Chapter

8 Theories of Systems

8-1 Laplace Transform Solutions of Linear Systems

Linear Systems
tary +aoy=A).

X = AX + F(1)

Let  x1(8y=0(2), x2()=y (8), ..., xa()="(0)

x'"| [0 1 0

x,' 0 0 1

=|:|=| 0 0 0
x| |—a —a -—a,

x 1
Eg. y”-3xy’+2y=sin(x) can be transformed into { 1}

by =x, x1(f)=y(x) and x2()=y’(x).

x; =2x,—3x
Eg. Solve

4 —
Xy ==2x, +Xx,

(Sol.) L[/ (6)]=sF(s)-(0) = {

Xl(s):i"' 3
— S‘|5'1 S;4
X,(s)= -
2(9) s+1 s—4
"=2x"+3y'+2y=4
Eg. Solve * x' y’ Y
2y'— x'+3y=

(Sol.) L[f(£)]=s"F(s)-sf{0)-f *(0) =

X(s) = : 4s + 6
N s (2+S)(s—1):>
Y(s) 4

T 2s(s+2)(s—1)

0 0 X, 0
0 0 X, 0
1 - 0 N E
. : 0
=4, L% Lf(@)]
0 1
X' {—2 3t

sX, () = x,(0) = 2., ()~ 3X, ()
SX5(5) ~x,(0) = 2., () + X, (5)

x,(t) =5e" +3e"
- .
x,(t) =5e" —2e"

(s> =25)X(s)+(Bs+2)Y(s) =
—sX(s)+(2s+3)Y(s) =

x(t) = —Z—3t+le_2t +me'
2 6 3

1, 2
H=-l+—e"+=¢
»(®) 3 3

~4

4
s
0

?, x1(0)=8, x,(0)=3 by Laplace transform.

|

Consider y(“>+an.1 y(n'l)ﬂl n-2Y

Xy

X,

(n-2)

M

0

sin(?)

+ ..

|

0’ x(0)=x’(0)=y(0)=y’(0)=0 by Laplace transform.



Eg. According to optical waveguide theory, the E-fields of two identical
waveguides A and B fulfill the coupled mode equations

dE : .

dA =—JPE.—JKEs  (E (0)=1

dbg " VE (020 where x is the coupling coefficient. Find
e, e, (B0

EA(z) and Eg(2).
(Sol.) L(EA)=2'a(s) and L(dE A/dz)=s2 s(s)-EA(0)=s2'A(s)-1.
Similarly, L(Eg)=28(s) and L(dEg/dz)=s2s(s)-EB(0)=s25(s)

2,(5)= s+Jp

j{(s+jﬂ)ZA(s)+jKZB(s)=1 N (s+JB) +x°

JRE)+($+IAE()=0 |y (o ZJK
(s+jp) +x°
" L'[F(sta)] = fine™, cos(at) = L' [———] and sin(at) = ' [—]
Ss"+a Ss"+a

= E,(2)=L"[X,(s)]=cos(kz)e ™ and E,(z)=L"[2,(s)]=—/sin(xz)e .

Le ILc 3iLe 4Lc

In this case, the coupling length is L.=n/2x. While the waveguiding mode traverses a
distance of odd multiple of the coupling length (L., 3L., 5L, ..., etc), the optical
power is completely transferred into the other waveguide. But it is back after a
distance of even multiple of the coupling lengths (2L, 4L., 6L., ..., etc). If the
waveguiding mode traverses a distance of odd multiple of the half coupling length
(L/2,3L/2,5L/2, ..., etc), the optical power is equally distributed in the two guides.

Y'(6)+6y(t) = x'(t) _ o e
Eg. Solve {3x(t) =20 x(0)=2,y(0)=3. [% —k?;ﬁrl]
(Ans) {x(t) =4e” —2e™
y(t)=e" +2e
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8-2 Matrix Solutions of Linear Systems

e A[ROT_[3 =2][x0

& a0 "2 —2)|no)
Sol azt3_/1 -2
(Sol.) de 5 )

ey (372 -2 e _[0 el [2 [2di] = o
e = = x = e 1] exp[l 2dt] =e
Aa=-1 3_( :rx=_d _|! exp[/(-1)dt]= e
T _2- (D 2Tle TS
. |:x1(t)j| |:2 2t {1:| -t
. =q e +g¢, e
X, (1) 1 2
Eg. Solve i[xl (Z)} = F - 1} {xl (t)} .
dt| x,(t) 1 3 || x,()

