Chapter 9 Complex Numbers and Functions

9-1 Complex Numbers and Complex Functions

Complex number z: z=a+ib=r/ 6 =rcosf+irsinf
Complex conjugate of z: z = a —ib =r/ — 6 =rcosé-irsind

Theorem ze R < z=1Zz,zispureimaginary< z=—-z

z+2z z—z

Theorem R, (z)= =a, 1,(2)= =b

2i

Theorem ;v=2v_v, z+w=;+;/, |z|2=z-2

Theorem  [zw|=|z||w|,  arg(zw)=arg(z)+targ(w),  [|z/w|=[z|/|w| if  w#0,
arg(z/w)=arg(z)-arg(w)

Theorem

w=z=a+ib=r/0 & w=«/;4(§+n7r) :«/;cos(§+n7r)+i«/75in(§+n7z)
Theorem z-w= Re(;w) =%(Ew+ zw) =| z || w| cos ¢

zxw:Im(Ew)=%(Ew—zv_v) 2| w|sing
1

Analytic function f{(z): f(z) and f”(z) are continuous and bounded at a certain point.
Theorem For an analytic complex function f{(z)=f(x+iy)=u(x,y)+iv(x,y), we have
f,(z)zdf_(z)=8_u+l,@= ov .6u.

dz ox Ox 0oy Oy

Cauchy-Riemann Equations to test whether f(2)=f(x+iy)=u(x,y)t+iv(x,y) is
analytic:

u_ov
. . . . X Oy
SfR)=f(x+iy)=u(xpy)+iv(x,py) is analytic <
u_ v
oy ox

Eg. An analytic function f{(z)=u(x,y)+iv(x,y) has a real part u(x,y)=x2-y2. Find out

its imaginary part v(x,p).

u_, o
—2_2 Ox Oy -
(Sol.) u(xy)=x"-y"= =v(x,y)=2xy+c.
M_ o,
oy 4 ox
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Eg. Is f(x,y)=x+y+i(-x+y) analytical function?
ov  Ou _ov

ou
SOI. V)=x+y, V)=-x+ :>—=1=—, —=1=
(Sol.) u(x,y)=x+y, v(x,y)=-x+y o > o o

, .. flx,y) is analytic.

Eg. Show that f{z)=7’ is analytic.

(Proof) f(z)=f(x+iv)=(x+iy)’ = (x* =3xp*) +i(Bx°y = ¥°) =u(x, y) + iv(x, y)
0 ov Ou ov

o3y -3y? =2 X o =L
ox oy Oy ox

Eg. Show that f{z)=|z|>= zz isnot analytic at any point zZ0.
(Proof) f(z2) = f(x+iy) =x" +y® =u(x,y) +iv(x,y) = v(x,») =0

a”_z ¢@ if x=0, a—_z ¢_@ if y#0=f(z)isnotanalyticat z=0
ox oy oy Ox

Eg. Is f{x,y)=x’-y*-2y +i(2xy+2x) an analytic function? f (Z,Z) =7

(Sol.) x=1(z+2), y=i(z—2)

1 _ _ _
f(z, Z) —(z+z) —m( - ) - @(z z)+ {Zi(z+z)(z—z)+(z+z)}

=z’ +2iz= f(z) isindependent of z

ou ov
(x,y)=x*—y*-2 o
ulx,y) = yomey 4 . flx,y) is analytic
v(x,y) =2xy+2x a_”:_z _2__@
ay ox

Eg. Is f(z)=; an analytic function?
(Sol)) f(z2)=f(x+iy)=x—iy =u(x,y)+iv(x,y)

8u 1 8\/ _ 1
ox oy . )
) g , .. flz) is not analytic.
ou_qg__ov
oy ox
Check £'()=tim L O =S @ _ 2= (’)_z z+i
z0 —l z—0 Z—l z0 Z—l
() if z=ad, s real, 2L - Z¥i_lza

z—i oa-i a-1
Z+1 /3 i+i

z—1i ﬂ+z—z

(b) if z=p+i, B is real, =1=£"({) does not exist! .". f(z)=z is not

analytic
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Eg. Is f(x,y)=x"+iy* an analytic function? f (z,;) =7

- J1. =P J1, =T 1, - -2 i, .- -2
(Sol.) f(z,z):[g(z+z):| +ZI:Z(Z—Z):| _Z(Z +2zz+z )_Z(Z —2zz+2z)

is dependenton Z.

ou ov
(x )=x2 a—x=2x¢5=2y
Y = , .. flx,y) is not analytic.
viey)=y?  |Ou_y_ v
oy ox
I 2
9-2 Complex Operators Vziﬂ'i, Vsi—'i,and Vi=4 0 —
ox Oy ox Oy 0z0z

