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Chapter 5 Fourier Analysis 

5-1 Fourier Series of a Periodical Function 

 
Video Example of Fourier Series of Periodical Rectangular Function:  

 
 
Video Example of Fourier Series of Periodical Sawtooth Function:  

 

https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2
https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g�
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2�
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Fourier series: f(x) is a periodical function with period=2L and defined on an interval: 
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In Matlab language, we can use the following instructions to obtain the finite sum of  
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>>x = 0:0.001:4*pi; y=1; 
>>for i=1:5 
y=y-8*cos((2*i-1)*pi*x/2)/(2*i-1)^2/pi^2 
end 
>>plot (x,y) 
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Eg. Expand f(x)=
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In Matlab language, we can use the following instructions to obtain the finite sum of 
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>>x = 0:0.001:4*pi; 
>>y=0; 
>>for i=1:5 
y=y+4*sin((2*i-1)*pi*x/2)/(2*i-1)/pi 
end 
>>plot (x,y) 

http://faculty.pccu.edu.tw/~meng/SquareWave.swf�
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Eg. Find the Fourier series of 
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In Matlab language, we can use the following instructions to obtain the finite sum of 
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>>x = 0:0.001:4*pi; y=1/pi+sin(x)/2; 
>>for n=1:20 
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end 
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Eg. Find the Fourier series of |cos(2x)| 
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In Matlab language, we can use the following instructions to obtain the finite sum of  
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>>x = 0:0.001:4*pi; y=2/pi; 
>>for n=1:6 
y=y+4*(-1)^(n+1)*cos(4*n*x)/(4*n^2-1)/pi 
end 
>>plot (x,y) 
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=

+

⋅
−

−
+

2

1
2

1

4cos
14

142
n

n

nx
nππ

 

 
 

( ) ( )∑
=

+

⋅
−

−
+

3

1
2

1

4cos
14

142
n

n

nx
nππ

               ( ) ( )∑
=

+

⋅
−

−
+

4

1
2

1

4cos
14

142
n

n

nx
nππ

 

 
 

( ) ( )∑
=

+

⋅
−

−
+

5

1
2

1

4cos
14

142
n

n

nx
nππ

              ( ) ( )∑
=

+

⋅
−

−
+

6

1
2

1

4cos
14

142
n

n

nx
nππ

 

 
 

( ) ( )∑
=

+

⋅
−

−
+

10

1
2

1

4cos
14

142
n

n

nx
nππ

              ( ) ( )∑
=

+

⋅
−

−
+

100

1
2

1

4cos
14

142
n

n

nx
nππ
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Discrete spectrum of f(t): 

∑
∞

=














+






+=

1

0 sincos
2

)(
n

nn L
tnb

L
tna

a
tf ππ ∑∑

∞

−∞=

∞

−∞=

==
n

tj
n

n

L
tnj

n
necec ω

π
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5-2 Fourier Transforms and Inverse Fourier Transforms 

Fourier Transform pair defined in Engineering: 

( ) ( )[ ] ( )

( ) ( )[ ] ( )







=ℑ=

≡ℑ=

∫

∫
∞

∞−

−

−∞

∞−

ωω
π

ω

ω

ω

ω

deFFxf

dxexfxfF

xj

xj

2
11

  , where ω=2πν. 

 
Parseval’s Identities for Fourier Transform pairs ℑ [f(x)]=F(ω) and 
ℑ [g(x)]=G(ω): 

( ) ( )∫∫
∞

∞−

∞

∞−
= ωω

π
dFdxxf 2

2
||

2
1||  and ( ) ( ) ( ) ( )∫ ∫

∞

∞−

∞

∞−
= ωωω

π
dGFdxxgxf *

2
1*  

 

Continuous Spectrum of f(t): ∫
∞

∞−
= ωω

π
ω deFtf tj)(

2
1)(  

Convolution in Fourier Transform: ( ) ( )∫
∞

∞−
−= τττ dτgfτgτf )(*)(  

Correlation in Fourier Transform: ( ) ( )∫
∞

∞−
−= τττ dτgfτgτf )()( ☆  

 
Basic theorems of Fourier Transforms ℑ [f(x)]=F(ω) and ℑ [g(x)]= G(ω): 
1. ℑ [af(x)+bg(x)]=aF(ω)+bG(ω) 
2. ℑ [f(ax)]=[F(ω/a)]/a and ℑ -1[F(aω)]=[f(x/a)]/a, a>0 
(Proof) For a>0, let ax=u 

