Chapter 2 Monte Carlo Method

2-1 Random Numbers

Modular multiplicative method: Choose xo<N and y. Set Xn+1=(yxn) mod (N)= X1,
X2, «eey Xn, ... are approximately uniform distribution on [O,N-1]

Eg. Choose xo=1, y=13, N=100=1, 13, 69, 97, 61, 93, 9, 17, 21, 73, 49, 37, 81, 53,
89, 57, 41, 33, 29, 77, 1, 13...

Note: In fact, the sequence has a period (=20) in this case. Therefore, these numbers
are not true random numbers.

Eg. By the previous problem, generate random numbers on [0,1], [-0.5,0.5], and
[1,2], respectively.

(Sol) 1. X, x— =0.01, 0.13, 0.69, 0.97, ...
100
2 (X —50)x— —5-0.49,-0.37, 0.19, 0.47, ...
100

3. X, xi+1:> 1.01, 1.13, 1.69, 1.97, ...
100

Failure of modular multiplicative method:
Eg. Choose xo=5, y=5, N=10= Xx1=5, X2=5, X3=5, ...: Not random numbers!

Other algorithms to obtain random numbers:

Eg. n=3.141592654....= X0=314, X1=159, X»=265, .... Or, Xo=31, X1=41, X2=59, ...,
etc.

Some fortune-teller websites might not provide true random numbers. It is
necessary to modify the way of generating random numbers.
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http://mindcity.sina.com.tw/east/MC-divination/index.shtml
http://faculty.pccu.edu.tw/~meng/Era-bugua.wmv
http://faculty.pccu.edu.tw/~meng/Era-bugua.wmv
http://faculty.pccu.edu.tw/~meng/FTV-bugua.WMV

2-2 Integration by the Monte Carlo Method
(b-a)

M
Z f (x;), where xi is uniformly distributed on [a,b]

[ f(dx~
é i-1
1 1
Eg. L xdx =?, IO x2dx =?
(Sol.) Choose M=5 and x;=0.01, 0.13, 0.69, 0.97, 0.61, then

05= ijdx ~ é[0.0l-l- 0.13+0.69+0.97 +0.61] =0.48

%: J.:xzdx ~ %[0.012 +0.13° +0.69% +0.97% + 0.61°] = 0.36
. 3 111 AdBACADAEdF B
Problem.,OI0 sin xdx =7, .[OLIOJ.O.[OLlJr ArBiCrDsE+F =7?

I:'[:e’xz’yzdxdy: ? (Hint: LM IOM e~V dxdy asM— o)

2-3 Simulation by Monte Carlo Method

Eg. Suppose some neutrons are injected into an aluminum wall. Each _neutron
traverses D before it ran into an atom. And the thickness of the wall is 3D.
Compute the probability of neutrons penetration through the wall. (Assume that
each neutron can run into something only 10 times.)

(Sol.)

95 00 s We divide the circle into N sections. And we
choose the random numbers X1, X2, X3, ... on [0,

2X;
N]. Test whether D+D- " cos(=-") >3D? If the
20 i<10 N

answer is “Yes”, this neutron can penetrate
through the wall.

30 For simplicity, we set N=100 and have random
35 numbers: 01, 13, 69, 97, 61, 93, 09, 17, 21, 73,
49, 37, 81, 53, 89, 57, ...

80

—61,93,9, 17, 21, 73, 49, 37, 81, 53: It can not
penetrate through the wall.
— 01, 13, 69, 97: After 4 impacts, it penetrates

through the wall. 3D

You can simulate many cases in this problem and
obtain the probability.



http://faculty.pccu.edu.tw/~meng/MonteCarlo.mp4
http://faculty.pccu.edu.tw/~meng/MonteCarlo.mp4
http://faculty.pccu.edu.tw/~meng/MonteCarlo.mp4
http://faculty.pccu.edu.tw/~meng/MonteCarlo.mp4

Eg. Anunfair coin is tossed 4 times. Suppose it has probability 0.3 to appear side
of head each time. Calculate the probabilities that it appears the side 0, 1, 2, 3,
and 4 times.

(Sol.) Exact solution: 0 head: C;(0.3)°(0.7)*=0.2401,
1 head: C,'(0.3)'(0.7)°=0.4116, 2 heads: C, (0.3)?(0.7)*=0.2646,
3 heads: C, (0.3)°(0.7)'=0.0756, 4 heads: C; (0.3)*(0.7)°=0.0081
Simulation by the Monte Carlo method: Choose random numbers like: 0.01, 0.13,
0.69, 0.97, 0.61, 0.93, 0.09, 0.17, ... (You have many candidates)
In case of 0<xij<0.3: head, and 0.3<xi<1: the other side
— 0 head: (0.69, 0.97, 0.61, 0.93), (0.81, 0.53, 0.89, 0.57), ...

1 head: (0.13, 0.69, 0.97, 0.61), (0.13, 0.69, 0.97, 0.61), ...

2 heads: (0.01, 0.13, 0.69, 0.97), (0.61, 0.93, 0.09, 0.17), ...

3 heads: (0.09, 0.17, 0.21, 0.73), ...

4 heads: ...
You can simulate many cases in this problem like this to obtain the results.
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