Theorem Let F(x,p)= G(z,z) be a complex scalar function, and

Axp)=P(xp)+tiQ(x.y)= B(z,E) be a complex vector function. Then we have

2
VFzZa—g, V-A:ZRe(a—B], VxA:ZIm[g—Bj,and vieg 9
z

0z z

8 006z 60z 0 & O 00z 80z .0 .0
(Proof) —=— =4 === 42 =, 20 a
Ox 0zOx ¢@zOx 0z oz O 0OzOy 0zOy Oz Oz
=—+ 00 59 = VF(x, ) =2i{G(z,E)}
ox Oy 0 ox Oy 0z oz

V-A=R (VA) = RE(ZQB] = 2R2(6—BJ = Re{(i—iiJ(Pﬂ'Q)} _op, %0
oz 0z ox Oy ox Oy

0,2\ prio)h 22 2P
Im{(@x l&y](PJrlQ)} ox o

— 2
v? =V-V=R6(W)=Re[2£2i_j=4 o
0z 0Oz 0z0z

VxA=1 (VA) zlm(zﬁgj: Zlm[a—BJ _
0z Z

o°U o°U 8

Eg. Solve = .

8 ax? oyt xP+y°
2 2 2

Soly SU 0T _goy 49U _ 8 _8
Ox oy 0z0z X" +y° zz

= U(z,z) =2In|z|-In| z|+F,(z) + F, (z)

=>U(x,y) = 2{5;1\/;8 +y° +itan‘1(lﬂ- {ﬁnw/xz +° —itan-l(lﬂ
X X

+F(x+iy)+ F,(x—iy)

= Z[Em/xz +y? ]2 + Z{tan‘l(lﬂ +F (x+iy) + F,(x — i)
X
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Green’s theorem it;P(x, y)dx + Q(x, y)dy = ” (%—g - %Djdxdy

General Green’s theorem §P(Z, E)dz +0(z, ;)dg = ZZU(Z_{) — ‘Z_deA
c R z 4

Eg. Show that 4 = ii; C;dz —zdz.
4i

(Proof) i§ zdz—zdz = i : 21‘” [1— (=1)]dxdy = ”dxdy =4
4i 4i h h

9-3 Elementary Functions
For z=x+iy, where x,ye R

Exponential function: ¢’=¢*[cos(y)+isin(y)]
Theorem |¢’|= €".
Theorem e=e" < z=w+2nmni, where n is an integer.

Eg. Solve ¢*=1-i+/3 . (7187

/2
IN2—i—+i2nx

(Sol.) e* = 1-iy/3 = 2¢ % ¢

:>z:1 |n2+i(2nﬂ'—£]
4 3

Eg. Find ¢” for (a) z:—%[,(b) Z=3+%i. CEmeErki |

=4z = |n2+i(2n7r—%j

ﬁ ie®
\/E ]
eiz _e—[z 1

Trigonometric functions: sin(z) = = &' — g7 ()]
] 2i

=sin(x) cosh(y) +icos(x)sinh(y)

(Ans.)

e“+e™ 1

2 2
= c0s(x) cosh(y) —isin(x)sinh(y)

cos(z) = [ei(xﬂy) n e—i(x+iy)]

Theorem sin(iy)=isinh(y) and cos(iy)=cosh(y).

e’ —e’’ e’ +e
, cosh(z) =

-z

Hyperbolic functions: sinh(z) =

Logarithm function: log(z) =log|z|+iarg(z) + 2nm =log | z | +iarg(z)

= 'Ogmﬁtan‘l(lj =%Iog(x2 +37%) +itan-1(1)
X X
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Eg. (-)'=? and (-1)*=?

(SO|.) (_l-)i — i) _ ei(—m/z) _ eE , (_1)2i — 2 _ p2ilin) _ 27

Inverse trigonometric functions:

sin"z =kz+ (1" -{%—Z'Log(z+\/l—z2 )] k=0+1%2,--

cos ™z =2k +i(-1)* - Log(z +V1—z%), k=0+1+42---, n=12

tan z = kx Jri_Log(l+ fzj, k=04142---
21 —iz
iz +\1+z2 ]+%i}

cosh™ z = 2kzi + (-1)" -Log[z +1-z2°

sinh™ z = km — (-1)* -{Log

i+z

Eg. Show that tan"z=é|n[i_z]. [P ]

(Sol.) Let w=tanz,

sinw  e” —e™ 2 1 e* -1 oy Ll¥iz i—z
z=tlanw= = —— — = e =——=-
cosw 2i e +e™ i e™+1 1-iz i+z
. i—z _ 1 i—z i, i—z i, i+z
=2iw=/Im—— = w=tan"z = —In[—]=—=In[—] == In[—]
i+z i itz 2 i+z 2 i—-z
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