Chapter 4 Laplace Transforms

4-1 Laplace Transform F(s)=L [f(t)]=.[: e - f(t)dt

Eg. Evaluate L[cos(a?)] and L[sin(a?)].
(Sol.) e = cos(at) +isin(at)

, o 4 o 4 -1 o |00 1
L[ezat] =J. e—st . ezatdt — J. e—(s—za)tdt - —.e (s—ia)t — :
0 0 s —ia 0 s—ia
N . a . .
=———+i——— = L[cos(at)] +iL[sin(at)]
s +a s“+a

.. L[cos(at)] =

and L[sin(at)] =
st +a’ [sin(ar)] st +a’

Eg Find Ce cos(bx)dx , with a>0. [{; 7% (Ans.) a/(a*+b*%)
0 F!

Basic theorems of Laplace transforms F(s)=L|[f(?)] and G(s)=L|g(?¥)]:
L. Leifit)+eag(t)|=c1F (s)+c2G(s)

2. LIPOI=SFE)-A0), L OIS FO-A0FO), LI O1=5 FO)-5A0)-5f"0)"(O0),
and L [f(“)(t)]=s“ F(S)_sn-lf(o)_ s“'zf’(O)- -3 S(0)-...-s fm-z)(ﬂ) _f(n-l) (0)

(Proof) LI ()= e - f'(0)dt = ["e™"df () =™ fo)|[; - [ (=s)e™ - £ ()t
=f{0)+s j:e*” - £(t)dt =sF(s)-A0)

Similarly, L[f”(¢)]=s"F(s)-s{0)-f"(0), and by mathematical induction, we have
LI (0)1=5"F(s)-s" " 0)-s"2F (0)-s">(0)-....-s/"P(0)-""(0)

3. LUO f(u)du} =%S)

0

(Proof) LUO f(u)du} =["e jo S (w)dudt=[" jo e fududt= " [ ™ f (u)dtdu
=[ f@)du[ e dt=- % [ r@ro-e"1du =§ [ e du =@

4. LIfO1=(-1)"F"(s)

(Proof) L[#(1)]= j: e i (H)dt = j: - dz:t - f(t)dt =-% j: e f(t)dt=-F(s)

By mathematical induction, we have L[*f{#)]=(-1)"F"™(s)

5. L[&} = [ Fu)du
t s
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6. L[f(at)]=|F(s/a)]/a and L|f(t/a)]=aF(as), a>0
(Proof) For a>0, let ar=u

~Syat -Gy
a . a .

L[flat)]= j:’ e flandi=+ j: e fand(at) =1 j: ¢ raydu=L Sy
a a a a

Let b= = LA )=LIfb0]=— FI(2 ]=aF(as) and then L™ [F(as)]=~ [ )]
a a b b a a

7. LIf(0)]= 1 l_sr . IT e - f(t)dt if flt+T)=f{?)

—e 0

(Proof) Let t+T=u, t+27=v, ...

L) [ e f@dr=[ e f@de+ [ e fOyde+] e f(O)di+...

=[le f@di+ [ e - S+ Tyde+ [ e f(e+2T)de +
0 T 2T
:J-OTe—s[ f(t)dt+ e-sTJ';Te—s(HT) f(t+T)dt+ e-ZST jj:e—s(HZT) f(t+2T)dt+
= e S@der [l fadut T [Te fwdv.

=1+ e ) [ e )i = e f@r

1 _ e—ST

8. L{f(t-a)u(t-a)|=e ™ F(s)
(Proof) For £~a, let t-a=u
LIfit-a)u(t-a)]= j: e - f(t—a)u(t—a)dt = j‘” e - f(t—a)d(t—a)
=™ -Eoe_s”_") - f({t-a)d(t—a)=e™ J:Oe_“’ - f(u)du= e™F(s), and then
we have L[F(s)e™=flt-a)u(t-a)

9. L[f($)e"|=F(s-a), s>a
(Proof) For s>a, L[fif)e"]= j:e - f(t)e”dt = j:e*“*“” - f(t)dt =F(s-a), and then
L [Fista)] =fine™

10. Tim £ (¢) = lim sF (s)

1. lim £ () = lim sF (s)

Eg. Find L["].
(Sol.) According to L[¢" £(1)] = (—1)" = F(s)and L] = [ e™"di =~
ds" o P
Lt"1=L[t" -1]=(-])" d_n(S—l) _ n!/S,,+1 _ I'(n+1)
ds" Sn+l
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Eg. Find L[e*cos(k?)] and L[e"sin(k7)].

