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Chapter 4 Laplace Transforms 

 

4-1 Laplace Transform F(s)=L[f(t)]= 
  
0

)( dttfe st  

Eg. Evaluate L[cos(at)] and L[sin(at)]. 

(Sol.) )sin()cos( atiateiat   
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Eg Find 
  
0

)cos( dxbxe ax , with a>0. [台大電研] (Ans.) a/(a2+b2) 

 

Basic theorems of Laplace transforms F(s)=L[f(t)] and G(s)=L[g(t)]: 

1. L[c1f(t)+c2g(t)]=c1F(s)+c2G(s) 

2. L[f’(t)]=sF(s)-f(0), L[f”(t)]=s2F(s)-sf(0)-f’(0), L[f’’’(t)]=s3F(s)-s2f(0)-sf’(0)-f”(0), 
and L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0) 

(Proof) L[f ’(t)]= 
  

0
)(' dttfe st = 

 

0
)(tdfe st =e-st f(t)| 

0| - 
  

0
)()( dttfes st  

=-f(0)+s 
  

0
)( dttfe st =sF(s)-f(0) 

Similarly, L[f”(t)]=s2F(s)-sf(0)-f’(0), and by mathematical induction, we have 

L[f(n)(t)]=snF(s)-sn-1f(0)-sn-2f ’(0)-sn-3f”(0)-…-sf(n-2)(0)-f(n-1)(0) 
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4. L[tnf(t)]=(-1)nF(n)(s) 

(Proof) L[tf(t)]= 
  
0

)( dtttfe st = 
 


0

)( dttf
ds

de st

=-
ds

d

  

0
)( dttfe st = -F’(s) 

By mathematical induction, we have L[tnf(t)]=(-1)nF(n)(s) 
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6. L[f(at)]=[F(s/a)]/a and L[f(t/a)]=aF(as), a>0 

(Proof) For a>0, let at=u 

L[f(at)]= 
  

0
)( dtatfe st =

a

1
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)()( atdatfe
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s
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Let b=
a

1
L[f(

a

t
)]=L[f(bt)]=

b

1
F[(

b

s
)]=aF(as) and then L-1[F(as)]=

a

1
[f(

a

t
)] 

 

7. L[f(t)]=  





T st
sT

dttfe
e 0

)(
1

1
 if f(t+T)=f(t) 

(Proof) Let t+T=u, t+2T=v, … 

L[f(t)]= 
  
0

)( dttfe st =  T st dttfe
0

)( +  T
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8. L[f(t-a)u(t-a)]=e-asF(s) 

(Proof) For t>a, let t-a=u 

L[f(t-a)u(t-a)]= 
  

0
)()( dtatuatfe st = 

  
a

st atdatfe )()(  

=e-as 
  
a

ats atdatfe )()()( =e-as 
  

0
)( duufe su = e-asF(s), and then 

we have L-1[F(s)e-as]=f(t-a)u(t-a) 

 

9. L[f(t)eat]=F(s-a), s>a 

(Proof) For s>a, L[f(t)eat]= 
  
0

)( dtetfe atst = 
  

0

)( )( dttfe tas =F(s-a), and then 

L-1[F(s+a)] = f(t)e-at 
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Eg. Find L[tn]. 
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Eg. Find L[eatcos(kt)] and L[eatsin(kt)]. 

(Sol.) 
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Eg. Find L[3t-5sin(2t)]. [台大電研] 

(Sol.) L[3t-5sin(2t)]=3L[t]-5L[sin(2t)]=
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Eg. Find L[e-tf(3t)] in case of L[f(t)]=e-1/s. 
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Eg. Find L[f(t)] if f(t+2)=f(t) and f(t)=









 21

10

,

,

1

1

t

t
. 