-4 -1
1 3-2
dim(V)-Rank(A-21)=1 # 2=Multiplicity of (A-2)* = not diagonalizable

S R MR MR
RN v B vl

x,(t)
Eg. Solve 4 (1)
dt| "’

(Sol.) AN)=-A+34+2=0, A=2, -1, -1.
For A=-1, dim(V)-Rank(A+I)=2=Multiplicity of (\+1)* = diagonalizable

0+1 1 1 |[g] [0 1 0
=Ly os 1 |g]<o] T oa- or 1
1 1 0+1]|&] |0 -1 -1

0-2 1 1 1[g] [0 1

N T T S | DA 0 Y e G

1 1 0-2]|&] |0 1

} =1 —1-2=0, =2, -1=diagonalizable

(&ﬂﬁk{ }:(4—32=0J;12

Il
1
—_— O =
O =
I — |
1
OECOES
~ O~ O~
N —|

.

x0n] N I 0
@) [=¢|l]|e’ +c,| 0 |e"+c 1 |e
x| | 1 1
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Eg. Solve i[xl (t)} = F _1} [x‘ (t)]
dt| x,(1) 5 =3 x,(2)

(Sol.) f(A)=A"+2142=0, A=—1%i

e [ LIS L)
=o)L

=X = {85} :[ ! } A _ g -[cos(t) —isin(7)]

J'[—m]dt

Q

= e -[cos(t) +isin(1)]

241

x (1) ] 1 t . 1 —t ..
=c i e -[cos(?) +isin(¢)]+c, 5+ e ' -[cos(t)—isin(1)]

,{ cos(t) } L, { sin(?) } .
=¢ . e +¢, . e
2 cos(t) + sin(?) —cos(t) + 2sin(¢)

Eg. Solve i{xl(t)}:{_“ 2}[%({)}_[ 1/t }
dt[x, ()] [ 2 -1|[x®] |2/1+4
(Sol) f(A)=A"+54=0, A=0, -5: diagonalizable

1 -2
A =0=x :[2} and 7»2:—5:>x2:{ i }

H . . Xie (t) ~ 1 ~ | 2 -5t
omogeneous solutions: X, = =¢| _|+6, e
X, (1) 2 1

Particular solution: X, = TY,, X, =AX,+g(f)= TY, =ATY,+g(f)= Y, =T"'ATY,+
T'g()

1 -2 1 2
Choose T'suchthat 7'AT =D, T = , T =l
2 1 5(-2 1

d{yl(t)} [0 OHyl(t)} 1{1 2[ 1/t }
— = + —
dt| y, ()] [0 =5]|y (0] 5|-2 1][2/1+4

O 5In(t) + 8¢ + ¢, 127 1 5In(z) + 8¢ + ¢
= =—| 4 , 5 |=X =TV = = 4, s
Y, (8) 5 5 i i L 1 g"'cze

X :{x”’(r)}:F}ln(t)+§[l}+i[_2}+C—‘{l}+i[_2}e5‘
ENOINE sl2] 250 1] 52 5|

— x ()| _ 1 ln(t)+§ I ;+i -2 +c : +c 2 e
oo |2 sl2f 250 1] 2| 1
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Eg. There are two species of animals: wolf and fox, interacting within the same forest
ecosystem. Let w(f) and f{#) denote the wolf and fox population, respectively, at time .
Suppose further that wolves might eat foxes as food and foxes might also eat wolves as
food, but only wolves are hunted by human. If there are no foxes, then one might expect
that the wolves, lacking an adequate food supply, would decline in number at a rate of
-11w(r). When foxes are present, there is a supply of food, and so wolves are added to the
forest at a rate of 3f(f). Furthermore the change rate of the wolf population also
positively depends on a seasonal hunting factor, denoted as 100sin(7). On the other hand,
if there is no wolves, then the foxes, lacking an adequate food supply, would decline in
number at a rate of -3f(r). But when wolves are present, the fox population is increased
by a rate of 3w(7). Please answer the following questions: (a) Formulate the above system
by a set of differential equations. (b) Use variation of parameters to solve the system. (c)

What are the steady-state populations of the wolf and fox, respectively? [’F' I*F%’@FE]

Soly @ W] _[-11 3 [w)]  [100sin0)]
dat|l fo ) | 3 =3 r@ 0

~11 3 1 3
(b)A{ \ 3}, m)=x2+14x+24:o,xlz-zzmzm,x2:-12:>x2={ J

. . | Wy (t) o~ 1 2t |~ 3 —12¢
Homogeneous solution Xy,: X,= =¢|_le" +c, e
S (@) 3 -1

