Chapter 6 Partial Differential Equations (PDE)
6-1 Classification of Partial Differential Equations
The first-order linear PDE: a(X, y)g—u+ b(x, y)%u+ f(x,y)u+g(x,y)=0
X

2 2 2

The second-order linear PDE: a(x, y) +b(x y) +C(X, Y)Zy—2
xoy

rd(x y)Z—§+e(x, y)%“+ F(x,y)u+g(x,y) =0

hyperbolic at (X,, Y,) : A(Xo, o) =b(Xg, ¥o)? —4a(X,, Yo)C(Xo, ¥) >0
elliptic at (x,,Y,): A(Xy,Y,) <0

parabolic at (X,,Y,): A(X,,Y,)=0
2 2
Notations: a—l:=uxx, o'u =U,, a_u:ux, etc.
OX OXoy OX

H . 2
Wave equation: u, =a“(u,, +u, +u,)+bu, +F

: e _— 2 202
Heat equation or Diffusion equation: u, =a“(u, +u, +U,)=a"vV-u

0
Laplace’s and Poisson’s equations: VZu=u, +U, +U, :{
P
. i 0y —h*_, . .
Schrodinger’s equation: ii—— = Z—V w +V in quantum mechanics.
m

6-2 Separation-of-Variable Method
0’6 0°0 060 06

Eg. Solve Py , 0(x,0)=x, 6(0,t)=0, s =0, and o, -0.

= v _ vy X'(X) T _

(Sol.) Let O(x,t) = X(X)T(t), X"(X)T(t)=XX)T"(t), )= T
X(0)=0, X’(1)=0= -1 = [@T X,=C, sin{@x}

LU, = —[ (2n _1)71 , T(O)=constant, T’(0)=0=T, =d, cos{—(2n — D7 t} ,
T(t) 2 2

(%) = Z‘,Ancos{(zn2 )ﬂt} {@x}

r xsin[(zn_l)” x}dx

0(x,0) = x = Z A, sm{(2n > 7 } = A = 711 @ El);; _ (25:](:11))2”2
h Josn| 00 o
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Eg. Solve —-=—-, u(0,t)=u(1,t)=u(x,0)=0, and —sin(;zx).
x> at? t=0
_ " _ ey X)) T
(Sol.) u(x,t)=X(0)T(t), X"(X)T(t)=X)T"(t), X0 - T
X(0)=0=X(1) = A=-(nz)? and X(X)=Csin(nzx),
-I'-r”((tt)) =-(nz)? and T(0)=0, T’(0)=constant = T(t)=dsin(nxt),

au(x t)

. u(x,t)=iAnsin(n7zx)-sin(n7zt) ZWTAn sin(nzx) - cos(nat)

4 sin(zx) = nA1=1= A1=1/n but A,=0 for n#1l = u(x,t) = isin(;zx) -sin(zt)
T

|t=0

Eg. Solve a—u:i , U(x,0)=3sin(2xx), u(0,t)=u(1,t)=0, 0<x<1, t>0.
ot ox?
(Sol.)
_ ) = X X"0) _T') _
u(x,t)=X)T (), X)T'(t) = X"(xX)T(t), X0 T

X(0)=0=X(1) = A=-(nx)* and X(X)=C,sin(nzx),

1_;_(()) =-(nz)? and T(0)=constant = T(t)=d,e """,

Lou(xt) = i A, sin(nzx) - et and u(x,0)= i A, sin(nzx)

u(x,0)=3sin(2nx) = A,=3 but A,=0 for n£2 = u(x,t) = 37 -Sin(27x)
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6-3 Laplace Transform Solutions of Boundary Value Problems

Eg. Solve %+% =y, 0(x,0)=0, and 0(0,y)=y. [1990 & KAETHH]

(Sol) LIO(x.y)]= [ 6(x y)e ¥dy =0(x.5), LIyl= 5 = L[(0, y)]=0(0,5)

