(=s® +3)Y'(s)—2sY(s) =0, Y'(s) +éY(s) =0

=Y(s)= - ) ——— = y(x) = Axe*, y’(0)=3=A=3, .". y(x)=3xe"
Eg. Solve 2y”+ty’-2y=10, y(0)=y’(0)=0. [2011 & KEFATH 4]
(Sol). L[2y"+ty’-2y]:L(10):%,

2057 (5) - 5Y(0) - Y O]+ () SI8Y () - YOI -2V (9) = =,

-sY’(s)+(25° 3)Y(s)_E Y’ (s)+(-25+— )Y(s)——— [(-2s+2 )ds— s?+3In(s),
exp[-s>+3In(s)]=s’e ™", s%* Y’(s)+[-25%e > +35% % ]Y(s)=-10se ",
[s% Y(s)]" =-10se™*", s’e™> Y(s)=5e* +C, Y(s)——+Cs‘3 *
limy(t) = limsY (s) =0=>y(t)=§t2
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4-4 Convolution and Dirac Delta Function

Convolution in Laplace transform: f(t)*g(t)= j; ft-a)g(a)da

Theorem L[f(t)*g(t)]= L[J‘; f(t—a)g(a)da]=F(s)G(s)

Eg. Solve y”+y — 4r y(r)sin(t —7)dr =e™ , y(0)=1 and y’(0)=0. [1990 & A BSF]

(Sol.) s?Y(s)—sy(0)—y'(0)+Y(s)— 4Y(s) 1
241 s+2
Y (s) = (s> +D(s+1) A N B Cs+D

(s+2)(°+3)(s5-1) s-1 s+2 s7+3
(s%+1)(s+1)=A(s+2)(s*+3)+B(5-1)(s*+3)+(Cs+D)(s-1)(5+2)

Lets=1=4=A-3-4= A:% . Let s=-2=-5=B(-3)-7=B= % . Let s=0=1=2- g -2D

N D:% Lets=-1= o:% -1-4+i -(-2)-4+(-c+%)(-1)(2) N c:g

B3 0 %11
:Y(S):S—1+s+2 s?+3 7\/_ s?+3

= y(t) = %et +%e‘2I +7cos(\/§t)+ msin(\@t)

Eg. Solve j; f(2)f(t—7)dzr = 6t*. [2006 A
F(n +1)

+1

(Sol.) According to L[t"]= and L™[1/s"]=t"YT(n), [F(s)]2:6L[t3]:§,

F(s):s—2 = f(t)=6t

Eg. Solve f(t)=3t-e™ j; f(p)e™dp . [2011 &K BH]

1 1 6 1 6 1 2
Sol. Fs-—-—-—-F s), —— F(s)=—-——,F( __-_+_-
(Sol)F(s) s+1 s-1 (s) S— (8)= s+1° ©) s s* s s+1’

= f(t)=3t*-t +1-2e‘t

Eg. Solve f(t)=e"'+ 2'[; e f(t—a)da.

(Sol.) F(s) =$+?23~ F(s)

F(s) = S+32= 1,2 ~= f(t)=e" +2te™.
(s+1) s+1 (s+1)
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Eg. Solve J:x(u)sin(t —u)du = x(t) +sin(t) —cos(t). [1991 R KE(EFT]

Eg. Solve y(t) =sin(2t) + j; y(z)sin[2(t —7)]dz. [1991 3R TH%RH]

Dirac delta function:

o1
. lim—,a<t<a
5(t-a)= 5,00 =lim > [u(t-a) -u(t-a-e)] = {0 o te
& 0, elsewhere

lLa=b
Kronecker delta: &6, = {0 azb
,a#

Characteristics of Dirac’s delta function:
1. j“; St-a)dt=1
2.L[5(t-a)]=e""

3. f(®)s(t-adt=f(a)
4. F)*5(t) = j; f(X)S(t—x)dx = f (t)
5. f(1)S(t—a) = f(a)5(t —a)

Eg. Solve y*¥=8(x-a), y(0)=y”(0)=y(1)=0, y*¥(0)=1, 0<a<1. [1990 X K EFF7]
(Sol.) L(y®)=s%Y(s)-sy(0)—s’y'(0) —sy"(0) -y (0) =s"Y(s) -s’*c-1

_as 3 s
L[cS(x—a)]:eas:>Y(s)=eS—4+S£2+si4:>y(x):u-u(x—a)+cx+%
3 3
y(l):O:M+C+1:C:M—E
6 6 6
: _(x=a)?® o~ [@-a)° 1] X
Sooy(x) = G u(x—a) a +6 x+6
3 3
_[M+ij|.x+x_ , OSXSa
6 6 6

oy _[(1—a)3 1

X3
+—|-X+— , a<x<l
6 6 6} 6

Eg. Solve y”+5y’+4y=3+25(t). [dER}IKFAFT]

~7=30