Particular solution: X, = TY,, X,‘=AX,+g(t) = TY, =ATY,+g(t) = Y, =T"'ATY,+
T'g(t)

Lo 1 =31 ., [110 3/10
Let T fulfill 7'AT=D, T= , T =
301 ~3/10 1/10

iyl(t)__ -2 0 [[»@® . 1/10  3/107[100sin(¢)
~ y@®] |0 —12][y@®)] [-3/10 1/10 0

] | 4sin() —2cos(0) + ce™
=" = =72sin(t) | 6c0s(t) |, i |ZYp, Xp=TY,
»,(2) + +c,e
- L 29 29
[ w(t) 1 3 1 =3 4sin(t) —2cos(t) +cle”™
= — = -2t + ~ —12¢ + _ .
S (t)} “ [3} 2 _1 € 3] 72sin(t) N 6.cos(t) Y

29 29 :

1, 3 1 (332, 1|76
=c|_le" +c, e +— sin(?) -— cos(t)
3 -1 29 | 276 29 | 168

wt)] 1 [332
Ji0) 276

c) As t—o, =
(c) As 1— { %

76
}sin(t) -%9 L 68} cos(?) : steady-state solution
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e Solve _[xl(t)} {5/1 _1/1[%@)}
@ |3/t Ut || %0

5/t—-x -1/t }_0

3/t Ut=A|
2 3/t —1/t][ ¢ £ 1
A==, (A-A4D)x, = =0=x, = =
t 3/t —1/t]| e, &, 3
4 1/t —1/t)[e el [1
Ay =—, (A-4,D)x, = L =0=>x, = | =
t 3/t =3/t e, &, 1

2 4
24 L

21 2 4
ejt =2 =2, eI’ =" =¢

" [xl(t)}:cl{l}tz +c{1}t4 ={t2 tﬂ[cl}:@(z)-C
x, (1) 3 1 3ttt |,

Eg. Solve i[xl(t)}:[S/t —l/t}{xl(z‘)]{l]
dt| x,(t) 3/t 1/t || x,(t) t

5/t =1/t
(Sol.) Homogeneous solutions: ®(7) - C. Note: CD’(t)={ }D(t)

(Sol.) det[

41nlt|

3/¢ 1/t
Particular solution: X (¢) = ®(¢) - u(¢)

, , 5/t -1/t ,
X,'(1) = D'(2) - u(t) + D(¢)-u'(¢) {3” Uy }Du(t)nt(l)(t)-u (t)

57 =ve S L e 2|
T3 O] OO0,

o) I B e e 1 IR
0=y { (t)} © M_zL/t“ —1/t4MJ_ 3 1

2t 287
i+lln|t|
:>|:u1(t)}: )
uz(t) _L_i_i
27 4¢7
1 1 2
X, (f) 2 At sne lt21n|z|+t—
~x =] 2% 2 _| 2 4
’ %2, (1) 30 _L+L t+£ln(t)+i
26 47 2 4

12 t?
] {xl(z‘)}_{tz t‘i{cl}jL Et n|t|"'Z
: - 2 4 2 2
A E A | K P
2 4
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8-3 Nonlinear Systems and Phase Planes

dx
E =F (xa Yy )
Autonomous system: , where F(x,y) and G(x,y) are both independent
Y Gx.y)
dt Y

of 7.

Phase plane: The xy-plane for the analysis of the autonomous systems.

dx
_ —ax+b
m””““”“”). P Q)

e )—><00) [ 2 (51)5(0.0) [L2
=G(x,y)=cx+dy+Q0(x,y) g X +y : X +y

We have 2* -(a+d)/1+ad-bc=0 =AM, M2
1. M#h2, A1, Azt real, AA2>0, then (0,0) is a node.

Stable node in case of A;<0 and 1,<0. Unstable node if A,>0, A,>0.
2. M#Fha, Ay, Azt real, AA,<0, then (0,0) is a saddle point.

3. A1, A2: complex with nonzero real part, then (0,0) is the point, which a spiral
approaches it.

Stable spiral in case of Re(A)<0. Unstable spiral if Re(1)>0.
4. A1, h2: pure imaginary, then (0,0) is a center of a closed curve.

