Chapter 5 Fourier Analysis

5-1 Fourier Series of a Periodical Function

Video Example of Fourier Series of Periodical Rectangular Function:
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Video Example of Fourier Series of Periodical Sawtooth Function:
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https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2
https://www.youtube.com/watch?v=etaa0VXUPlI&list=UUXyoiAylnsGVUbUQ7KRfL4g�
https://www.youtube.com/watch?v=rt097WEL7EA&list=UUXyoiAylnsGVUbUQ7KRfL4g&index=2�

Fourier series: f(x) is a periodical function with period=2L and defined on an interval:

-L=x=L. f(x+2L)=f(x), and then f(x):a?°+ Z[an cos(%} +b, sin(%ﬂ , Where

=1

B _ L fdx, a = j ( )dx and b, =—j (ﬂjdx
2 oL L

od =0
In case f(x) IS even — b =0

, i . N A
Parseval’s Identity for Fourier series: EL| f(x)[? dx =20 +Z[a +b]

Orthogonalities:

N 7zzx m X O,nzm X mx O,n#m
j cos[ jcos[—jdx: and J.sm( jsm( jdx:
L L L,n=m L L L,n=m

v Xx,0<x<2
Eg. Expand f(x)={ ' . f(x+4)=f(x
| g. Exp (){—x,—zgxéo ()=
; ; . : . . . 1 1
€ 6 4 2 T 2 4 6 8 into Fourier series and 1+ +—+--- =7?
3 5
X,0<x<2
Sol) f(x)=<" ,f(x+4)=f(x), 2L=4,L =2,
o 100={"10%2=2 e

- Even function, .. by=0, 2o - 1" f(x)dx:l[_[o—xdx+_[2xdx]:l
2 2L ald- 0

a = %ILL f(x)cos (nTﬂX) dx = EUOZ— XCOS(nTﬂX) dx + _[02 X COS(nTﬂX) dx}

2
2
=5 j xcos(—) dx = Esin(—)_iz(_ COS(n—ﬂX)j
n n°z 2 0
-8
: dd -
:%[cos(nyr)—l] ) n:o —8221m_1’21 ______
nr 0,n:even (2m-1)°z

f(x):1+i 4 (cosn;r—l)cos(nT”X):1—%(cos%+3i2cos3ﬁ+---j
= T

n_anﬂ_Z 2
f(O):O:l_%(cosO+3i2cos0+5i20030+ ...... j
T
1 1 1 m?
=1+ 2+ 2—|— 2+ ...... -
3 5 7 8
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In Matlab Ianguage we can use the following instructions to obtain the finite sum of

1+Z = (cosnz — 1)cos(—) 1- 2(2 2) cos((Zi_zl)ﬂX).
jn :

>>x = 0:0.001:4*pi; y=1;

>>for i=1:5
y=y-8*cos((2*i-1)*pi*x/2)/(2*i-1)"2/pi"2
end

>>plot (x,y)

1-%cos(%) 1—i cos@+icoss—7ZX
T

AN V\/\/\

8 ax 1 3zx 1 57zX
1—7 COS 72C037+720057 1- 8 COSﬁ+iC0837ﬂX iCOSS—ﬂX iCOSE
5 2 2
4
1- 8 Cosﬁ+icos3ﬁ+icos5ﬁ+icos7ﬂ+icosgﬁ 1+Zn2 ~(cosnz - 1)cos(—)
n=1

VA V\/\»/
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b 1,0<x<2
Eg. Expand f(x)= <" and
9. Expand 1(x) {—1,—2£x£0
— il ot . )= f(x) into Fourier series. Find
ikt T x()z D ad ) Yt [x
an :
= (2m -1y’
ﬂ:i‘ié’&ﬁé'%&%]
1,0<x<2
(Sol) 2L=4,L=2, f(x)={ X
-1,-2<x<0