ℑ [f(ax)]= ∫
∞

∞−

− ⋅ dxaxfe xj )(ω =
a
1
∫
∞

∞−

−
⋅ )()(

)(
axdaxfe

ax
a

j ω

=
a
1
∫
∞

∞−

−
⋅ duufe

u
a

j
)(

)(ω

 

=
a
1 F[(

a
ω )] 

3. ℑ [f(x)ejax]=F(ω-a) and ℑ -1[F(ω-a)]=f(x)ejax 

(Proof) ℑ [f(x)ejax]= ∫
∞

∞−

− ⋅ dxexfe jaxxj )(ω = ∫
∞

∞−

−− ⋅ dxxfe xaj )()(ω =F(ω-a) 

 
4. ℑ [f’(x)]= jωF(ω), ℑ [f(n) (x)]=(jω)nF(ω) in case of f(±∞)=f’(±∞)=f”(±∞)=…=0 

(Proof) ℑ [f ’(x)]= ∫
∞

∞−

− ⋅ dxxfe xj )('ω = ∫
∞

∞−

− )(xdfe xjω  

= e-jωxf(x)| ∞
∞−| - ∫

∞

∞−

− ⋅− dxxfej xj )()( ωω = e-jω∞f(∞)- ejω∞f(-∞)+jω ∫
∞

∞−

− ⋅ dxxfe xj )(ω = jωF(ω) 

By mathematical induction, we have ℑ [f(n) (x)]=(jω)nF(ω) if 
f(±∞)=f ’(±∞)=f”(±∞)=…=0. 
 
5. ℑ [f(x)*g(x)]=F(ω)G(ω) 
6. ℑ [g*(x) ★ f(x)]=F(ω)G*(ω), where g*(x) and G*(ω) are the complex 
conjugates of g(x) and G(ω), respectively. 
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7. ℑ [f(x-a)]= e-jaωF(ω) and ℑ -1[e-jaωF(ω)]=f(x-a) 

(Proof) Let x-a=u, ℑ [f(x-a)]= ∫
∞

∞−

− −⋅ dxaxfe xj )(ω = ∫
∞

∞−

− −−⋅ )()( axdaxfe xjω  

=e-jaω ∫
∞

∞−

−− −−⋅ )()()( axdaxfe axjω =e-jaω ∫
∞

∞−

− ⋅ duufe uj )(ω  

= e-jaωF(ω) 
 
8. ℑ [xnf(x)]=(j)nF(n)( ω) 

(Proof) ℑ [xf(x)]= ∫
∞

∞−

− ⋅ dxxxfe xj )(ω = ∫
∞

∞−

− ⋅ dxxfe
d
dj xj )(ω

ω
=j ∫

∞

∞−

− ⋅ dxxfe
d
d xj )(ω

ω
 

= jF’(ω) 
By mathematical induction, we have ℑ [xnf(x)]=(j)nF(n)(ω). 
 
9. ℑ [δ(x)]=1 and ℑ [1]=2πδ(ω) 

Eg. Find (a) ℑ [xe-|x|], (b) ℑ [e-3|x|], (c) 








+
ℑ−

2
1

4
4
ω

,  (d) ∫
∞

∞− +
ω

ω
ω d

4
cos

2 , (e) f(x) 

if ( ) ( )∫
∞ −=

0

22cos edxxxf . [文化電機轉學考] 

(Sol.) [ ] ∫∫∫
∞ −−−

∞−

−∞

∞−

−− +==ℑ
0

0|||| dxeedxeedxeee xiaxxiaxxixaxa ωωω  

 
( ) ( )

22

211
0

0
ωωωωω

ωω

+
=

+
+

−
=

∞
−−

+
∞−−

=
−−−

a
a

iaiaia
e

ia
e xiaxia

 

