Chapter 4 Laplace Transforms

4-1 Laplace Transform F(s)=L[f(t)]=
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Eg. Evaluate L[cos(at)] and L[sin(at)].

(Sol.) 
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Eg Find 
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, with a>0. [台大電研] (Ans.) a/(a2+b2)
Basic theorems of Laplace transforms F(s)=L[f(t)] and G(s)=L[g(t)]:
1. L[c1f(t)+c2g(t)]=c1F(s)+c2G(s)
2. L[f’(t)]=sF(s)-f(0), L[f”(t)]=s2F(s)-sf(0)-f’(0), L[f’’’(t)]=s3F(s)-s2f(0)-sf’(0)-f”(0), and L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0)
(Proof) L[f’(t)]=
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=-f(0)+s
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Similarly, L[f”(t)]=s2F(s)-sf(0)-f’(0), and by mathematical induction, we have
L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0)
3. 
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(Proof) 
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4. L[tnf(t)]=(-1)nF(n)(s)
(Proof) L[tf(t)]=
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By mathematical induction, we have L[tnf(t)]=(-1)nF(n)(s)
5. 
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6. L[f(at)]=[F(s/a)]/a and L[f(t/a)]=aF(as), a>0
(Proof) For a>0, let at=u
L[f(at)]=
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7. L[f(t)]=
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(Proof) Let t+T=u, t+2T=v, …
L[f(t)]=
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8. L[f(t-a)u(t-a)]=e-asF(s)

(Proof) For t>a, let t-a=u
L[f(t-a)u(t-a)]=
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9. L[f(t)eat]=F(s-a), s>a
(Proof) For s>a, L[f(t)eat]=
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Eg. Find L[tn].
(Sol.) According to 
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Eg. Find L[eatcos(kt)] and L[eatsin(kt)].

(Sol.) 
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Eg. Find L[3t-5sin(2t)]. [台大電研]

(Sol.) L[3t-5sin(2t)]=3L[t]-5L[sin(2t)]=
[image: image74.wmf]2
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Eg. Find L[e-tf(3t)] in case of L[f(t)]=e-1/s.
(Sol.)  1. 
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Eg. Find L[f(t)] if f(t+2)=f(t) and f(t)=
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(Sol.) According to 
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Eg. Find 
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Set s=1, 
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Eg. Find 
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Set s=0, 
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4-2 Inverse Laplace Transform L-1[F(s)]=f(t)
Basic theorems of the inverse Laplace Transforms:
1. L-1[F(s+a)] = f(t)e-at
2. 
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6. L-1[sF(s)]=f’(t)+f(0)δ(t)
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8. L-1[1/sn]=tn-1/Γ(n)
9. L-1[c1F(s)+c2G(s)]=c1f(t)+c2g(t)
Heaviside’s formula:
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4-3 Laplace Transform Solutions of Differential Equations with Polynomial Coefficients

Eg. Solve xy”-xy’-y=0, y(0)=0 and y’(0)=3. [成大電研]
(Sol.) L[y(x)]=
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Eg. Solve y”+2xy’-4y=1, y(0)=y’(0)=0. [清大電研]
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4-4 Convolution and Dirac Delta Function

Convolution in Laplace transform: f(t)*g(t)=
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Eg. Solve 
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Kronecker delta: 
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Characteristics of Dirac’s delta function:
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Eg. Solve y(4)=δ(x-a), y(0)=y”(0)=y(1)=0, y(3)(0)=1, 0<a<1. [交大電子所]
(Sol.) 
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Eg. Solve y”+5y’+4y=3+2δ(t).【北科大土木所】
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