Chapter 6 Partial Differential Equations (PDE)
6-1 Classification of Partial Differential Equations
. ou ou
The first-order linear PDE: a(x,y)a— + b(x,y)g + e, y)u+g(x,y)=0
X

2 2 2

The second-order linear PDE: a(x, y)a—L; +b(x,y) Ou + c(x, y)a—bzl
Ox 0x0y oy

ou ou
+d(x,y)—+e(x,y)—+ f(x,y)u+g(x,y) =0
ox oy

hyperbolic at (x,,y,): A(xy,¥,) =b(x,, ¥, ) - 4a(x,,y,)c(xy,v,)>0
elliptic at (x,,,): A(x,,y,)<0
parabolic at (x,,y,): A(xy,y,)=0

. 0’ o’ d
Notations: —Z; =u_, oun _ Uy, ou _ u_,
ox Ox0y ox

Wave equation: u, =a’(u,, +u,, +u_)+bu, +F

etc.

Heat equation or Diffusion equation: u, = a*(u,, +u, +u_)=a’V’u

0
Laplace’s and Poisson’s equations: V’u=u_ +tu, +u, = {
o,
. . . al// - h2 2 . .
Schrodinger’s equation: zha— = 2—V w +Vy in quantum mechanics.
t m

6-2 Separation-of-Variable Method

2 2
Eg. Solve 0 ? = 8_26? , 0(x,0)=x, 6(0,r)=0, 99 =0, and o9 =0.
ox ot =0 Ox‘le
(Sol) Let 0(x,1) = X(T(1), X"(0T(0) = X()T"(e), 2 = L0
X@ 10

X(0)=0, X'(1)=0=> — 4 = {@} X -C sin[ @ x}

' = —[ (2n ; 1)7[} , I(0)=constant, 7°(0)=0=T7, =d, cos{—(zn ; Dz t} ,

()
. O(x,t) = ZA 08[(21121)7[ ]sin{@x}

J‘l xsin{(zn_l)ﬁ x}dx "
-1 2 8=

O(x,0)=x=) 4, sin{@ x} =4, =
n=1

Lsm [(anl)ﬂ } . Q2n-1)*7z?
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Eg. Solve @ - @, u(0.0y=u(1ty=u(x,0)=0, and 2" = sin(zv).
ox o,y
3 " 3 " X'"(x) _T"(t) _
(Sol.) u(x,t)= X(x)T(2), X"()T(t)=Xx)T"(2), Yo " TO =1,

X(0)=0=X(1) = A=-(n7)* and X(x)=C,sin(nzx),

];“T(tt)) =-(n)* and T(0)=0, T"(0)=constant=> T (£)=dysin(nxt),
) = ) . ou(x,t) & .
ou(x,t)= ZAn sin(nzx) - sin(nat) , Ervan = anéln sin(nzx) - cos(nt)
n=1 n=1
atau = sin(zx) = nd;=1 = 4,=1/n but 4,=0 for n#1 = u(x,t) = lsin(;zx) -sin(7t)
=0 4

Eg. Solve % = Z;L;, u(x,0)=3sin(2nx), u(0,0)=u(1,0)=0, 0<x<1, > 0.
X
(Sol.)
_ - X"(x) _T'(0) _
u(x,t) = X(0)I'(t), X(x)T'(1)=X"(x)T(1), Yo T

X(0)=0=X(1) = A=-(n7)* and X(x)=C,sin(nzx),
L(t) = 2 — _ -n’z’t
0 (nm)” and T(0)=constant = 7(¢)=d, e ,

- u(xt)= > A, sin(nmx) e and u(x,0)= Y 4, sin(nz)
n=1

n=1

u(x,0)=3sin(2mx) = 4,=3 but 4,=0 for n#2 = u(x,f)=3e " -sin(27)
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0.2x

) ,0<X<E
—x—lD i , and
4 (1—%0.2 ,%<x<7z

2 2
Eg. For aazzy _oy y(x,0)=f(x)=0.l(1—

o’

T

(0= i b, (t)sin(nx).

(a) Find the Fourier sine series for f{x) on [0,x].

(b) Find the ordinary differential equation and the initial condition for b,(7).

