Chapter S Fourier Analysis

5-1 Fourier Series of a Periodical Function

Fourier series: f{(x) is a periodical function with period=2L and defined on an interval:

-L=x=L. fix+2L)=f(x), and then f{x)= %) + z {an cos (%) +b, sin(%ﬂ , Where

n=1

=LLILLf(x)dx =—j flx cos( L jdx and b, _—j flx sm( L de

=0
In case flx) IS even :> b =0

Parseval’s Identity for Fourier series: —J- | f | dx=—+ Z[a + b2]

Orthogonalities:
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'[Lcos T2 cos| 2 |y = and j sin| 22 |sin| 272 gy =
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* Even function, .". ,=0, % = ﬁjz f(x)dx = %UOZ— xdx + Iozxdx} =1

a, = %fL f(x)cos (?) dx = %D‘_Oz— X COS(%) dx + J.Oz X COS(%) dx}
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In Matlab language we can use the following instructions to obtain the finite sum of

(2i—-Dmx
1+ cos nm—1)cos(—)=1- - COs .
; p— Jeos(“ )= Z i 1) =)
>>x = 0:0.001:4*p1; y=1;
>>for i=1:5
y=y-8*cos((2*i-1)*pi*x/2)/(2*i-1)"2/pi"2
end
>>plot (x,y)
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Eg. Find the Fourier series of f{x)=|x| for —-n<x<m. [’F' ‘[“k?iﬁiq

(Sol.) 2L=2m, L=m, f(x) i{ cos( j+b" sin[%ﬂ

* Even function, .. 6,=0, Vn.
j f —[J. —xdx+J‘ xdx}

_ZI-Lf(x)COS ( ; )dx = e [cos(nﬂ)—l],

(cosnz —1)- cos(nx)

. _ 7T X
. f(x)— 2+;n2

1,0<x<2

¥
Eg. Expand f(x)= and
g- Expand f(x) { 1 _2<x<0

i O e Y e O flx+4) f(x) into Fourier series. Find
% ¢ & 4 d. 1 kh ¢ 8§ ’””
(a) Z and (b) Z 1) ¥

[ ‘%5‘@5":‘?‘]

(Sol.) 2L =4,L=2 f(x)— 1,0<x<2
| T T -1,-2<x<0

x>=a—°+z{an cos{ "4, si (T’“ﬂ - Odd function, . 4,0, ¥

b = % [ £(x)sin [?j dx = %{ [- sm[ . jdx +f sm( )dx}

_ 2 2eoslom) 2o ) ()= z{iﬂp cos (M)].sin(%)}
(2) Set x=1, _
=1= Z{ [1—cos (nz)] s1n(n2ﬂj}:%{l—% é_% % ....... }

L n=l1
1 = 4 16 1 1
Ej_lzdx=2=nz_;n2ﬂ2[l—cos(n7r)] :?|:1+3—2+5—2+7—2+ """ }
1 1 °° 1 T’
1 _ R P — = —
=Sl sttt ;(2m—1)2 .
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http://faculty.pccu.edu.tw/~meng/SquareWave.swf�

In Matlab language, we can use the following instructions to obtain the finite sum of

Z{% 1 -cos ("”)]'Sm[%j} :g{(zi i11>7r 'Sm(w _;Wj}'

>>x = 0:0.001:4*pi;

>>y=0;
>>for i=1:5
y=p+4¥sin((2*i-1)*pi*x/2)/(2*i-1)/pi
end
>>plot (x,y)
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7 Eg. Find the Fourier series of
I 1 ; - vm@ Vout ) 0, -7 <x<0 d "
S X)= and use the
St sinx, 0<x<rx

r 1 1 1 1
results to show that —=—+ + -
57273 3xs Tak7 7we T I

(Sol.)
(@) 2L=2r, L=r

a, " nm [ nmx
f(x)= > + anl {an cos( 7 J+ b, sm( 7 ﬂ

a, 1
7 U de+I s1nxdx:| 2— 1 cos 72'] -

a, =ZL f(x)cos(T)dx j £ () cos(nx)dx

= %[ I_O” 0 - cos(nx)dx + Lﬁ sin(x) - COS(nX)dx:| = % joﬁé[sin(x + mx) + sin(x — nx) Jdx

