Chapter 4 Numerical Methods in Linear Algebra

4-1 Eigenvalues and Eigenvectors of Matrices

Power method: Suppose 41, 42, ..., 4, are eigenvalues of 4, and x4, x3, ..., X, are
the corresponding eigenvectors; i.e., Axi=Aix;, i=1, 2, ..., n. Let v* be an

arbitrary vector, then
VO =X +C,X, +--+C,X,, V= AV =¢ A X +C A, X, +++C A, X,

n“*n?’

n“-"n"'n

v = AVY = AVO = ¢ X, +C, X, + o+ CAnX

n
nin Xn

v = AW = ¢ AMX +CA0X, +---+C

n n
A A
If]| }\‘1 [>] 7‘2 > 2] 7"11 |,V(n) =AVY = /1?[01)(1 + CZXZ[TZJ et C"Xn(ﬂ_nj }
1 1
As n—o, V" = A® — 27c x, is a multiple of x;.

With an appropriate normalization factor c;, this method can be used find the
dominant eigenvalue A, and its corresponding eigenvector.

4 1 0
Eg. Find the dominant eigenvalue of A=|0 2 1 | and its corresponding
0 0 -1
eigenvector.
1 1 5 1 1 4.6 1
(Sol.) Select |1|,Ax=A1|=| 3 |=5 0.6 |, 0.6 |[=| 1 |=4.6/0.2174
1 1 -1 -0.2 -0.2 0.2 0.0435
1 4.2134 !
A 02174 |=| 0.4783 |=4.2134| 0.1134
1 0.0435 —0.0435 | —0.0103
! 4.1134] !
A 0.1134 |=[0.2165|=4.1134/ 0.0526
| —0.0103 0.0103 | 1 0.0025
1 4.0526 | ! 1
A 0.0526 |=| 0.1077 |=4.0526| 0.0266 |, .. A—4 and x—|0
1 0.0025 -0.0025 | | —0.0006 0
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A C++ Program (developed by K. —-Y. Lee) of computing the multiplication of a
nXn matrix and a n-dimensional vector is listed as follows.

#include <stdio.h>
#include <math.h>
main()
{
int i,j,k,nn; float a[100][100],x[100],y[100];
printf("dimension of matrix=?\n");
scanf("%d",&nn);
for(i=0;i<=nn-1;i++)
{printf("X[i]=? %d \n",i+1); scanf("%f",&X[i]);}
for (i=0;i<=nn-1;i++)
{ for (j=0;j<=nn-1;j++)
{printf("a[i][j]=? %d %d \n",i+1,j+1); scanf(" %", &a[i][j]);}

h
for (i=0;i<=nn-1;i++)
{Yli1=0.;

for (j=0;j<=nn-1;j++)
Ylil=yliT+alili*xil;}
printf("y[i]= %f %d \n",y[i],i+1);}
h
imenzion of matrix=7%
i
2

[illj1=?
3
[illj1=?

[illj1=?

[ilfji= 2 2

1

[i1= 3.A000AA 1

[i]l= A.ABBOAA 2
Press any key to continue

A C++ Program (developed by K. -Y. Lee) of computing the multiplication of
two nxn matrices C=AB is listed as follows.

#include <stdio.h>
#include <math.h>
main()

{
int i.j,k,nn; float a[100][100],b[100][100],c[100][100];
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printf("dimension of matrix(<=100)=?\n");
scanf("%d",&nn);
for (i=0;i<=nn-1;i++)
{ for (j=0;j<=nn-1;j++)
{printf("a[i][j]=? b[i][j]=?%d %d \n",i+1,j+1);
scanf("%f %f",&a[i][j],&b[i1][j]);}

h

for (i=0;i<=nn-1;i++)

{
for (j=0;j<=nn-1;j++)
{

cli][il=0-;

for (k=0;k<=nn-1;k++)