(a) According to ( )[ ] ( ) ( )ω
ω

F
d
dixfx n

n
nn =ℑ , 

[ ] [ ]
( )22222

|||| 42
ω

ω
ωωω +

−
=








+
=ℑ=⋅ℑ −−

a
ai

a
a

d
die

d
diex xaxa  

 [ ]
( )22

||

1
4,1
+

−
=ℑ= −

ω

ωixea x  

(b) [ ]
9

6,3 2
||3

+
=ℑ= −

ω
xea , (c) ||2

2
1

4
4,2 xea −− =





+
ℑ=

ω
 

(d) ∫
∞

∞−

−− =
+

=





+
ℑ ||2

22
1

4
4

2
1

4
4 xxi ede ω

ωπω
ω  

∫
∞

∞−

−=
+

= 2
24

4
2
1,1 edex i ω

ωπ
ω , [ ]∫

∞

∞−

−=+
+

2
2 sincos

4
12 edi ωωω
ωπ

 

 ( ) 0,0)( ≠=  em RI , ∴ ∫
∞

∞−

−=
+

2
2 24

cos ed πω
ω
ω  

(e) ∫ ∫
∞

∞−

∞−

+
⋅==

+
⋅

0 2
2

2 4
cos22

4
cos2 ω

ω
ω

π
ω

ω
ω

π
ded ∫

∞

+
=

0 2 4
cos4 ω
ω

ω
π

d  

Set ∫ ∫
∞ ∞− ==⋅

+
⋅=

0 0

2
2 )2(cos)(2

44
2cos4,2 dxxxfedx

x
xx

π
ω , ∴ 

)1(
12)( 2 +

⋅=
x

xf
π
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Eg. For two rectangular functions: f(x)=




〉
≤

1||,0
1||,1

x
x

, g(x)=




〉
≤

2||,0
2||,1

x
x

, find (a) 

ℑ [f(x)], (b) ℑ [g(x)], (c) ( )dx
x

x
∫
∞

∞−

sin  [文化電機轉學考], and ∫
∞

∞−
ω

ω
ω d2

2sin  [2008

成大電研].  

(Sol.) (a) ( )[ ]
ωω

ωωω
ω

i
ee

i
edxexf

iixi
xi

−
−

=
−−

==ℑ
−−

−

−∫ 1
11

1

( ) ( )
ω
ω

ω

ωω sin2
2

2
=

−
=

−

i
ee ii

 

 

(b) ∵ ( )[ ] 





=ℑ

a
F

a
axf ω1 , a>0, ( )[ ] ( )

ω
ω

ω
ω )2sin(2

2
2sin22

2
=⋅=














ℑ=ℑ

xfxg  

(c) f(x)= ∫
∞

∞−

− =






ℑ ω

ω
ω

πω
ω ω de xisin2

2
1sin21 , ( ) ∫

∞

∞−
=⇒= πdx

x
xf sin10  

(d)  According to ( ) ( )∫∫
∞

∞−

∞

∞−
= ωω

π
dFdxxf 2

2
||

2
1|| , 

( )
∫ ∫ ∫
∞

∞− −

∞

∞−
=⇒==






 1

1 2

2
2

2 sin21sin2
2
1 πω

ω
ωω

ω
ω

π
ddxd  
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Eg. Find ℑ [e-a|x|] and ℑ [e-|x|]. 

(Sol.) dxeedxeedxee xjaxxjaxxjxa ωωω −∞ −−

∞−

+−∞

∞−

− ⋅+⋅=⋅ ∫∫∫ 0

0||  

[ ]||
22

211 xae
a

a
jaja

−ℑ=
+

=
+

+
−

=
ωωω

. For [ ] 2
||

1
2,1
ω+

=ℑ= − xea  

          

f(x)=e-a|x|                              F(ω)= 22

2
ω+a

a  

Or, according to ( )[ ] 





=ℑ

a
F

a
axf ω1 , [ ]

( ) 222

||||

1
22
ωω +

=
+

⋅=







ℑ=ℑ

−−

aa
aaee a

xax  

Eg. Determine 








+
ℑ−

1
1

2
1

ω
. [2013 成大電研] 

(Sol.) ||
22

1 2 xae
a

a −− =





+
ℑ

ω
 and a=1, 









+
ℑ−

1
1

2
1

ω
=









+
ℑ−

1
2

2
1

2
1

ω
= ||

2
1 xe−  

Eg. Find 





+
ℑ 22

1
xa

 and 
( ) 









++
ℑ 22

1
bxa

. 

