Chapter 9 Complex Numbers, Functions, and Operators
9-1 Complex Numbers and Complex Functions

Complex number z: z=a+ib=
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, z is pure imaginary
[image: image4.wmf]z

z

-

=

Û


Theorem 
[image: image5.wmf]a

z

z

z

R

e

=

+

=

2

)

(

, 
[image: image6.wmf]b

i

z

z

z

I

m

=

-

=

2

)

(


Theorem 
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Theorem |zw|=|z||w|, arg(zw)=arg(z)+arg(w), |z/w|=|z|/|w| if w≠0, arg(z/w)=arg(z)-arg(w)
Theorem 
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Theorem 
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Analytic function f(z): f(z) and f’(z) are continuous and bounded at a certain point.
Theorem For an analytic complex function f(z)=f(x+iy)=u(x,y)+iv(x,y), we have 
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Cauchy-Riemann Equations to test whether f(z)=f(x+iy)=u(x,y)+iv(x,y) is analytic: f(z)=f(x+iy)=u(x,y)+iv(x,y) is analytic
[image: image16.wmf]ï
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Eg. Is f(z)=1/z is an analytic function?
(Sol.) f(z)=
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If z≠0, f(z)=
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, Cauchy-Riemann Equations are fulfilled.
∴ If z=0, f(z)=1/z is not analytic. But it is analytic except z=0.
Eg. Is f(x,y)=x+y+i(-x+y) an analytic function?

(Sol.) u(x,y)=x+y, v(x,y)=-x+y
[image: image20.wmf]Þ
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Eg. Is f(x,y)=x2+iy2 an analytic function?
(Sol.) 
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Eg. Is f(x,y)=x2-y2-2y +i(2xy+2x) an analytic function?
(Sol.) 
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Eg. An analytic function f(z)=u(x,y)+iv(x,y) has a real part u(x,y)=x2-y2. Find out its imaginary part v(x,y).
(Sol.) u(x,y)=x2-y2
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v(x,y)=2xy+c.
Eg. Show that f(z)=z3 is an analytic function.

(Proof) 
[image: image29.wmf])
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Eg. Show that f(z)=|z|2=
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z

 is not analytic at any point z≠0.

(Proof) 
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Check 
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(a) if z=αi, α is real, 
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9-2 Elementary Complex Functions

For z=x+iy, where x,y
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Exponential function: ez=ex[cos(y)+isin(y)]
Theorem |ez|= ex.
Theorem ez=ew
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Eg. Find ez for (a) 
[image: image53.wmf]4

p

i

z

-

=

, (b) 
[image: image54.wmf]i

z

2

3

p

+

=

. 【1990清大材料所】
(Sol.) (a) 
[image: image55.wmf]2

1

)

4

sin(

)

4

cos(

4

i

i

e

i

-

=

-

=

-

p

p

p


(b) 
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Eg. Solve e4z=
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Eg. (-i)i=? and (-1)2i=?
(Sol.) -1=eiπ, ln(-1)=iπ and -i= e-iπ/2, ln(-i)= -iπ/2,
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Trigonometric functions: 
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Theorem sin(iy)=isinh(y) and cos(iy)=cosh(y).
Hyperbolic functions: 
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Logarithm function: 
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Inverse trigonometric functions:
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Eg. Show that tan-1z=
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(Sol.) Let w= tan-1z,
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9-3 Complex Operators 
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Theorem Let F(x,y)=
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Eg. Solve 
[image: image107.wmf]2

2

2

2

2

2

8

y

x

y

U

x

U

+

=

¶

¶

+

¶

¶

.

(Sol.) 
[image: image108.wmf]z

z

y

x

z

z

U

U

y

U

x

U

8

8

4

2

2

2

2

2

2

2

2

=

+

=

¶

¶

¶

=

Ñ

=

¶

¶

+

¶

¶



[image: image109.wmf])

(

)

(

|

|

ln

|

|

ln

2

)

,

(

2

1

z

F

z

F

z

z

z

z

U

+

+

×

=

Þ


=
[image: image110.wmf]×

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

+

+

-

x

y

i

y

x

n

1

2

2

tan

2

l
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Green’s theorem 
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General Green’s theorem 
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Eg. Show that 
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(Proof) 
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