Chapter 6 Partial Differential Equations (PDE)

6-1 Classification of Partial Differential Equations

The first-order linear PDE: 
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The second-order linear PDE: 
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Notations: 
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Wave equation: 
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Heat equation or Diffusion equation: 
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Laplace’s and Poisson’s equations: 
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Schrodinger’s equation: 
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 in quantum mechanics.
6-2 Separation-of-Variable Method
Eg. Solve 
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(Sol.) Let 
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X(0)=0, X’(1)=0
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Eg. Solve 
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λ=-(nπ)2 and X(x)=Cnsin(nπx),
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Eg. Solve 
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Eg. For 
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(a) Find the Fourier sine series for f(x) on [0,π].

(b) Find the ordinary differential equation and the initial condition for bn(t).

(c) Find y(x,t). [中央電研]
(Sol.) (a)
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6-3 Laplace Transform Solutions of Boundary Value Problems

Eg. Solve 
[image: image77.wmf]y

y

x

=

¶

¶

+

¶

¶

q

q

, θ(x,0)=0, and θ(0,y)=y. [台大化工研]
(Sol.) 
[image: image78.wmf]ò

¥

-

Q

=

=

0

)

,

(

)

,

(

)]

,

(

[

s

x

dy

e

y

x

y

x

L

sy

q

q

, 
[image: image79.wmf])

,

0

(

)]

,

0

(

[

1

]

[

2

s

y

L

s

y

L

Q

=

=

=

q



[image: image80.wmf]2

1

)

0

,

(

)

,

(

)

,

(

s

x

s

x

s

dx

s

x

d

=

-

Q

+

Q

Þ

q



 EMBED Equation.3  [image: image81.wmf]3

1

)

(

)

,

(

s

e

s

A

s

x

sx

+

×

=

Q

Þ

-


 
[image: image82.wmf]3

2

2

3

1

1

)

(

1

1

)

(

)

,

0

(

s

s

s

A

s

s

s

A

s

-

=

Þ

=

+

=

Q



 EMBED Equation.3  [image: image83.wmf]3

3

2

1

1

1

)

,

(

s

e

s

s

s

x

sx

+

÷

ø

ö

ç

è

æ

-

=

Q

Þ

-



[image: image84.wmf]2

)

(

)

(

2

1

)

,

(

2

2

y

x

y

u

x

y

x

y

y

x

+

-

×

ú

û

ù

ê

ë

é

-

-

-

=

Þ

q



 EMBED Equation.3  [image: image85.wmf]ï

ï

î

ï

ï

í

ì

³

+

-

-

-

<

=

x

y

y

x

y

x

y

x

y

y

,

2

)

(

2

1

,

2

2

2

2



Note: This partial differential equation can not be solved by separation of variables.
Eg. Solve 
[image: image86.wmf]2

2

2

2

t

u

x

u

¶

¶

=

¶

¶

, u(0,t)=u(1,t)=u(x,0)=0, and 
[image: image87.wmf])

sin(

0

x

t

u

t

p

=

¶

¶

=

.

(Sol.) 
[image: image88.wmf]ò

¥

-

=

=

0

)

,

(

)

,

(

)]

,

(

[

s

x

U

dt

e

t

x

u

t

x

u

L

st



[image: image89.wmf])

sin(

)

,

(

)

0

,

(

)

,

(

)

,

(

2

0

2

2

2

x

s

x

U

s

t

u

x

su

s

x

U

s

dx

s

x

U

d

t

p

-

=

¶

¶

-

-

=

=



    
[image: image90.wmf])

sin(

)

,

(

)

,

(

2

2

2

x

s

x

U

s

dx

s

x

U

d

p

-

=

-

Þ



 EMBED Equation.3  [image: image91.wmf]2

2

2

1

sin

)

,

(

p

p

+

+

+

=

Þ

-

s

x

e

c

e

c

s

x

U

sx

sx



[image: image92.wmf]î

í

ì

=

=

0

)

,

1

(

0

)

,

0

(

t

u

t

u



 EMBED Equation.3  [image: image93.wmf]î

í

ì

=

=

Þ

0

)

,

1

(

0

)

,

0

(

s

U

s

U



 EMBED Equation.3  [image: image94.wmf]î

í

ì

=

=

Þ

0

0

2

1

c

c



 EMBED Equation.3  [image: image95.wmf])

sin(

)

sin(

1

)

,

(

t

x

t

x

u

p

p

p

×

=

Þ


Eg. Solve 
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6-4 Fourier Transform Solutions of Boundary Value Problems

Eg. Solve 
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Let b2=t+1/4 and according to 
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Error function: 
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Complementary error function: 
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