1 [1-cos(l+n)x . l—cos(l—n)ﬂ}

2| I+n 1-n
_L_ 1 N 1 | cos(l+mz cos(l-mz | _ 1| 2 | sosnz  cosnx
2r[\l+n 1-n I+n l-n 2| 1-n’ I+n 1-n

> (1 + cos nzz)

1| 2 2COSH7Z':| 1
= >t 2 | T A
27| 1-n l-n 27 1-n

1+ 0,vn=3,5,7,---
COS 7’172'( 1)_ 2

- 7[‘1—1’12' nEY= 1 P 9vn:274967“'
T\l—n

= %U_O,, 0 - sin(nx)dx + Lﬂ sin(x) - sin(nx)dx]

1 L{sin(l—n)ﬂ _sin(l+n)7r}={1/2,n=1

= —{ Lﬁ%[cos(x —nx) —cos(x + nx)]dx} =

T 2z 1-n 1+n 0, n>1

. f(x) _ 1 2} cos(2x) N cos(4x) N cos(6x) N cos(8x) . +lsin(x)
T T 3 15 35 63 2
) f(_Z)=()=l_£ cos(—;z)+cos(—27z)+cos(—37z)+cos(—47z)+m 1
2 /4 3 15 35 63 2
1 1 2 2 2 2 21 1 1 1 1
— =t — = + — 4.0 | = —_—t ...
2 n |37 157 357 637 2 3 15 35 63
T 1 1 1 1 1
—=—+ - + - +
4 2 1x3 3x5 5x7 7x9

43



In Matlab language, we can use the following instructions to obtain the finite sum of
1 2 {cos(2x) | c0s(4x) | cos(6x) , cos@x) cos(40x)}
3 15 35 63 1599
>>x = (0:0.001:4*pi; y=1/pitsin(x)/2;
>>for n=1:20
y=y-2*cos(2*n*x)/pi/(4*n"2-1)
end
>>plot (x)
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Eg. Find the Fourier series of |cos(2x)|
NN

and calculate Z( ) [TE‘*\T]"T]JI Y

VinC @ n=1 4n’
K g

f( +£j, f(x):cos(Zx),—%gng

~
%)
o
=N
\./
~
o
p—
~
/\
\_/
Il

2 4
2L:£,L:£,ﬂ:4nx, a—°=L Lcos(2x)dx=£ﬁ,cos2xdx=g
2 4 L 2 2Lt T V4

4

L nmx 4 %
4G =7 J._L cos(2x)- cos [Tj dx = = .[4£ cos (2x)cos (4nx)dx

4

= ~Leos(@-+ 4m)x)+ cos (2 - 4mpx
Ty

z z
2 |sin(2+4n)x| 4 sin(2-4n)x| 4
x| 2+4n |z 2-4n | =z
4 4
. (2n+1) (2n-1) ]
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In Matlab language, we can use the following instructions to obtain the finite sum of

6 (_ n+l
2 + 4 (1—) . cos(4nx).
T rmt54n” -1

>>x = 0:0.001:4*p1; y=2/pi;

>>for n=1:6
y=p+4*(-1)"(n+1)*cos(4*n*x)/(4*n"2-1)/pi
end

>>plot (x,))
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2 (_ n+l
% + %cos(4x) % + % 2 Elni)— " . cos(4nx)
3 _ n+l1
% + %; Elnl)— " cos(4nx) . cos(4nx)

2 43, (-1 n+l 2 4.8 (=1 n+l

;+;nz_:‘£1n2)—l cos(4nx) ;4—;;2”2)_1 005(4”x)
10 (_ 1)+ 20 (_1y!

%+i,,z=:‘51n?— -cos(4nx) %+i ( 1) cos 4nx
50 (1) 100 n+l

2 4 ( 1) cos 4nx 2 4 ( 1) COS 4’”‘

V4 ﬂn14n— 74 7Tn14n -1

AN T
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Discrete spectrum of f{(7):

f(@) = a—2°+ i[an cos(%)
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5-2 Fourier Transforms and Inverse Fourier Transforms

Fourier Transform pair defined in Engineering:

Flo)=3f()]=]" fx)7=dx

1 , where w=27v.