x):ﬂ+z a, cos| 2% | b, sin[ 2 || -.- Odd function, .". a,=0, ¥n
=1 L) L

R [ R h

0

ZL_ZCL(M):—[l cos (nz)]= f(x)= Z;{%[l—cos (nﬁ)]-sin(%j}

Nz nz nz
(@) Setx=1,
f(l)=1= nl{—[1—003 (n7)] sm(%{j} :%{1—%+%—%+%—+ ~~~~~~ }
0 m+1
:>1_£+l_l+l_+ ...... :z(_l) :E
3579 ~(2m-1) 4
a’ &
(b) —j | £(x)[? dx_%+2[an2+bn2,
n=1
1, . & 6], 101 1
_.[_21 dx =2 nZ:;‘nZ [1-cos(nz)] _?{1+3—2+5—2+7—2+ ------ }
0 1 72_2
14— 4 = 4 = - _r
Slt gttt ;(Zm—l)z 5

In Matlab language, we can use the following instructions to obtain the finite sum of

122‘{%[1_003 (nzr)]-sin(”T”Xj}
‘Z{ G ((m Zl)nxj} |

>>x = 0:0.001:4*pi;
>>y=0;

>>for i=1:5 nsp
y=y+4*sin((2*i-1)*pi*x/2)/(2*i-1)/pi
end

>>plot (x,y)
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http://faculty.pccu.edu.tw/~meng/SquareWave.swf�
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series of

NI A Eg. Find the Fourier
:I ._ i ! :-_ ) Vi Vout 0, T < X< O
B " f(x)= < . and use the
sinx, 0<x<urx

1 1 1 1
- + - +---. [2004
1x3 3x5 5x7 7x9 [ AR

ez

—[1-cosz]=
T

results to show that % = % +

(Sol.)
(@) 2L=27z, L=z

f(x)= —+ > l{a cos( i

%0 = ZLUOde + rsin xdx}
/ol Rl 0

a, = lf f(x) cos(n—”x)dx = —J: f (x) cos(nx)dx

U 0- cos(nx)dx +J' sin(x) - cos(nx)dx} = —J' [sin(x + nx) +sin(x — nx) Jdx

_ 1 1—cos(1+n)7z+1—cos(1—n)7r
2r | 1+n 1-n
_i_ 1 N 1 ) cos@+n)z cosl-n)z|_ 1] 2 | cosnz  cosnz
27(\1+n 1-n 1+n 1-n 27|1-n*  1+4n  1-n
1] 2 2cosnz] 1
Sl . - |=——"—(L+cosnx)
27 |1-n 1-n 27 1-n
0,vn=357,--
_1+cosn7r(n¢1)_ 2
- (_ 2) - ,Vn=246,--
zil—n m
1T ¢0 i T .
:—U O-S|n(nx)dx+j sm(x)-sm(nx)dx}
LY 0
g in(1- [ 2,n=
ZE{J E[Cos(x—nx)—cos(x+nx)]dx}:i[sm(1 n)7z_sm(1+n)7r}: Y
(02 1-n 1+n 0, n>1
f(x)= 1+3[cos(2x) . cos(4x)  cos(6x) . cos(8x) +} +lsin(x)
T x| -3 -15 -35 -63 2
() f(-%)=0= 1,2 [cos(—;r)+cos(—27r)+cos(—37r) cos(—47r)+“}_ 1
2 r #m| -3 -15 -35 -63 2
1 1 2 2 2 2 2 1 1 1 1 1
—_— =t — = + — +eee | = _t ...
2 r |3r 157 35z 63rx 2 3 15 35 63
r 1 1 1 1 1
—==4 - + - +
4 2 1x3 3x5 5x7 7x9
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In Matlab language, we can use the following instructions to obtain the finite sum of

1 2 {cos(Zx) . cos(4x) . cos(6x) . cos(8x) o cos(40x)} L in(x).
T 3 15 35 63 1599 2

>>x = 0:0.001:4*pi; y=1/pi+sin(x)/2;

