Chapter 7 Vector Analysis

7-1 Vector Functions

One-variable vector function: 
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Multi-variable vector function:
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The derivatives of vector functions: 
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Eg. For 
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Some theorems of derivatives of vector functions:
1. 
[image: image15.wmf]'

'

)'

(

G

F

G

F

G

F

v

v

v

v

v

v

×

+

×

=

×


2. 
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(Proof) 
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4. For 
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5. Let 
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 denote the position of a particle at time t. If the particle moves so that equal areas are swept out in equal times, then we have 
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Equal area in equal time
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7-2 Differential Geometry

Position vector: 
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Velocity: 
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Arc length: 
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Acceleration: 
[image: image43.wmf]k

dt

t

z

d

j

dt

t

y

d

i

dt

t

x

d

t

v

t

a

ˆ

)

(

ˆ

)

(

ˆ

)

(

)

(

)

(

2

2

2

2

2

2

+

+

=

¢

=

v

v


Curvature: 
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Eg. C: 
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Theorem 
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Eg. For 
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Fernet formulae: 
[image: image68.wmf]ï

ï

ï

ï

î

ï

ï

ï

ï

í

ì

-

=

+

-

=

=

=

)

3

(

ˆ

ˆ

)

2

(

ˆ

ˆ

ˆ

)

1

(

ˆ

ˆ

ˆ

N

ds

B

d

B

T

ds

N

d

N

N

ds

T

d

t

t

k

r

k


Torsion of a curve: τ
(Proof of (3)) 
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Basic theorems of curvature and torsion:
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Eg. For 
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7-3 Gradient, Divergence, and Curl in the Rectangular Coordinate System

Gradient 
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Laplacian operator: 
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Eg. Find a unit normal vector of z2=4(x2+y2) at (1,0,2). 【中山電研】
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The y-direction flux
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7-4 Line Integrals & Surface Integrals

Line integral: 
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Surface integral: 
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Stokes’s theorem Let S be a regular surface with coherently oriented boundary C, 
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Green’s identities
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7-5 Potential Theory

Potential: 
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Let C be the boundary of 
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Theorem 
If 
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Theorem 
Let 
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 be a 2-D vector field of a simply-connected domain Ω. Then 
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By Green’s theorem, 
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7-6 Curvilinear Coordinates

Coordinate transformation: 
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Scalar factors: If (q1,q2,q3) are orthogonal system, then
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Eg. Rectangular coordinate

[image: image308.wmf]Û

Spherical coordinate
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Differential length vector in the spherical coordinate:
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Eg. Rectangular coordinate
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Cylindrical coordinate
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Differential length vector in the cylindrical coordinate: 
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Differential arc length: 
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Differential elements of area on the qiqj-plane: 
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Differential element of volume: dV
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Eg. Spherical coordinate:
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Eg. Cylindrical coordinate: 
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Jacobian determinants: (p1,p2,p3)
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and 
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Eg. Let I=
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∴ 
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Del operators in (q1,q2,q3) coordinate system:
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Eg. Spherical coordinate system: hr=1, hθ=r, hφ=rsinθ
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Eg. Cylindrical coordinate system: hr=1, hθ=r, hz=1
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Unit vector conversions between distinct coordinates:
[image: image374.jpg]


Eg. Rectangular coordinate
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Spherical coordinate
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[image: image375.jpg]


Eg. Rectangular coordinate
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Cylindrical coordinate
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