Theorem

Center Stable node (sink) Siable spiral

Saddle point Unsiable node (source) Unsiable spiral
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dx

’ ’ —_— = oAV
% =x4 6y _ 8x2y (x,)—>(0,0) m (x,9)—(0,0) m
t

22-104+26=0 = A=5* i, Re()=5>0, .". (0,0) is an unstable spiral point.

dx
o 3x+y
Eg. ;lt = )2+61+8=0, A=-4, -2, and (-4)(-2)=8>0: negative and distinct,
y
2 —x-3
dt Y

. x(t)=ce ™ +c,e™ >0
.. (0,0) is a stable node. Check: A s
y(t)y=——ce " +c,e” >0

dx
% =-x+3y
Eg. ! = A +3h-4=0, 1=1, -4, 1+ -4, and 1(-4)<0, .". (0,0) is a saddle
@ =2x-2y
dt

x(t)=ce' +c,e™

point. Check: . If e1=0, (x(®y(6))—(0,0). But in case of

2
y(@) = §C1et —ce ™

¢ #0, (x(2),y(1)) > (0,)
dx

—=3x+y
Eg. jt :>k2+4=0, A=%x2i, .". (0,0) is a center of a closed curve.
24
—=-13x-3
dr 4
Check: x(t) = ¢, cos(2t) + ¢, sin(2t) |
y(t) =(2c, =3¢, )cos(2t) + (—2¢, — 3¢, )sin(2t)

Critical point: (x.,y.) fulfills both F(x.,y.)=0 and G(x,y.)=0.
x'=F(x,y)
¥ =G(x,y)

where F and Ge Cl(xy), then there exists at least one critical point of the system
enclosed by C.

Theorem C is the closed trajectory of the autonomous system {

Three types of limit cycles: Stable, unstable, and semi-stable limit cycles.
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Stable lunit cycle

Semi-stable limit cyele

or

Unstable it cycle
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X =x+y—xqx’+y°
V'=—x+y-pxt+y°

(Sol.) Let x=rcosb, y=rsinf, x '=-rsinf - 6’, y’=rcosd - 6’

Eg. Find the trajectory of the following system:

PR,

o Exx tyy = x2+y2- (x*+y° )m =P =1 = r(l-r)---(1)
" yx’-xy’= rsinB(-rsind - 0°)- rcosB(rcosd - 0°)=-1’0’,

S0 =y xy = = s 0 = = 0 = —1---(2)

0=0,—1

(D and )= r =

If r,=1=r=1;elseif ry<l=>r—->1;else,r,>l=>r—>1".

In this example, the unit circle »=1 is a stable limit cycle.
8-4 Some Approximate Solutions of Nonlinear Ordinary Differential Equations

Eg. For a simple pendulum of mass m with a thread of length /, show that

0 g .
S — . . . . "\ _k;—
o + ; sin@ = 0. Solve it and obtain its period. [F i F%ff’q

(Sol.) Total energy is conservative: mg(/ —/cos8)+ %m(l %)2 =Constant

2

g

= —+=sinf =0
dt= /
2
Let u:d—g, u’zﬁzd 29:u'+§sin6:0:>u@+§sin8-d—0=0
dt dt dt [ da dt
uZ
:udu:—%sinﬁde:7:§(COSH—COSQO),Where 6, is the initial angle
do [2 v do
u:—:[—g(cosﬁ—cosﬁo)} = dt= =
dt l 2g
7(cosﬁ—cos90)

do

\/2;(0050— cosd,)

2
If 0is small, sind~6 = thf +%6’ =0=0=c cos(\/%t]+c2 sin(\/%tJ

~783
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Eg. Solve Van der Pol’s equation y"(¢)+&[y>(t)—1]y'(¢) + y(t) = 0.
(Sol.) Fore=0, y(r)=Asin(t+¢), y'()=Acos(t+¢)
If ¢ is small, y(¢) = A(¢)sin[t + @(¢)]---(1), y'(¢t) = A(t)cos[t + ¢(¢)]---(2)
y'(#) = A'(t)sin[z + g(0)] + At) cos[t + p()] - [1+ ¢'(1)] ---(3)

(2), (3)= A'(¢)sin[t + @(¢)] + A(t)P'(t) cos[t + p(¢)] = 0 --+(4)

(2)= y"(t) = A'(t) cos[t + p(1)] - A(t) - sin[t + §(1)] - [1 + §'(1)] - (5)

(2), (5)= A'(t)cos[t + (1)] - A(1)$'(2) - sin[t + §(1)]

= g[l— A (t)sin’[t + ¢(1)]- A(t) cos[t + ¢(1)] (weset O =t+ (1))

=& {[A(t) - #} cos() + % cos(36)} -++(6)