>>for n=1:20

y=y-2*cos(2*n*x)/pi/(4*n"2-1)

end

>>plot (x,y)

l_i_lsin(x) E_EM 1S|n(x)
T 2 2

AVAV2 V\ / \

12 [cos(Zx) COS(4X)i| 2 sin(x) 1 2 [cos(Zx) cos(4x) COS(6X)i| Laint
T 7z 3 15 2 35 2
1_z COS(ZHX) 1 1 ~ g 2 cos(2nx) 1
7 7[; 4n’ - 25|n(x) T e 4n® - ZSm(X)
n; - 5 n; ~ ~
AWANE I AWQ
1.z COS(ZHX) 1 1.2 cos(2nx) 1
/s ﬂ; 4n’ - ZSn(X) T 7[; 4n’ — 2N(x)

\ /\ ________ | 3/ \
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‘ Yln(

‘ -I. |I VY

(Sol.) (a) f(x)= f(x+%j,

Eg. Find the Fourier series of |cos(2x)|

LU o00 st

0

and calculate Z

n=1

bt~ BT

f(x)=cos(2x), - = <x<Z
(x) = cos(2x) 7 SX<T

oL=2 L= oanx, So=— cos(2x dx——j cos2xdx = 2
2 4 L 2 2L° V4
a, =—j cos(2x)~cos[n—ﬂxjd :iﬁcos(ZX)cos(4nx)dx
B 7
_4 [% = [cos((2+4n)x)+ cos((2— 4n)x))]
4
I ™ Ll
_ 2 |sin(2+4n)x| 4 sin(2-4n)x| 4
o 2+4n | 7 2-4n | 7
I 4 4
. (2n+1) (2n-1) ]
2 2sin 7 2sin 5 T 2 =) +(_1)n+1
7 2(2n +1) 2(2n-1) 7 |2n+1 2n-1
G VA G B C VA B
7 [2n+1 2n-1 7 4n*-1 & 4n°-1
0 n+1
. Even function, .". b, =0 = f(x):%+%§%.cos(4nx) = cos(2x)|
2 4 © n+l
b) x=0, f(x)=1==
(b) + o 4n —1
< (—1)"+l 72'( 2) < (—1)n 7[(2 )
=Z1-£ =221
3§4n2—1 A\ 1 3§4n2—1 A\«
In Matlab language, we can use the following instructions to obtain the finite sum of
2 A& (=)™ et
. EZ_;%Z— cos(4nx). Eell H a}i" {55 | }I

>>x = 0:0.001:4*pi; y=2/pi;
>>for n=1:6

y=y+4*(-1)N(n+1)*cos(4*n*x)/(4*n"2-1)/pi ol

end
>>plot (x,y)
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T 3

5 (_ 1\
2, 450

T roaé4nt -1

Y

n+l
2;‘”&
T T _1 an? —

F M
-b/‘\l
NH
N—

p

+

|_\ -

-cos(4nx)

COS 4nx

)

—

_1)n+1

2

cos(4
2 cos(4nx)

>

n=1

T

)n+1

+

SN
SN
AN
'_\

-cos(4nx)

42 1cos4nx
o 4n° —

Y] AT

39



Discrete spectrum of f(t):

a, < nat _(nat = e
f(t)=—>+)»|a,cos| — |+b,sinf— || = Y c.e - =) ce™
© 2 §|: (LJ " (Lﬂ n;o" Z;"

. Discrete Spectrum e . Time Signal
as} . e S

-""i 2'\ h: H"';

_.ci B 1

ot | &

‘i [ TJ’r/ﬁ’L'"
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5-2 Fourier Transforms and Inverse Fourier Transforms

Fourier Transform pair defined in Engineering:
F(o)=3[f(x)]= _EO f(x)p~'*dx
f(x)=5"[F(o)]=—= " Flo)k"do

27 o

, Where w=2xv.