(c) Find y(x.p). [F 7

(Sol) (a) f(x) =Y a, sin% =Y a,sin(nx), 2L =27, L=x, ==
n=1 n=l1

= nx

a, = 1 J: f(x)sin(nx)dx = %J-Oﬁ f(x)sin(nx)dx

= [J"V 07[ -sin(nx)dx + J./O 2(1 ——j s1n(nx)dx} ,10: sln( n;r]

. fo)= in(z);:z s1n( 5 ) sin(7nx)

n=1

() y(x,t) = Zb (¢)sin(nx), y(x,0) = Zb (0)sin(nx) = f(x)

= Zbg(z) sin(nx) = an (¢)-n* - (—sin(nx))

= b"(t)+n’b,(t)=0 is the ordinary differential equation.
=b ) =0, cos(nt) + B, sin(nt)

o0

y(x,0) = f(x) z sm[ j sin(nx) = an (0)sin(nx)

=1 N

~ b (0= 0.8 sm(”z’fj a, (the initial condition), S, =0
7[

(©) y(x,t)= ibn (t)sin(nx) = ian cos(nt) - sin(nx)

= 0.8 .
sin cos(nt) - sin(nx
annz (2) (nt) - sin(nx)

n=1
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6-3 Laplace Transform Solutions of Boundary Value Problems

00 00
E .SO] e —+—= ’0 ’0 =O,and00 =y. ’l\_‘\lu‘:
B30 oty Y (x,0) Op)=y. [i™ 12 719

(Sol) L[B(x,»)]= [ 0(x,y)e " dy =O(x,5), Lly]= i = L[6(0, )] = ©(0, )

= M+s®(x,s)—6’(x,0) :L2 = O(x,s5) = A(s)-e™ _,_L}

dx K 5
1 1 1 1 1 1 1
®O,S =A(s)+—=—= A(s =___:>®X’S B e—Sx+_
(0. = A(5) +—5 =5 = A() ==~ <)(32S3j !

2
1 2 y?:)/<x
:>9(%)’):[J/—X—E(y—x)z]u(y—x)+y7= ,

¥y
2 b

Note: This partial differential equation can not be solved by separation of variables.

1
y—x—E(y—x)2+ y>Xx

2 2
Eg. Solve u = Ou

PYERRPYER u(0,0)=u(1,0)=u(x,0)=0, and o _ sin(zx) .
X

=0

(Sol.) L[u(x,t)]= jow u(x,t)edt = U(x,s)

2
M=SZU(%S)—SU(X,O)—% = s*U(x,s) —sin(7mx)
dx at ‘[:O
2 .
= dU—(zx’S) —5°U(x,s) = —sin(mx) = U(x,s) = c,e™ +c,e”™ + Szln 7zx2
dx sS4+
H(O,Z)ZO U(O,S)z() C]: 1 ) .
= = = u(x,t) = —sin(mx) - sin(7)
u(l,t):() U(LS):O 02 = T
ou 0u

Eg. Solve —-=——, u(x,0)=3sinx), u(0,0y=u(1,0)=0, 0<x<1, 10,
X

2

(Sol.)  L[u(x,t)]= .[Ow u(x,t)edt =U(x,s) = sU(x,s) —u(x,0) = 5 ~U(x,s)
X
2
SU(x,5) —sU(x,s) = -3sin(2mx) = U(x,s) = cle_&x + cze&x + 5+ sin(27mx)
x s+4r

L[u(0,6)] =U(0,5) =0, L{u(L,)]=U(Ls)=0=c, =0, ¢, =0

U(x,s)= 5

-sin(27x) :u(x,t):L_l{ 3
s+4r s+4

-sin(27zx)} =3¢ . sin(27mx)

2
T
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6-4 Fourier Transform Solutions of Boundary Value Problems

ou 0u 2 g = .
Eg. Solve 5o u(x,0)=e™" , -0<x<oo, £0. [’F ,“\W%T[’UEE]
2
(Sol) J[u(x,0)]=U(w,1), s{w} = —0U(w,1)

iU(a), 1) =-0’U(w,t) = U(wo,t) = Ae™"

dt

. ey NT

According to J[e 2'2]=—e da”
a

U(w,0)= A= J[u(x,0)]=3e " |=vr-e * > A=r-ec *

2 2 7W
Let ’=+1/4 and according to I '[e ™ =2

NN

Error function: erf(x) = “ du

e

Complementary error function: erfc(x) =1-erf(x)
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