SZ
:M+s®(x,s)—0(x,0) :i2 = 0O(x,8) = A(s)-e™ +i3
X S S
009- A0+ L~ o a9~ - L ea (1Ll
S S S S S S S
2
1 [Ty
:>6'(x,y){y—X—E(y—X)Z]U(y—XH?= . ;
VX=X Ty

Note: This partial differential equation can not be solved by separation of variables.

o°u _ d%u ou

Eg. Solve —-= ok u(0,t)=u(1,t)=u(x,0)=0, and
X

=Sin(zx) .
[t=0

(Sol.) L[u(x,t)]= I:u(x,t)e‘“dt =U(x,s)

2
dU—(>2<,s)= SZU(x,s)—su(x,O)—a—u =sU(x,s) —sin(nx)
dx ot |t=0
) .
= dU—(ZX'S)—SZU (x,8) =—sin(zx) =>U(x,s) =c,e¥ +c,e ™ + Szmm(z
dx S+
0,t)=0 Uu(0,s)=0 C, = ) )
u(0.1) = ©0.5) =11 T =uxt) zism(nx)-sm(ﬂt)
u@@t)=0 U(s)=0 c,=0 V4
ou  o%u

Eg. Solve — =—-, u(x,0)=3sin(2ax), u(0,t)=u(1,t)=0, 0<x<1, t>0.
ot ox
(Sol.) L[u(x,t)]= jowu(x,t)e‘s‘dt =U(X,s) = sU(x,s)—u(x,0) = ;ITZZU (x,9)

2
j7u (x,8) —sU (x,s) =-3sin(22x) = U (x,s) = cle’JgX + czeng +

ST 1. -sin(22x)

L[u(0,t)] =U(0,s) =0, L[u(Lt)]=U(Ls)=0=¢c,=0, c, =0

U(x,s) =

2

-sin(272x) = u(x,t) = L‘l[ 3 . -sin(Zﬂx)} =3 -sin(27x)
S+4rx S+4r
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6-4 Fourier Transform Solutions of Boundary Value Problems

Error function: erf(x):i e du

\/;J.oe

Complementary error function: erfc(x) =1-erf (X)

ou o

Eg. Solve A u(x,0)=e™ , -o<x<oo, t>0. [2011 FRAERF - 2001 & K EBHHE
U]

(Sol.) Iu(x,0]=U(@,1), F g)((”)} ©°U (o)1)

%U (0,t) = —0*U(o,t) = U (0,t) = Ae "

\/_ o

Accordingto J[e ¥ ]=>"g 4,
a

2

U(w,0) = A=3[u(x,0]=3[e ¥ ]=r - et = A= \/Z-e’w7

XZ

ap?
Let b%=t+1/4 and according to 3 '[e > ] = = ,
: e ] 2b\7
) = S U] = 3 e e = e U et
’ ’ ) Ji+4t
2
Eg. Solve a—l:=98—l:, u(x,0)=4e™X M:O,-oo<x<oo, £>0.
t OX ot
(Sol) S[u(xt)]=U (1), S[ o ;(X t)}_ “90°U (,1)
d” 2 U A 3 Bsin(3
e —U(w,1t) = 90°U (w,t) = U (w,t) = Acos(3wt) + Bsin(3wt)
%U (w,1) =-3wAsin(3wt)+3wBcos(3wt)
According to S[e‘a'x']: 22a =, U(a),0)=A=S[u(x,0)]=S[4e‘5|X|]=4—02
a‘+w 25+w
U, 0)]——U( 0)=0=3wB=B=0, .. U(w,t)=—2 . cos(3ut)
ot w° +25

By J [e’a(”F(w)]—f(x+a) and 3 [ePF(w)]=f(x-a),

40 ei3wt +efi3w’[
cos(3at)]=3
(Bwt)] = [ Ty 5 ]

u(x,H)=3"U (@, 1)] = 3‘1[w 4325

20
@ +25

2-5

. (ei3wt + e—iS(ot )] — 23—1[0)2 s . (eiSwt + e—iSwt )] :2e-5|X+3t|+2e-5|X-3t|

:S_l[
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