00

Sx)=5"Flo)]=——| Flo}™do

- 27 I
Parseval’s Identities for Fourier Transform pairs J [f(x)|=F(w) and
S [8)=G(w):
00 2 00 00 00
[ f(x)|dx=2ij |F(o)] do and | F(®)e* (X =2 [* F(0)6" (oMo
- T I —o0

27

Continuous Spectrum of f(t): f(¢) = %r F(w)e’”dw
ﬂ' —00
Convolution in Fourier Transform: f(¢)*g(¢) = f f (r)g(t — r)d T

Correlation in Fourier Transform: f(¢)Y<g(¢) = f f (z') g(r — t)d T

Basic theorems of Fourier Transforms 3 [f(x)|=F(®w) and 3J [g(x)]= G(w):
1. 3 [af(x)+bg(x)|=aF(w)+bG(w)

2. 3 [fax)|=|F(w/a)l/a, a>0

(Proof) For a>0, let ax=u

3 [f(ax)]='[w e /™ -f(ax)dx=l 'ro e_j(%ax -f(ax)d(ax)=l Jm e_j(%u - f(u)du
o a - a -
i)
a a
3. 3 [fx)d™|=F(w-a)
(Proof) 3 [f(x)ei“x]=j: e’/ f (x)ej‘”‘dx=jw e /TN f(x)dx =F(w-a)

—00

4. J[PW)]=joF(®), 3[f" x)]=(jw)"F(o) in case of fixow)=f’(Fo)=f"(*wx)=...=0
(Proof) I [f'(x)]= IZ e £ (x)dx = j"; e df (x)

= &/"'fx)|”, - f; (—jw)e”™ - f(x)dx=e’""flw)- & f-c0)tje J:e_jm - f(dx= joF(w)
By mathematical induction, we have 3 [/ (x)]=(jo)"F(w) if

flo0)=f"(200)=f""(2o0)=. ..=0.

S. I AAx)*g)]=F(w)G(w)
6. 3 [g*()kf(¥)]=F(w)G*(w), where g*(x) and G*(w) are the complex
conjugates of g(x) and G(w), respectively.
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7. 3 [fix-a)]= ¢ F(o)
(Proof) Let x-a=u, 3 [fx-a)]= J: e’/ . f(x—a)dx= Ji e’ . f(x—a)d(x—a)

g I‘” e f(x —a)d(x — a)=e™ jw e/ - f(u)du
= ¢ F(w)

8. I IX"A)=()"F" ()
(Proof) 3 [xﬂx)]ZI: e xf(x)dx = .[: j%e‘j“”C - f(x)dx Zj%f; e f(x)dx

=JF (w)
By mathematical induction, we have 3 [x"/(x)]=())"F"(w).

4+’
if [/ (x)cos(2x)dx = 7. [ [~ Frkyilis 4]

(Sol) 3 [e-“‘ﬂ] -

—0

Eg. Find (@) 5 xe™], (0) 5[, (© S{ : } @ [ % do, @ f)
=@’ +4

. 0 . 0 .
e Mo ™ dy = J e“e " dx + _[ e e dx
—o0 0

(a—iw)x O e(—a—ia))x

+

o0 1 1 2a
- —t T 2
0 a-iow a+iw a +w

e

a—iw |— —a—iw

(a) According to S[x" f (x)]= (i) d’ F(w),

o

S[x-e“]zid sfe]=i (a . J:(a:ja;i))z
azl,Sxe_’"]:ﬁ

®a=3.3f S @am2 v e

4 1 = 4
d)3™ =— e“dw=e"
@ [4+a)2} 2r =4+ @’