A3(t) |: 1 :|1/2
 Bernoulli's equation A(t)=2
4 = { © 1+ce™

¢(t) = ¢o

[ &7 cos(@)x(6)d0 = A'(1) = A(1)-
[ 27 sin(@)x (6)d0 = ¢'(1) =0

:>y(t):2[ 12;} -sin(t +¢,)
1+ce

dzy

Eg. Obtain the particular solution of —-+ o’y +e° =T cos(x).
X

(Sol.)  Suppose y(x,&) = y,(x) + &y, (x)+ &y, (x)+---
[y6(xX) + &(x) + & S (x) + -1+ @07 [y, (x) + &9, (x) + 87y, (%) ++°]
e[y, (x)+ &y, (x)+ &%y, (x)++-]’ =T cos(x)
=[5 (X) + @y, ()] + e[y (x) + @y, (x) + y ()]
+&7[y3(x) + 07y, (¥) +3y, (1), ()] + O(&*) =T cos(x)
= Y (X) + @y, (x) =T cos(x), y(x)+@’y(x)=—y;(x)
Vi) + 0y, (x) = =3y (0)y, (x)

= Solve y,(x), y,(x), ...
Eg. Obtain the approximate particular solution of " + i y+0.1y° = cos(x).

(Sol.) y(x;¢&) :yo(x)+Wl(x)+52y2(x)+53y3(x)+"' ~ Yo () + ey, (x)

1 4
= 3" o(x) = cos(x) =y, = = cos(x)

, 1 4 ’ 64 64
yi(x)+ Zyl (x)= —{— Ecos(x)} =y = —Ecos(x) - %cosﬁx)

= y(x) = ¥, (x)+0.1y,(x) = —=1.57 cos(x) — 0.006 cos(3x)

~ 784



8-5 Sturm-Liouville Theory

Consider y +R(x)y +[Q(x)+AP(x)]y=F(x), multiply it by e RO , and then let
()= (=000 ! p(r)=P(x)e! " and flxy=F(x) e’ *
= Sturm-Liouville form: [#(x)y '(x)] +[g(x)+Ap(x)[y(x)=Ax)

Eg. Find the eigenvalues and eigenfunctions of y”-2y’+2(1+1)y=0 with boundary
conditions y(0)=y(1)=0, and transform it into the Sturm-Liouville form. [’F' ‘["\iﬁ
e

(Sol.) P-2r2(142)=0, r=1+/1-2(1+ 1) =1£,/-(24+1)

If A= —%, =1, 1 =y=Ae"+Bxe"
Y(0)=1(1)=0= A=B=0, .". trivial solutions
If A< —% , -(2A+1)>0, r=14k=> y=Ae P4 Bl P
Y(0)=1(1)=0= A=B=0, .". trivial solutions
If A> —% , -(20+1)<0, r=1+ki = y=¢"(Acoskx+Bsinkx)

y(0)=0=4=0
Wzt —1, - - the corresponding eigenfunction is e*sin(nmx)

) =0=k=nr=>A=

&2 = 376 2 H2(140)e Py=0 = [¢ Xy '(x)] +[2e P +12e¢ > y(x)=0

Eg. Find the eigenvalues and eigenfunctions of x’y”+xy’-iy=0 with boundary
conditions y(1)=y(a)=0, 1<x<a. [’F' ‘,“\7&5}3?':]

(Sol.) *+(1-1)r-A=0, r = +\2

0 0 ¢, +c,/n(l)=0
IfA=0, y(x)=c,x +c,x {n(x)=c, +c,/n(x), = c1=c,=0.
¢, +c,ln(a)=0
5 . . |4 -1+d,-1=0
If2>0, set A=k", y(x)=dx" +d,x", . . =d=d>»=0
da" +d,a” =0

If A<0, set A=-k>,

y(x)=ex" +e,x =e """ + e, e = b cos[k In(x)] + h, sin[k In(x)]

]

T g TP o () = sin 000

W(1)=0=h1=0, (a)=0= k= In(a) = In(a) In(a)
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Sturm-Liouville theorems

1. For the two distinct A, and A, of the Sturm-Liouville problem, with
corresponding functions ¢, and ¢, then 3 p(x) fulfills IZ p(x)@, (x)¢, (x)dx =0
if nsm.

2. For the regular Sturm-Liouville problem, and two -eigenfunctions
corresponding to a given eigenvalue are linearly dependent.

Eg. For y”+iy=0, y(0)=y(7/2)=0.