(Sol.) L[cos(kt)]= e and L[sin(kt)] = k e
According to L[ f(¢)-e” ] = F(s —a),
. at _ s—a at | _ k
. L[e” -cos(kt)] = Goaf ik and L[e” -sin(kt)] —(S ECIE
Eg. Find L|[3¢-5sin(27)]. ['F’ i *”ﬁ&’fﬁ]
(Sol.) L[3t-5sin(26)]=3L[]-5L[sin(20)]=—- - 19
s* st +4

Eg. Find L[¢'f(37)] in case of L[f(f)]=¢"".
-3

(Sol) 1. L[f(3)]==¢"tP ; S Le™ - f(31)] = es+l The result is correct!

1 -1 -3

2. Lle™ - f(O)]=e ', Lle" - fBt)]==e"P" = %es”. The result is wrong!

Another method: L[e™ - f(3t)] = J:) e e f(3t)dt —I “UDL £(Bt)dt

_1p e‘(%l)'(m £G0dGr) = % [ e[le f@)du

. . 1, 0<r<1
Eg. Find L[f(9)] if f(t+2)=f(¢) and f(¢)= .
-1, 1<¢t<2

1
l—e™

1 - 2 —st _ 1 €
_e—2s .Iijoe dt +I1 (_l)e dti| o l_e—2s |:

)

(Sol.) According to L[ f(¢)] = '.[)T S f(yde if f+T)= f(t)and T=2,

i

—st

1 e—st
+
0 =

LIf(O]=

I l—e’ +e > —¢* _l (1-e7)’ _11-e”
2 s s (I+e’)(1-e" ) s l+e”
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. t]—e™
Eg. Find [ jo—du] :

(Sol.) According to L[f( )} I F(u)du and L[l1]= F} = r@ =In(s) %
Su s

Lle"]= SL L{e—_t} Y . 1)

+1 t s s+1

L{l_e } — n(s) *_ —En(—s J
t Ky K s+1

According to LU f(u)du } F(S) L{jtl_eu du} :_—lén(Lj
s

0 u

—ln(s+1)

Eg. Find j j’—e sin(u)

(Sol.) [ e D%(”) }dt— [J‘O%(u)du}

According to LUO f(u)du:| ) and L[f (’)} [ F(s)ds

t sin(u) 1 |sin(z)| 1 |4 o
L[L Tdu} = ;L{T} I L[sin(t)]ds = —I ( e lj s = ;[E —tan~ (s)]

S
Set s=1, J. J-th(u)amaft:z
070 u 4

dudt .

s1n(x)

Eg. Find [’ dx . [ 1A Ferer T~ g

(Sol.)
L[ﬂ} = [0 g - [ psingonds = [ —
0 t ’ et

t

o0
ds = tan " (s)| = % —tan"'(s)
S

sin(x)

Setsoj d_2

4-2 Inverse Laplace Transform L’ [F(s)]=f(?)

Basic theorems of the inverse Laplace Transforms:
1. L' [F(s+a)] = fie™

2. L_I[F(s)-e_”s]=f(t—a)~u(t—a)={f(t_a)’t2a

0,t<a

3. L''[F(as)]= [ftla))/a
4. L' [F™(s)|=(-1)"*A(0)
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5. L*[fF(@dﬂ:@
6. L' [sF($)|=f"(®)+(0)d(r)
7. L [F (s)} j fw)du

8. L'[1/s"1=""/T(n)
9. L [e1F(s)+c2G(s)|=cifiD)+cag (D)

Heaviside’s formula:

4 A B C et a(s—r) yelo]

F(s) = oo 2

+ +
(s—a) (s—a)" s-b s-—c (s=r’+0* (-r’+o°

m—1
(m D!
+acos(wt)-e" + Bsin(awr)-e”
25 —9s5+19
(s=1)*(s+3) |
25 -9s5+19 4 . 4 B
(s=D*(@s+3) (s=1) (s=1)* s+3
A +B=2 A4 ==2
=24, +A4,-2B=-9 =14,=3 ,
—34,+34,+B=19 |B=4

= L'[F(s)]=e" {A + Ayt 4+ }+Be“+Ce“+

Eg. Find L‘{

(Sol.)

