Chapter 9 Complex Numbers, Functions, and Operators
9-1 Complex Numbers and Complex Functions

Complex number z: z=a+ib=rZ @ =rcosg+irsing
Conjugate complex of z: Z=a—-ib =rZ—@=rcosf-irsind
Theorem zeR << z=17,zispureimaginary< z = —z
Theorem R, (z) :%:a, 1.(2) :%:b

i

Theorem zw=zw, Z4+W=2z+W, |z|2:z-z

Theorem |zw|=|z||w], arg(zw)=arg(z)+arg(w), |z/w|=|z|/|w| if W0,
arg(z/w)=arg(z)-arg(w)
Theorem

w'=z=a+ib=r/0 < W:\/Fé(g+n7z) =\/Fcos(g+n7z)+iﬁsin(§+ nrz)
Theorem z-w=R,(zw) = %(Ew+ Zw) =| z || w| cos ¢

ZxW= Im(zw)zé(fw—zv_v) = z||w|sing
i

Analytic function f(z): f(z) and ’(z) are continuous and bounded at a certain point.

Theorem For an analytic complex function f(z)=f(x+iy)=u(x,y)+iv(x,y), we have
, df(z) ou .ov ov .du

f'()=—>=—+1—=—-1—.
dz oXx oOX oy oy

Cauchy-Riemann Equations to test whether f(z)=f(x+iy)=u(x,y)+iv(x,y) is analytic:

u_ov
0
f(2)=F(xHiy)=u(xy)Hiv(xy) is analytices 4 ¢ ¥
u__w
oy OX
Eg. Is f(z)=1/z is an analytic function?
(Sol) (@)= > o0 as 70,
z
If z#£0, f(z):lz 1 __x > Y > U y)+iv(x,y)

z x+iy xXP+y? xX°+y

ou_ —x*+y* v
T v L2 Ay

N oxX (xX“+y°)° oy
o =2xy

oy’
.. If z=0, f(z)=1/z is not analytic. But it is analytic except z=0.

, Cauchy-Riemann Equations are fulfilled.
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Eg. Is f(x,y)=x+y+i(-x+y) an analytic function?
(Sol.) u(x,y)=x+y, v(X,y)=-x+ty = A =1= Ll , A =1= _v , .. f(x,y) is analytic.
OX oy oy OX

Eg. Is f(x,y)=x*+iy? an analytic function?

ou ov
u(x,y) = x* &:quﬁazzy
(Sol.) ’ = , .. f(x,y) is not analytic.
V(le)zyz 6_u=0=_@
oy OX

Eg. Is f(x,y)=x?-y*-2y +i(2xy+2x) an analytic function?

ou ov
u(x,y)=x*>-y*-2 &zzxza
(Sol) JUVVI=X =Y =AY " f(xy) is analytic.
v(X,y) = 2xy + 2X 8_u:_2y_2:_@
oy OX

Eg. An analytic function f(z)=u(x.y)+iv(x,y) has a real part u(x,y)=x’-y*. Find out
its imaginary part v(x.y).

a_u =2X = ﬂ
(Sol.) u(x,y)=x*y*= 2)( % = V(X,y)=2xy+C.
u
H_ oy X
oy y OX

Eg. Show that f(z)=2% is an analytic function.

(Proof) f(2) = f(x+iy)=(x+iy)® = (x® =3xy?) +i(Bx*y — y°) =u(x,y) +iv(X, y)
y© = @ a =—6xy = —@, Cauchy-Riemann Equations are fulfilled.
OX oy oy OX

Eg. Show that f(2)=|z|*= zz is not analytic at any point z#0.

(Proof) f(z) = f(x+iy)=x*+y®> =u(x,y)+iv(x,y) = Vv(x,y) =0

ou ov ou

—=2x=#— If x#0, —:2y¢—@ if y=#0=1(z)isnotanalyticat z=0
OX oy oy OX
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Eg. Isf(z)=z an analytic function?

%zliﬂz—l

(Sol.) f(z)= f(x+iy)=x—-iy=u(x,y)+iv(X,y) X % :
M _g__ N
oy OX

". f(z) is not analytic.

Check £ ()= fim— A=) _ ;2 (')_mmﬂ

z->i Z—1 =i 7 —| =i 7 —|
@) if z=ai, a is real, 22O 174y it smpei Bois real,
Z-1 a-1 a-1
24! 'B IJr'—1:>1‘ (i) does not exist! .". f(z) =2z is notanalytic

z-1 ,B+|—|

9-2 Elementary Complex Functions

For z=x+iy, where x,yeR

Exponential function: e’=e*[cos(y)+isin(y)]
Theorem |e’|= &*
Theorem e’=e" < z=w+2nxi, where n is an integer.