Parseval’s ldentities for Fourier Transform pairs 3 [f(X)]=F(ew) and
3[9()]=G(o):

00 2 0 00 00

j | £(X)] dx:ij' |F(o)” do and j f(x)g*(x)dx=i F(0)G (0)de

—o0 27 o0 27 I

Continuous Spectrum of f(t): f(t) = Ziro F(w)edo
T J-°
Convolution in Fourier Transform: f(t)*g(t) = f f(r)g(t—z)dr

Correlation in Fourier Transform: f (t)yxg(t) = f f(r)g(r —t)dz

Basic theorems of Fourier Transforms 3 [f(X)]=F(w) and J[g(X)]= G(w):
1. 3 [af(x)+bg(x)]=aF(w)+bG(w)

2. 3[f(@x)]=[F(w/a)]/aand I [F(aw)]=[f(x/a)]/a, a>0

(Proof) For a>0, let ax=u

i) i

S[iagl=[ e fax)dx=1 [ f(ax)d (@) =< [Te " fu)du
—® a a

=LFI(2)]
a a
3. I[f(x)e¢™]=F(w-a) and I "[F(w-a)]=f(x)e™
(Proof) 3 [f(x)e"ax]:J-_ozoe’ij ~ f(x)e“‘xdx:J._O:oe"'(“”é"X - f (x)dx =F(w-a)

4. I[P (X)]=joF(®), I[f" X)]=(w)"F(e) in case of f(+wo)=f(+wx)=f"(+wx)=...=0
(Proof) 3 [f*(x)]= f;e-l'w* - (x)dx = f;e-imdf (x)

=", - [ (- jwe ™ - (Q)dx= &7 F(e0)- €7 (o) tjeo [ & - £ ()ok = jeo ()
By mathematical induction, we have 3 [f" (X)]=(jw)"F(w) if

f(2o00)=f"(£00)=f"(200)=...=0.

5. J[f(x)*9(X)]=F(0)G(w)
6. 3 [g*(X) % f(X)]=F(w)G*(w), where g*(x) and G*(w) are the complex
conjugates of g(x) and G(w), respectively.
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7. 3[f(x-a)]= e°F(w) and I [e*F(w)]=f(x-a)

(Proof) Let x-a=u, 3 [f(x-a)]= I e 1. f(x—a)dx= _[ e 1. f(x—a)d(x—a)
=glo® j e 90 £ (x —a)d (x —a) =e 1" j e . f (u)du

= e ()

8. I[X"(x)]=()"F"( o)

(Proof) 3 [xf(x)]= fwe-iwx xf (X)dx = f; jdd—a)eij - (x)dx :j(;j—w r; e . £ (x)dx
=jF (o)

By mathematical induction, we have 3 [X"f(x)]=()"F™(w).

9. J[o(X)]=1and I [1]=2nd(w)

Eg. Find () S[xe™], () 3[e¥, (0) S{ : } @ [ 2% do, @ )
4+ w

if j x)cos(2x)dx = e . [S/b ik

o) 3] [ o [ove s o e

e(a—iw)x

0 e(—a—im)x
_I_

o0 1 1 2a

0 a-iw a+iew a’+w?

a—iw |- —-a—iw

(a) According to 3[x" f (x)]=(i)" d’ F (o),

i

o] do Rl |%(aziaw2 j i (a: ja;?)z
a=1,3xe"]= w_j‘i’)

ta=33™]-——~ (@a=2. [4+4w2}82|x|

(d)Sl{ 4 }:i TA gy = e

4+’ | 27’ d+w

x=1, 2[4 ~e“dw=¢" —J ~[cosw +isinwldo =
24+ @ 4—|—a)
© COS@ 7
I (... =0,R, (- 0, .. dow=2e?
nl) ) Lo4+a;2 2
-2 CSSa) do—e? =2 »2 COS® do = =4 cgsa) do
~r w +4 °7ra)+4 7w +4
Set w=2x, [ 4..0082X -2dx=e’2=r°f(x)cos(2x)dx,.'. f(x)— .
0z 4x*+4 0 (x +1)

42



. 1,|x]<1
Eg. For two rectangular functions: f(x)= 0.1x|)1’
X

x [XILEHEESE], a js'z)f" o [2008

1 xi=2
g(x)—{ Ix]y2’ find (a)

sm

S[f91 (b) So)], () [
A BB

(Sol) @ S[f (x)]=[ e

a 20 ®

(b) - 3[f(ax)]=iF(§j,a>o, 3[9(X)]=S{fGH:Z-ZSin(Z“’):23"‘(2”)