1. If A=0, y=ax+b = a=b=0: trivial solution

2. If A=k*>0, y=acos(kx)+bsin(kx) = a=0, k=2n = \=k*=4n*
3. If A=-k’<0, y=ae"*+be™* = no solutions

And p()=1, [ ;" p(x)sin(2nx)sin(2mx)dx =0 if nm.

Eg. The eigenfunctions and their corresponding eigenvalues of the stationary
o’y oy

Helmholtz equation —+—; =-k2y/ are presented as follows.
X

oy

057

Pr
044
024" O
02 D2
B 02040
The first eigenfunction, ¥* = 106.6774 The second eigenfunction, &* = 254.2339

~05{."

02 Ph 0.2

"0
0.1

-0.2 -0z 0.1

The third eigenfunction, &* = 286.0975 The tenth eigenfunction, &* = 960.0726
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Eg. Given a refractive index distribution n(x,y), the eigenmodal function @(x,y)

of an optical waveguide fulfills

2

2 2
6_?+M+k2”(x,y)z¢=ﬂz @, where f* is the
ox” 0Oy

eigenvalue and S represents the phase constant of the lossy waveguide or the
propagation constant of the lossless waveguide. The eigenmodes of some optical
waveguides are presented as follows.

Si core

Oxide cladding

Diffused wg

Doped Si

; 10x7 um
I n*Si I

‘ Si

~100pum?

Input eigenmode

P

Input non-eigenmode

Rib wg Strip wg

2x4 um 0.2x0.4 um

o e

R~1cm R~1um

Silicon nanophotonics

If the eigenmode 1is injected into an
infinitely-long straight waveguide, it can
propagate along the waveguide without any
deformation. However, in case the input light
is not an eigenmode, some optical power loss
occurs and then it becomes the eigenmode
gradually.
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Eg. One-dimensional wave function ¥(x) in a quantum well

: i {Q 0<x<L

with infinitely hard walls, V= , fulfills

o, elsewhere

d*W/dx*+2mEY/ 1 *=0 in 0=<x=<L with boundary conditions
«  Y(0)=¥Y(L)=0. It can be transformed into the eigenvalue

2 2
Y
problem as _n d —=EY . It is proved that the
2m dx
n*r’h’
eigenvalue E is quantized as En=ﬁ and the corresponding eigenfunction is
m

Y, (x)=~/2/ L sin(nmx/L).

hfﬁkj/“~hff\flf\
/\\/ o

Eg. One-dimensional wave function ¥(x) in a

Energy quantum well with two finite potential walls,
0, 0<x<L
— ¥ V= , fulfills
V, elsewhere
I =E 111 d*¥Y.  2m
dle +h_2(E - V)\PI = 0
i o d*y
X 0 L X Tz” + ;—T‘PH =0 with boundary
d*¥, 2m
TZIH_'_h_Z(E - V)\PIII =0
conditions: ¥1(0)=¥n(0), ¥Yu(L)=¥Ym(L), ¥1’(0)=¥1i’(0), ¥Yu’(L)=¥Ym’(L). And
Y, (x) = Ce™
the eigenfunctions have the forms as ¥, (x) = 4sin( 27;1Ex) + B cos( 21;1Ex) .

¥, (x) = De ™

s ./'\/\__ ok s
¥ "/\_’.—-—- a2 -
‘#1 _"’!—'\..‘- |"l}1|2 =

x=0 x=L x=0 x=L
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Eg. Tunnel Effect: One-dimensional

4 wave function WY(x) in a quantum
E—> . V(>E), 0<x<L
barrier, V(x)=
Energy : i m 0, elsewhere
e »x  fulfills
d*v
L2 ey 20
v, Y, dx’? h’
VRS Vi d 2\}’ 2m .
i Tzﬂ + h—z(E - V)\PU =0 with
= d*¥ 2m
—dxzﬂl +h—2E\PIH = 0

boundary conditions: T1(0)=‘I’H (0), ‘I’H (L)='PHI (L), ‘I’I ’(0)=‘I’H ’(0),
Yiu’(L)=Ym’(L). And hence the eigenfunctions have the forms as
Y, (x)= Ae™* + Be ™~
, , 2mE \2m(V - E 2mE
¥, (x) = Ce ™ + De™™" | where ki= ;_l" , k= m(h ) = Y2E
Wy (x) = Fe™*
The quantum mechanics can1 grove that the transmission probability is

~l Y 1.,72kL —2k,L
=W P P FPIAR S Tk Ty '

re

[ u B1l

A N~
/ U N~

x=0 x=L
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