Eg. Find e’ for (a) z = —%r, (b) z =3+%i. [ 1990 JFAHEAT)

& cos(® —isin(®y < 11
(Sol.) (@) e _005(4) |sm(4)_

V2

3+i7”— s, Ty +isin(®)1 zied
(b) e 2 =e [cos(2)+|sm(2)] ie

Eg. Solve e=1-i+/3. [1991 & AHEH])

(Sol) e =1-i3=2¢ 3 =¢ 3 " =4z=In2+ i(2n7r —%)

e L G|

Eg. (-))'=? and (-1)?="?
(Sol.) -1=e™ In(-1)=iz and -i= ™2, In(-i)=-ix/2,

(_i)i — ei(n(fi) — ei(fizr/Z) — e%

(_1)2i — e2ién(—l) — eZi(i;r) — e—Zﬂ'
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eiz _e—iz _i
2i 2i
= sin(x) cosh(y) +icos(x)sinh(y)

Trigonometric functions: sin(z) = [e'0HW) _ g il

eiz + e—iz
cos(z) =

= %[e‘“*‘” +e7 "M = cos(x) cosh(y) —isin(x)sinh(y)

Theorem sin(iy)=isinh(y) and cos(iy)=cosh(y).
z _ -7 eZ +e72

2
Logarithm function: log(z) =log |z |+iarg(z) + 2nz =log| z | +iarg(z)

=log/x* +y” +i tanl(lj B %Iog(x2 +y?)+i tanl(lj
X X

Inverse trigonometric functions:

Hyperbolic functions: sinh(z) = €

, cosh(z) =

sin z =kz + (1" -{%—iLog(z+\/l— 22)] k=0+142,--

costz=2kz +i(-1)*-Log(z++v1-2%), k=0+142---, n=12
tan‘lz:kyz+i_Log(1+—!zj, k=0+142---
2 1-iz

sinh™ z =kzi — (1" -{Log[iz ++1+2° ]+%i}
cosh™ z = 2kzi + (-1)" - Log[z +\/1—22J

Eg. Show that tan™z= % In[!+—z] . [1991 FHAREhHERH )
i—2z

(Sol.) Let w=tanz,

sinw e"—e™ 2 1e™-1 . 1+iz i-z
Z=tanw= = . c— —=C.— —ew_-""__ %
COSW 2i e +e™ i e™+1 1-iz i+z
. i—z 1, i-z i, i—-z i, i+z
:>2|W:€n_—:>W=tan‘12:—_ln[_—]=——ln[_—]:—In[;]
1+2 21 1+z 2 i+z 2 1-z
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o 2
9-3 Complex Operators V—i+li ng—ii,and Vi=4 0 —
ox oy oxXx oy 0101

Theorem Let F(x,y)= G(z,z) be a complex scalar function, and

A(X,Y)=P(x,y)+iQ(x,y)= B(z,z) be a complex vector function. Then we have

2
VF = 269, V-A= 2Re(aBJ, VxA=2l (aBJ and V?=4 8_.

0z oz 0z 0202
0 0 o0z 882 8 8 0 862 682 .8 . 0
(Proof) —=——+—= — I—-1—=
X Ozox 0z ox az 8y az ay oz 8y oL 0z
Ei+i3=zi, v Q_ZQ:VF(X y) = 2—{G(z 7)}
oXx oy 01 ox oy 0z
oB

IS N -] P N
V-A—Re(VA)—Re(ZaZBj—ZRe(ﬁzj R{[ax |ayJ(P+|Q)} X o

1 vAa =t (298 29 [BY_| )0 _; 9 Q_or
VxA—Im(VA)—Im[Zasz—Zlm(azj '"‘{(ax |ayJ(P+|Q)} o

a 2
02017

VZ=V.V=R,(VWV)=R (zizij=4
07 0z
o°U +azu I
aXZ 8y2 XZ +y2 '
azu LU oy 40V _ 8 8
2 _ 2 2 -
6y 0207 X°+Y 7z

:>U(z,z)=2|n|z|-|n|E|+F1(z)+F2(E)

:2{£n1/x2 +y2 +i tanl(%ﬂ- {fndxz +y? —i tanl(%ﬂ +F (x+iy) + F,(x—iy)
= z[fnw/xz + yz]Z + Z{tanl(%ﬂ +F (x+iy) + F, (x—iy)

Eg. Solve

(Sol.)

0Q oP
G th P d d — —— |dxd
reen’s theorem § (x, y)dx + Q(x, y)dy = ”( ayj xdy
General Green’s theorem {)P(z 2)dz +Q(z,2)dz = 2|”(@—@j
0z Oz

Eg. Show that Az—_§ 2dz —zdz.
41

(Proof) %§ L 2dz —zdz =%~2i”[1— (—1)]dxdy = ”dxdy =A
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