L_{zs2 ~95+19

2—} =e'(=2+3t)+4e”
(s—-1D7(s+3)

Eg. Find L { s } [(*-‘\?‘—ﬂ

a+c=0
! > = a_, b + 8= 4a+b-8c=0 :>a——1 b=l,c=L
(Sol) s(s-4)?  s-4 (s-4) s l6e—1 16" 4 16
4 1 _-ef +4te™ +1
[s(s—4)2]_ 16
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Eg. Find L

(Sol.)

2s —1 1
-1 7 —k_
L(s—l)} and L Lz(szﬁtl)}[—& ﬁﬁq

2s-1 A B

s(s=1) s

=—+—=A(s-1)+Bs=2s-1=>A=1,B=1

s-1

=5 ﬁs 1)}_e +1

LA A_+“S+'H
2T+ s st st e+
A +a=0
- A, +p= 0 A, =0,A,=1,0=0,8=-
A, =0
A, =1
I [%] =e"(0+1t)+0+(-1)in(t)e” =t -sint
s (s”+1)

1
Eg.Find L'|———|.
= L(mf}

(Sol.) ! =2 5 b +—C +£
s(s+1)°  s+1 (s+1) (s+1) s
a+d=0

2a+b+3d=0 =a=-1,b=-1,c=-1,d=1=

a+b+c+3d=0

d=1

Eg. Find L [

} [Fl T} (PP

1

(Sol.) According to L™'[F(s)-e 1= f(t—a)-u(t—a), L[
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Eg. Find ['(— 27 ¢~). |5 FHfY
s+

(Sol.) L‘(%) =cos(nt)tsin(xr), ".© L[F(s)-e*]=f(t—a) u(t—a),
S T
L f*”z e™)={cos[n(t-1)]+sin[x(z-1)]} - u(z-1)
s+

Eg Find L[| — "L |,
(s"+2s+2)

(Sol.) According to L' [F(s+a)]=e ™ - f(t) and L'[F"™(s)]=(=1)"t" f(¢)

_1S—+1_—t,—1;:—t‘—1l._.i 1 :e__t...
L l:[(s+1)2 +1]2]—e L {(52 +1)2} e -L {2 -1 dS(S2+1ﬂ > t-sin(t)

Eg. Find L {En(s * 2)} .
s+1

(Sol.) According to L™ [LmF(u)du] = @ and L'[F(s+a)]=e " f(1)

L_l{fn(s—i_zj}:L_l{I%(L— 1 )ds:|:1.[ez_e21]
s+1 s\s+1 s+2 t
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4-3 Laplace Transform Solutions of Differential Equations with Polynomial
Coefficients

Eg. Solve xy”-xy’-y=0, y(0)=0 and y’(0)=3. [5‘}*%

(Sol.) L[y(x)]Zj: y(x)e Fdx=Y(s), L[x"y(x)]=(-1" ;;” Y(s), and
LY ()] = 8"V () = 5" p(0) = 5" - (0) = - — 5 32 (0) = " (0)
=Y (5) = 59(0) = V(O] - (DY ()~ #0)]- V() =0
s ds

—25Y(s)=s*Y'(s)+ Y(s)+5Y'(s)=Y(s)=0

(=8> +5)Y'(s)—25Y(s) =0, Y'(s)+ilY(s) =0
5 —

=Y(s)= = y(x) = Axe” , y’(0)=3=4=3, .". y(x)=3xe"

A
(s—1)°

Eg. Solve y”+2xy’-4y=1, y(0)=y(0)=0. [2%;_;\,?;4_?:1
(Sol.) L[y”+2xy’-4y]=L(1)= l
S

s*Y(s) = s9(0) = »'(0) +2- (—D%[sY(S) = y(0)]-4Y(s) =§

s°Y(s)=2Y(s)—2sY'(s)—4Y(s) = 1 , Y(s)+ (3 - %jY(s) = _ZLZ
S S S

24 32

Y(s) =%+ & —, limsY(s)=1lim y(x) £, .. c=0= y(x) = L’l(isj =5
K Ky S0 x—0 S 2

Eg. Solve y”+9y=cos(27), p(0)=1 and y[%] = 1.