-2

x=1, L e’do=e", zj.w ~[cosw +isinwldo =e

27Z' 4+602 44+ w
© COS® T
I (-ee--- =0,R (- #0, do=2e7?
(o) =0, R, (o) Lo rdo=7
(e)sz- c?sw do—e? =2 3 cCoS @ do = ooi ccz)sa) do
<1 o +4 O 7 w’+4 T o +4
w4 cos2x o0 1
Set w=2x, | —- 2dx=e? = x)cos(2x)dx, ... f(x)==
o 7 4x* +4 '[0 S (x)cos(2x) /) (x +1)
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. 1,]x|<1 1,]x|£2
Eg. For two rectangular functions: f(x)= 2(x)= find (a)

0,]x)1’ 0,|x|)2’
AL M) S1gland @ [ S Ve [ ey
(SOI) (a) S[f(x)]: 'r e*iwxdx _ e_"w 1 _ e_ — e _ 2(€lw .—e_m’) _ 2Sln(a))
-l —io -1 —iw 2iw 0]
(b) " S[f(ax)]=1F(2j, 0, 3[g(x)]= S[f(fﬂ 5. 25in0) _ 25inC20)
a a 2 2w 0]
(c)j(x)zS‘l{zsina)}:L - 2Sina)e"“"da), f(O)ZI:J.OC sinxdx:”
2r ¥ o X
d In/d

Sync Function

Eg. Fi a)dw. [+ 7 Br]

(Sol.)  According to I |f |dx—21 J |F( )| dw,

ijw (szdw—f Pdr=2= LU ——
27\ @ ol B - @2 B

Eg. Find 3[¢™™] and 3[e™].
(Sol.) r e e dx = IO e e dx + r e ™ e dx
’ —0 —o0 0

1 2 —dalx ke
:a_ljw+a+jw=a2+aw223[e H]_For a=1,3 [ ]_1+a)

|

A 1

1

- e
foxy=e™ F(o)=—2~
a’ +o’
Or, according toS[f(ax)] = %F[%) .3 [e""']: S{ea“} —q- = +2(6;a))2 _ 1 4_2602
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1 1
Eg. Find 3 and 3|—— |,
g Lw} Eperd

2a 1 = 2a .
SOl ) —ald —_—, e—a\x\ = S_l - _ezwxda)
( ) [ ] + a) az + a)z 271_ _o0 a2 + 0)2

ar 1 i(ex)w
=— e do
T LO a’+w’

” 1 ~i(- 1 B T
. J. 5 -e ogop =" e Set y= —x:>J. e Mdmp ="M
g +® a 2aq’ 1wl a

1 * 1 —iwx T —alw
Set x=w, w=u, S{ 5 2}:'[ e gy = 2. oAl

2 2
a +x ~a’ +x a

i

Sfx)= 21 > F(o)=" ¢
a’+x a

Sl = e F (o), - s{(;}wgl

+x+b)2 a

Eg. Find J(e™").

2 2
o 20 0 —a{xﬁj%x] % - —a{xzﬂaa;v :; :‘
(Sol.)je e dx:je ) gy = gt -je s
e . K
—o? a2|:x+j @ T ~o’
2 o 52 — 0 22 LW
=e 'Ie ) dx =et -Ie” cdu < |u=
- e 2a’

=ge:‘; (Note J. I s dudv—4IJ. ‘”rdrd@-—zJ

a

foo=e F(m)=£eF
a
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a’x*

Note: f(x)= > and g(x)=e” are similar to each other. But their respective

a’+x
Fourier transforms look quite different!

1
Eg. Determine 3[—1]. [{ & 4\~¥Fj3;]
) [a+jt] [F' | [

@d)'fﬁ[zl }:j” L ciogi =" and 3£ ()= () 2 F (o)

a’ +t° ©q’ 1 a do
« o~ l o~ a ‘t T —a|w| . . d T —d| —a|w|
L= - Tl ma e e = e 1 - sgn(w)]
a+ jt a +t a +t a dw a
0, w=0
= =27 - u(—w)
27", <0

Fourier Transform pair defined in Mathematics:

F<w>=s[f<x>]zﬁ [ 7=

, where o=2mv.

10)=3 )= [ Flo)do

Fourier Transform pair defined in Physics/Optics:
G(f)=3g(x)]= [ glxl”dx
o)== Gl ar
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