(Sol.) [ ] 22
|| 2

ω+
=ℑ −

a
ae xa , ∫

∞

∞−

−− ⋅
+

=





+
ℑ= ω

ωπω
ω de

a
a

a
ae xixa

2222
1|| 2

2
12  

 ( )∫
∞

∞−

−−

+
= ω

ωπ
ωde

a
a xi

22

1
 

∴ ( )∫
∞

∞−

−−− =
+

||
22

1 xaxi e
a

de
a

πω
ω

ω . Set u=-x ∫
∞

∞−

−− =⋅
+

⇒ ||
22

1 uaiu e
a

de
a

πω
ω

ω  

Set x=ω, ω=u, ∫
∞

∞−

−− ⋅=
+

=





+
ℑ ||

2222
11 ωω π axi e

a
dxe

xaxa
 

       

f(x)= 22

1
xa +

                                F(ω)= ||ωπ ae
a

−   

∵ ( )[ ] ( )ωω Feaxf aj−=−ℑ , ∴ 
( )

||
22

1 ωω π abi e
a

e
bxa

−⋅=








++
ℑ  
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Eg. Find )(
22xae−ℑ . 

(Sol.) ∫∫
∞

∞−







 +−

−∞

∞−

− =⋅ dxedxee
x

a
jxa

xjxa 2
22

22
ω

ω dxee a
x

a
jxa

a ⋅⋅= ∫
∞

∞−












−+−−

4

2

2
22

2

2

44

ωωω

 

∫
∞

∞−





 +−−

⋅⋅= dxee a
jxa

a

2

2
2

2

2

24
ωω







 +=←⋅⋅= ∫

∞

∞−

−
−

2
4

2
222

2

a
jxuduee uaa ωω

 

2

2

4ae
a

ωπ −

=  ( )








== ∫ ∫∫ ∫

∞ −∞

∞−

∞

∞−

+−

o o

ravua

a
rdrdedudveNote 2

2
22222

4: πθ
π

 

          

f(x)=
22xae−                                        F(ω)= 2

2

4ae
a

ωπ −

 

Note: f(x)= 22

1
xa +

 and g(x)=
22xae−  are similar to each other. But their respective 

Fourier transforms look quite different! 
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Eg. Determine ]1[
jta +

ℑ . [2003 台科大電研] 

(Sol.) ∵ ∫
∞

∞−

−− ⋅=
+

=





+
ℑ ||

2222

11 ωω π atj e
a

dte
tata

 and ( )[ ] ( ) ( )ω
ω

F
d
djtft n

n
nn =ℑ  

∴ ][][]1[ 2222 ta
jt

ta
a

jta +
ℑ−

+
ℑ=

+
ℑ = ωπ ae

a
a −⋅ - ][ ωπ

ω
ae

ad
djj −⋅ = )]sgn(1[ ωπ ω −⋅−ae  

=




<
≥

0
0

,2
,0

ω
ω

π ωae
= )(2 ωπ ω −⋅uea  

Eg. For two functions: f(t)=e-|t| and g(t)=




〉
≤

1||,0
1||,1

t
t

, find ℑ [ f(t)*g(t)]. [2008 成大

電研] 

(Sol.) ℑ [ f(t)*g(t)]=F(ω)G(ω)= 21
2
ω+

．
( )

ω
ωsin2 =

)1(
)sin(4

2 +ωω
ω  

 
Fourier Transform pair defined in Mathematics: 

( ) ( )[ ] ( )

( ) ( )[ ] ( )









=ℑ=

≡ℑ=

∫

∫
∞

∞−

−

−∞

∞−

ωω
π

ω

π
ω

ω

ω

deFFxf

dxexfxfF

xj

xj

2
1

2
1

1
  , where ω=2πν. 

Fourier Transform pair defined in Physics/Optics: 

( ) ( )[ ] ( )

( ) ( )[ ] ( )







=ℑ=

≡ℑ=

∫
∫

∞

∞−

−

−∞

∞−

dfefGfGxg

dxexgxgfG

fxj

fxj

π

π

21

2

   