© f(x)=3‘1{25m a)} 1 = 2sinw %4 f(0)=1:>.[°° sinx . _
o X

27r 10}

(d) Accordingto [ | f(x |dx_—j | F(0))? do,

iro (szda):ﬁfdx:Z:r sin” Pdw=rn

(0]

2

2 v W

? ‘
—_ & |
¢’ -
BELB. e
_)W e -
= A
—

O 7 s

O vmmse | B3 | ¢

FHEERE=15 um FHERAE=30um 2 im E=044um

wirl s

) v smsame

FHEREE-60 um FHEEREE-00 um FEEERANE-120um #iR=0.44 um

Y,
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Eg. Find 3I[e*and 3[e™].

(Sol.) J'Ooe—alxl e ioXgy = J'0e+ax ce iy + J': e~ . g Xy

1 1 2a ~[a-ai ~[a-x 2
= = = . F — 1 , -
a—ja)+a+ja) a’+ o’ J[e ] ora J[e ] 1+ w?
‘ Zsiﬂl
1
——  a
f(x)=e ¥ F)=
a’+w’
: 1 (o ~al| 2a 2
') , d t f =—F| = , <la ™2 x a | =7. =
r, according to 5[ f (ax)] (aj J[e ] \{e } a2 +@a) 1+o’

®® +1

(Sol) 3‘1[ e and a=1 S‘l{ 21 }:13—1{ 22 }:ie—xl
o +1) 2 o +1) 2

, 1 1
Eg.Find 3 and 3| ——|.
’ Lﬂlzﬂ(z} [a2+(x+b)2}

(SOI ) J[e_alxl] —’ e—a|X| = S_l|: 2a :| — i * 2a . eiwxd(()

Eg. Determine 3~ { : } [2013 B K ERHA]

o’ +a’

a’+o a’ + w? 27 a? + w?

a1 e
=— e “dw
'LO a’+w?

1 —iuwda) — Ze—a|u|
°°a +CO a

SR S
" e oggp = Lo Set y=-x=
L" a’+w? a J.

1 0 1 i v/ _
Set x=w, w=U, 3 :j - e Xy = 22 . g=alol
a’ + x? -0 a” + X a

b4

|

f(X): 2 1 2 F((’)): Z e’ala’l
a +X a
. 1 . p
~ f —a :efjwaF , S :elwb._e—a|g)|
Slfbc-al (@) \{a2+(x+b)z} a
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Eg. Find 3(e*).

2 2 . O ®
-a’| x g X——7p
a

(Sol.) fe‘ ey = _[e (XH ]dx—e4a je 4a4}~dx

)

=£e% (Note j Ie W) qudy = 4J. I e“rdrdeziz]

a

2

—e“"sl Ie dx—e“: .[ea“ du<—(

V7 %

f(x)=e 2~ F(o)=Y"g*
a

and g(x):e’azxz are similar to each other. But their respective

Note: f(x)=—; !
a

X2

Fourier transforms look quite different!

\ Fourier Transform

E—

44w

I
=

T

fixy=¢ S N wafre™

2w - (4w=E 1z a constarnt!
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1

Eg. Determine J[

1. [2003 &R ERT]

a+ jt
1 o 1 - Vs n d”

Sol) ".° 3 = e ldt =" and Jt"f(t)|=(j) Fl(w
o) 3] o = e e r -G 2 F o)
=8N = Tt e = 1 sgn(o)]

a+ jt a’ +t? a’ +t? a do a

0, >0
:{ O o u(—w)

27, w <0

1,]t|<1

0,[t])1’ find 3 [ f(t)*g(V)]- [2008 FZK

Eg. For two functions: f(t)=e™ and g(t):{
]

(Sol) SHOYOIF@B@=— - 2sin(w) __4sin(o)

® o(w® +1)

Fourier Transform pair defined in Mathematics:

F (o) = 3[f (x)] = % [ (e
, where o=2nv.

f(x)=3[F(w ok dw

I= L

Fourier Transform pair defined in Physics/Optics:

G(f)=3g(x)]=] g(xp"**ax

a()= 3 [6(1)]= [ 6(f e
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