{clilli]= clilliI+ali][KI*bIK]f1:
printf("c[i][j]= %f %d %d \n",c[i][j],i+1,j+1);

of matrix<<=108>=7
? bI[il[j1=71 1

? b[il[j1=71 2

? b[il[jl1=72 1

? bIil[jl1=72 2

c[il[jl= B.60PAAG 1 1
c[ill[jl= 6.60PBAA6 1 2
c[illjl= 2.600806 2 1
c[il[jl= —57.P900608 2 2
Press any key to continue

~15~



Inverse Power method:

1. To find the eigenvalue of the least magnitude, we can apply the power method
to A to obtain its eigenvalue of the largest magnitude Ay. Then 1/hy is the
eigenvalue of the least magnitude for A. (Ax=\x < A'1x=k'1x)

2. To find the eigenvalue near ¢, i.e., .- =0, (A-q)x=(1-q)x, 1-q is the eigenvalue
of the least magnitude, then apply power method to find the dominant eigenvalue
of (A-qI)", say A . Then q+1//1( Al is the eigenvalue of 4 near ¢g. One

X' (O Ax(®
¥1(0) 5 (0)

(A-gh)™

can guess x¥ to obtain qgby =

-4 14 0
Eg. For A=| -5 13 0|, find its eigenvalue near 6.
-1 0 2
1
111]A 1
{ [111] 1
(Sol.) Guess x =|1], q=—1:6.3333
1
(111
1
= (A=) 'x? = - = 1 ~6.000005 <> x~[1 0.714286 —0.2499]
4 -1 1
Eg. Find all eigenvaluesof 4= 1 1 1
-2 0 -6

1 4 -0.5
(Sol) o _|1| = ax® =] 3 |= g —0375
1 -8 1

-0.5 0.125 -0.1157 , }"1 = —5.76849
= A-0375|=-5-0.025|= - = AX*) = -5.76849 - 0.1306

1 1 1

1'—6 -6 -2 3/13 313 113
Al=——|4 -22 -3|=|-2/13 11/13 3/26

26
2 2 5| |-13 113 -5/26

1 [ 0.4121 1
X(O) === A—lx(fo) =0.7689 1 s L. /12 = 0.7689 =1.29923
1 | —0.1129

1 -1 1
Suppose it has an eigenvalue near =3, A-ql =| 1 -2 1
-2 0 -9

1 1
. 1
) _ Al — s oo A, =3+——=3.4691
xV=1|=-=(A-ql)"x* =2.13174] 0.31963 3 213174
1 -0.21121
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In Matlab language, we can use the following instructions to obtain the eigenvalues

of a matrix;

>>A:[1,4,3;4,9,6;791’9]

A
1 4 3
4 9 6
7 1 9
>>eig(A)
ans —
-1.0205
5.1344
14.8861

And we can use the following instructions to find out the ij-entry, the m™ row, and the

n™ column of a matrix:

>>A=[0,1,2:3,4,5]
A =

>>A(2,1)
ans =
3
>>A(2,3)
ans =
5
>>ROW1=A(1,:)
ROWI =
0 1 2
>>COL2=A(:.,2)
COL2 =
1
4
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4-2 Matrix Inversions

1 -1 2
Eg.A=3 0 1|, 4'=?
1 0 2
1 -1 21 0 0 1 -1 2]1 0 0
(Sol) 30 100 I 0|—[0 3 —5-3 1 0
1 0 200 0 1 01 0[-1 01
_ i 2 ]
-1 2|1 0 0 1 -1 o|!l 5 s
-0 1 0|1 0 1|>|0 1 0-1 0 1
0 0 -5/0 1 -3 o o 1lo -1 3
- 5
1 0 00 2/5 -1/5 0 2/5 -1/5
—|0 1 01 0 1|, A'l=|-1 0 1
00 1/0 -1/5 3/5 0 -1/5 3/5

In Matlab language, we can use the following instructions to obtain the inverse of a

matrix:

>>A=[2,1:4,3]
A =

>>inv(A)

ans =

1.5000  -0.5000
-2.0000 1.0000
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4-3 Determinants of Matrices

A — 5 triangular matrix = det(A)=Product of the diagonal elements

(Gaussian E limination)

(Gaussian Elimination: Add a multiple of a column/row to another column/row.)