(Sol). L(y")+9L(y) =

S
,weset y'(0)=c
s’ +4 (0

s 5 s
, SY()—5s—c+9Y(s) =
s’ +4 s) s) s’ +4
s+c K 4 s c 1 s
+ = +
ST+9 (7 +9)(s* +4)

s°Y(s)—sy(0)— y'(0) +9Y(s) =

Y(s)= . —.
() 5 s2+9 s*+9 5 s*+4

= )(t) = %cos(3t) + %sin(3t) + %cos(Zt)
y(fj =—l=c= % L () = %005(30 + %sin(?st) + %cos(Zt)

2
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4-4 Convolution and Dirac Delta Function

Convolution in Laplace transform: f{¢)*g(¢)= J;: ft-a)g(a)da
nwmanuﬂwgmkmqvv—amunmﬂ:n@G@)

Eg. Solve y”+y— 4I y(r)sin(t —7)dr = e, p(0)=1 and y’(0)=0. [T “\%]’ﬁ’:

(Sol.) s°Y(s)—sy(0)—»'(0)+Y(s)— 4Y(s) !

241 s+2
2
= Y(s) = (s +21)(s+1) _ A N B CS+D
(s+2)(s” +3)(s—1) s-1 S+2 s*+3

:A:l,B:i’ CZE,D:l
3 21 7 7
1,05 , 3 1
= () =—e' +—e ¥ + = cosl/3 )+ —=sin|y/3t

Eg. Solve [ f(z)/(t-7)dz =60 i
T(n+1)

+1
Sn

6

(Sol.) According to L[t"]= and L'[1/s"]=""/T(n), [F(s)]*=6L[{ ]— 3

FB)——iﬂﬂ6t

Eg. Solve f{f)=e"+2 J.Ot e f(t-a)da.

(Sol.) F(s)—L+L F(s)
s+1 s+3
F(s)= s+3 _ 1 + 2 = f()y=e" +2te”"

(s+D> s+1 (s+1)

Eg. Solve f(t)=2¢"+ J.(: sin(4a)- f(t—a)da.

(Sol.) F(s)=i3+L[sin(4t)*f(t)]=i+ 4 6~F(s)
s
2
F(S):M:_l.l+ﬁ.%+l. zs
s7(s”+12) 9 s s 9 sT+12

1 16 ¢
JO==g+ ??ﬁt—cs( t) ——+§t +— cos( t)
EgSMw:ﬁx@ﬁmg—uwu=ﬂ0+gmg_c%@y [¢4f&%wq
Eg. Solve y(1) =sin(20) + [ y(z)sin[2(¢— )ldr. [T 4577
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Dirac delta function:

1
lim—,a<t<a+
S(t—a)=5.(t) = lim[u(t —a)—ut—a—z)] = en g ¢ 159
&0 ¢
0, elsewhere
La=b
0,a=b

Characteristics of Dirac’s delta function:

1j°° S(t—a)dt =1

Kronecker delta: 6, = {

2.L[6(t—a)]=e"
3j0°° F(OS(t - a)dt = f(a)

4. f()*5(t) = [ F(x)S(—x)dx = £ (1)
5.f@)o(t—a)= f(a)o(t—a)

Eg. Solve y¥=5(x-a), y(0)=y"(0)=p(1)=0, y*'(0)=1, 0<a<1. [T~ Rl

(Sol) L(y™)=5"Y(s) =5 p(0) =57y'(0) ~sp"(0) =y (0) = 5*¥ (s) —s7c~1

e ¢ 1 (x—a)’ x’
6

+—+—F=>y(x)= ‘u(x—a)+ex+—
Trata =W (x—a) 6

Lo(x—a)]l=e* =Y(s)=

yy=0=179" “) (=ay Ll z0-a’ 1
6 6 6

" y(x)=(x P ) ‘u(x—a)-— {(l 6a) 6} x+x—63

N3 3
—[(l a) +%]x+% , 0<x<a

6

- 3 3 3
(x-a) — (1-a) +l -x+x— , a<x<l1
6 6 6 6

Eg. Solve y"+5y+4y=3+28(). [1°%[*+ # 7]
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