(Sol.) According to  


 


T st
sT

dttfe
e

tfL
0

)(
1

1
)]([  if )()( tfTtf  and T=2, 

 



  



1

021

1
)]([ dte

e
tfL st

s 
  2

1
)1( dte st



















 1

2

0

1

1

1
2 s

e

s

e

e

stst

s
 

 
)1)(1(

)1(11

1

1 22

2 ss

ssss

s ee

e

ss

eee

e 



 









 





s

s

e

e

s 







1

11
 

 



～～ 29

Eg. Find ]
1

[
0

du
u

e
L

t u




. 
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Eg. Find  
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 Set s=1,  
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Eg. Find 


0

)sin(
dx

x

x
. [中央光電所、交大應數研] 

(Sol.) 
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 Set s=0, 
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4-2 Inverse Laplace Transform L-1[F(s)]=f(t) 

Basic theorems of the inverse Laplace Transforms: 

1. L-1[F(s+a)] = f(t)e-at 

2. 
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3. L-1[F(as)]= [f(t/a)]/a 

4. L-1[F(n)(s)]=(-1)ntnf(t) 
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5. 
 
s t

tf
duuFL
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])([1  

6. L-1[sF(s)]=f’(t)+f(0)δ(t) 

7. 
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8. L-1[1/sn]=tn-1/Γ(n) 

9. L-1[c1F(s)+c2G(s)]=c1f(t)+c2g(t) 

 

Heaviside’s formula: 
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Eg. Find 
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Eg. Find 
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Eg. Find )(
22

1 se
s

s
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 . [成大電研] 

(Sol.) 
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4-3 Laplace Transform Solutions of Differential Equations with Polynomial 
Coefficients 

 

Eg. Solve xy”-xy’-y=0, y(0)=0 and y’(0)=3. [成大電研] 

(Sol.) L[y(x)]= 
  
0

)()( sYdxexy sx , )()1()]([ sY
ds

d
xyxL

n

n
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)0()0(')0()()]([ )2(21)(   nnnnn ysysyssYsxyL  )0()1(  ny  
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)1(
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2
, y’(0)=3A=3, ∴ y(x)=3xex 

 

Eg. Solve y”+2xy’-4y=1, y(0)=y’(0)=0. [清大電研] 

(Sol.) L[y”+2xy’-4y]=L(1)=
s

1
 

)(4)]0()([)1(2)0()0()(2 sYyssY
ds

d
ysysYs 

s

1
  

s
sYsYssYsYs

1
)(4)(2)(2)(2  , 

22

1
)(

2

3
)(

s
sY

s

s
sY 






   

3

4

3

2

1
)(

s

e
c

s
sY

s

 , 


)(lim)(lim
0

xyssY
xs

, ∴ c=0
2

1
)(

2

3
1 x

s
Lxy 






   

 

Eg. Solve y”+9y=cos(2t), y(0)=1 and 1
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4-4 Convolution and Dirac Delta Function 

Convolution in Laplace transform: f(t)*g(t)=  
t

dgtf
0

)()(   

Theorem L[f(t)*g(t)]=  
t

dgtfL
0

])()([  =F(s)G(s) 

Eg. Solve y”+y  
t tedty
0

2)sin()(4  , y(0)=1 and y’(0)=0. [交大電信所] 

(Sol.) 
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5
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Eg. Solve  
t

tdtff
0

36)()(  . [台大電研] 

(Sol.) According to ][ ntL
1
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n
 and L-1[1/sn]=tn-1/Γ(n), [F(s)]2=6L[t3]=

4
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s
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Eg. Solve f(t)=e-t+  t
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Eg. Solve f(t)=2t2+  
t
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0

)()4sin(  . 
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Eg. Solve  
t

tttxduutux
0

)cos()sin()()sin()( . 【交大電信所】 

Eg. Solve  
t

dtytty
0

)](2sin[)()2sin()(  . 【淡江機研】 
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Dirac delta function: 
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Kronecker delta: 
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Characteristics of Dirac’s delta function: 

1. 



 1)( dtat  

2. aseatL  )]([  

3. 
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4. 
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5. )()()()( atafattf    

 

Eg. Solve y(4)=δ(x-a), y(0)=y”(0)=y(1)=0, y(3)(0)=1, 0<a<1. [交大電子所] 
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Eg. Solve y”+5y’+4y=3+2δ(t).【北科大土木所】 

 