1 4
Eg. A= 22 } det(A)=?
30
1 2 2
1 4 -2 1 2 3
2.2 0 0 4 -2
(Sol.)
30 0 5 -7
12 } 0 4 -6
1 4 1 -2 3
L0 e } 0 -6 4 =2 , det(A)=1 - (-6) - (-3) - (-8)=-144
0 0 -3 ~3 -3
0 0 83 —16/3 -8
1 1 0 3
Eg. A= L , det(4)=?
-1 2 3 -1
3 -1 -1 2
1 1 0 3 1 1 0 3 1 1 0 3
0 -1 -1 =5 |0 -1 -1 -5 0 -1 -1 -5
(Sol.) A—> - -
0 3 3 2 0 0 0 -13] |0 0o 3 13
0 -4 -1 -7| |0 0o 3 13 0 0 0 -I3

det(A)=-[1 - (-1) - 3 - (-13)]=-39

In Matlab language, we can use the following instructions to obtain the determinant

of a matrix:
>>A=[1,3,0;-1,5,2;1,2,1];
det(A)

ans =

10

~19~



4-4 Factorizations of Matrices

LU Factorization: A=LU, where L is a lower triangular matrix and U is an upper

triangular matrix. There are many ways.

Algorithm 1

all a12 a13 a14 (11 0 0 O 1 u12 ul3 u14
A: a21 a22 a23 a24 — 521 622 O O 0 1 u23 u24

a31 a32 a33 a34 f 31 f 32 f 33 O 0 0 1 u34

a, a, a; au l 41 49 43 l 44 0 0 0 1

l,=a,,1<1<n

Uy, :alj/ﬁ11 = 1J./a“, l<j<n

j—1
=3l =a; _;&kukja I =i

U :|:aij _kz_;gikukj}/gii , 1<

3 -1 2
Eg.A=|1 2 3 |=LU,L=?U=?
2 -2 -1

(Sol.) ¢,, =3, ¢, =1, (, =

30 0 1 —13 2/3

L=[1 7/3 o], Uu=/0 1 1

2 -4/3 -1 0 0 1

Algorithm 2

0 0 0 u, U, U; U,
L= C 0 0 U= 0 Uy Uy Uy
by ly 10 0 0 uy uy
ly Ly Ly 1 0 0 0 wu,
=u;=a;, I<j<n, [, =a,/u,=4a,/a,, I<i<n

—

k

Ly Uy /ujj, > ]

i1 i
uijzaij_zgikukj') ]2, fij=|:a'ij_
= =
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In Matlab language, we can use the following instructions to obtain the LU

factorization of a matrix. However, the answer may be incorrect.

>>A=[5,2,3;4,2,5;8,7,2]

A =
5 2
4 2 5
8 7
>>[L,U]=lu(A)
L =
0.6250  1.0000 0
0.5000  0.6316  1.0000
1.0000 0 0
U =

8.0000 7.0000 2.0000
0 -2.3750 1.7500
0 0 2.8947

Note: L is not an upper triangular matrix in this case.



OR Factorization: A=QR, where Q is an orthogonal matrix and R is an upper
triangular matrix.
Let the columns of Abe A;, Az, Az, ..., A.. And then

Al :|V1 |W1’ A =<ALW >WH[V, W, A3 :<A3aW1 >W1+<A3,W2 >W2+|V3 |W3

Al v, | 0 0 0 - 0w
A < ALW > |V, | 0 . lw ~
= A= Tl<ALW > <ALW > v | L : . | AR
Aht ...... |Vn| Wnt
(R) @)
-1 2 -1
Eg. Find the QR factorization of the matrix 4= 1 1 2 |.
1 0 2
-1 2 -1
soty , [, B,
|1 0 2
-1 [-43 -1/\3
A=|1|=V3 V3 |=Bw=v =3, w=| 143
1| /43 /43
21 (127 [-1/V3 ) -1/43
V(W = A=< Aw >w=|1|-|[1|] 143 [|| 1/43
ol (lo|] /N3 ||| /3
2 -1/¥3] 2] [-y3] [5/3
= —[—\H- /N3 |=|1]+] 13 |=|4/3
0 30 yG | ol | ys ] |3
5/Va 5/Va2
:E 4/\/5 :|V2|W2:>V2:¥, w, = 4/\/5
1/V42 1/V42
Vs [ Wy = A=< ALw > W - < ALw, > W,
=11 ([-1] [-/B\[-1V3] ([-1] [5/vaz2|\[5/v42 ]
= —l 2 || 13 V3 |-|| 2 |-|4/v42 ||| 4/Va2
| 2 2|3 ) V3 2 | |[N42 ]| 1/V42 |
- ~ - -1 [-5/3] [25/42] [ 114 1/14
) 21 B 1%}5 s j?\/\/iz =| 2 |-| 5/3 |-|20/42|=|-2/14 =% —2/14 || v, |w,
| 2 V3 /43 m_l/m 2| [ 53] | 542 | 314 YN,
| 1/~14 I N R TN VR [V B TN S TN
=SV= w=|=2VIA L A-Qr=| V3 4/Va2 —o/Nid|| 0 Vf3 s/Na2
3/ 14 N3 Va2 314 o o 1/V14




4-5 Gaussian Elimination

X =X, +2X; — X, =—8
2X —2X, +3%; —3X, =-20

Eg. Solve
X + X, +X =2
X — X, +4X, +3X, =4
1 -1 2 -1]-8 1 -1 2 -1]-8]
2 -2 3 -3]-20 0O 0 -1 —-1-4
(Sol.) N
1 1 1 0(-2 0 2 -1 116
1 -1 4 3| 4 0 0 2 4/(12

I -1 2 -1-8 I -1 2 -1]-8

0 2 -1 116 0 2 -1 116
- -

0 0 -1 -1-4 0 0 -1 -1-4

0 0 2 4|12 0 0 0 24

X, =4/2=2, % =[-4—(-1)-2)/(-1) =2
X, =[6-2—(-1)-2]/2=3
X, =[-8—(=1)-2-2-2—(=1)-3/1=-7

0.003X, +59.14x, =59.17

Eg. Solve .
5.291x, —6.13x, =46.78

.. | =10 5291
The exact solution is , ——=1763.66---~1764
X, =1 " 0.003

= (-6.13-59.14 x1764)X, = 46.78 —=1764 x59.17 = —104300%, ~ —104400
= X, #1.001~1 = X, ~[59.17 —59.14x1.001]/0.003 ~ —10 <« inaccurate

Pivot procedure: max{|a? |,|al” |} = max{|0.003],/5.291|} =5.291, E, < E,

5.291x, — 6.130X, = 46.78
=
0.003X, +59.74X, =59.17

)

_‘5)2(9)';’ = 0.0005670 = (59.74~ (=6.13) x 0.000567),

=59.17 - 0.000567 x 46.78
= 59.14X, ~ 59.14 = X, =1 = X, =[46.78+1x6.13]/5.291 =10
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Eg. An example of FORTRAN Program of solving a system of linear equations
X+3y+5z=2
2X+4y+6z=1 by Gaussian elimination method
X+2y+2z=3

C+++++++++++++++++++ NUM=3 IN THIS EXAMPLE ++++++++++++++++++++++++
C+++ COEFFICIENTS: C(1:NUM,1:NUM), CONSTANT TERMS:C(1:NUM,NUM+1) +++
C+++++++++++++ DIMENSION OF INPUT: C((NUM+1,NUM+1) +++++++++++++++++++
C+++++++++++++++ DIMENSION OF OUTPUT: S(NUM) +++++++++++++++++++++++

DIMENSION (C(4,4),5(3)

C(1,1)=1.

C(1,2)=3.

C(1,3)=5.

Cc(1,4)=2.

C(2,1)=2.

C(2,2)=4.

C(2,3)=6.

C(2,4)=1.

C@3,1)=1.

C(3,2)=2.

C3,3)=1.

C(3,4)=3.

NUM=3

CALL SOLMATR (NUM,C,S)

WRITE (*,*) $(1),8(2),S(3)

STOP

END

SUBROUTINE SOLMATR (NUM,C,S)
DIMENSION C(4,4),5(3)
Z=0.
DO 200 I=1, NUM
IF (C(1,I).NE.Z) GOTO 220
DO 230 J=I+1,NUM
IF (C(J,I).NE.Z) GOTO 250
230 CONTINUE
250 CALL PIVOT(,J,NUM,C)
220 DIV=C(I,])
DO 270 J= 1,NUM+1
CI,J)=C(1,J)/DIV
270 CONTINUE
DO 290 II=1,NUM
IF (ILEQ.T) GOTO 290
RR= C{L])
DO 310 K=1, NUM+1
CUIK)=C(II,K)-RR*C(I,K)
310 CONTINUE
290 CONTINUE
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200 CONTINUE
DO 330 I=1, NUM
S(=C(I,NUM+1)
330 CONTINUE
RETURN
END

SUBROUTINE PIVOT(I,J,NUM,C)
DIMENSION C(4,4)
DO 400 k=1, NUM+1
TRAN=C(I,K)
C(I,K)=C(J,K)
C(J,K)=TRAN
400 CONTINUE
RETURN
END

—2.7580008 4.080808 —1.2580008

Press any kew to continue

In Matlab language, we can use the following instructions to solve a linear system of

X+3y+5z=2
equations: <2X+4y+6z=1
X+2y+2z=3

>>A=[1,3,5;2,4,6;1,2,1];
>>B=[2,1,3]'; % [2,1,3]’ is the transpose of [2,1,3]

>>1ref([AB])
ans =
1.0000 0 0 -3.7500
0  1.0000 0  4.0000
0 0 10000 -1.2500
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4-6 Iterative Methods for Solving Systems of Linear Equations

Jacobi iterative method:

10X, — X, +2X;, =6
=X +11X, — X, +3X, =25

Eg. Solve .
2X =X, +10%; — x, =—11
3X, — Xy +8X%, =15
Xl(k) _ ixék—l) _lxgk—l) +§
10 5 5
X;k) — i Xl(k—l) + l ng—l) _ixgk—l) + 2
11 11 11 11
(Sol.)
ng) — _l Xl(k—l) + L Xék_l) + i X‘(‘k—l) _ E
5 10 10 10
ng) _ _éxék—l) n l ng—n n E
8 8 8

1V, %9 x4 ™)=(0,0,0,0)= -
= (12,1, %31 %, 1)=(1.0001,1.9998,-0.9998,0.9998)

Gauss-Seidel iterative method:

Eg. For the same systems as above, solve it by the Gauss-Seidel method.

Xl(k) _ Lxék—l) _lxgk—l) +§
10 5 5
Xék) :ixl(k) +iX§k—l) _ixik—l) +£
11 11 11 11
(Sol)
X = 1 x +ix§k) +ix§k‘” _1
5 10 10 10
3 1 15
X == x4 =X+ —
! 87 8° 8

(Xl(o),Xz(O), X3(O),X4(O)):(anﬂO’O):>
= (%1%, x:%,x4*)=(1.000,2.000,-1.000,1.000)
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