Chapter 6 Initial-Value Problems for Ordinary Differential
Equations

6-1 Euler’s Method
Solve y =f(1,y), y(a)=a, a=t=b. Set h=(b-a)/n, t=a+ih, =0, 1,2, ..., n
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Eg. Solve y’=-y+t+1, 0=t 1, y(0)=1.
(Sol.) Set h= 11_—00 =0.1, t=0.14, y(tir))=0(t)+h - [-y(6)+ 6 +1]

C++ Program:

#include <stdio.h>
#include <math.h>
main()

{float a,b,h,y0,t; int i,n;
printf("a,b,n,y(a)\n");

a b .n_utal

A 118 1

H.1806000 1 .06106000
H.200000 1829800
H.300000 1.0856100
H.400000 1.689084708

1.131444

scanf(”%f %f %d %F',&Cl,&b,&ﬂ,&y()); 1._178297
h=(b-a)/n; 1.2368467
A 1.2874208

float y=)0; 1.348678
for (i=1;i<=n;i++) i.413811

{ Prezz any key to continue
t=ati*h;

y=y+h*(-y+it+1);
printf("%f %f\n",z,));

}
}
Fortran Program 1: a-b.n. yca>
9118 1

real h 9. 1P00PAR 1.0100080

write (*,*) 'a,b,n,y(a)' A. 2000000 1.682980Q

read (*%) a.bury0 A . 3APA0RA 1.056100

") a,b.m, A . 4ARARRG 1.090490

h=(b-a)/n 0.5000000 1.131441

=10 A . 6ARARRA 1.178297

s 8. 7ARA0RA 1.230467

do I i=l,n A . 8ARARRG 1.287421
=a+i*h A .9ARARRA 1.348678

y=y+h*(-y+ttl)
write (*,*) ¢,y
1 continue
stop
end

1.688660648
Prezs any key to continue

1.413811



Fortran Program 2: a,b.n.yad

real & Pt 28
8.1P0P0AR 1.0100008
write (*,*) 'a,b,n,y(a)' 0.2060800 1.829000
read(*,*)aJLnJO 8. 3686060606 1.68561668
8.4P0P0A0 1.890498
h=(b-a)/n @ .5000000 1.131441
=10 8.5P0P0AR 1.178297
4o 1i=1.n 8.700P0AR 1.230467
’ A.3P0P0AR 1.287421
t=a+i*h 8.900A0A0 1.348678
=y 2y) 1 .0P06R0 1.413811

Pressz any key to continueg

write (*,*) ¢,y
1 continue
stop
end

function f{,y)
Vaaray
return

end



x, (1) St x,,x,,000,x,,) x,(a) a,
)

Solve i xz.(t) = fz(t,xl,x.z,'--,xm xz.(a) = 05.2 a=t=h.

x, O] | futx,%x,)] | x,(@] |,
Set h=(b-a)/n, ti=a+tih,i=0, 1,2, ..., n
% (t.1) X (8) + e fi(6,x, (1), x,(8), 0, x,, (1))
- x2(.ti+1) _| x@)+h 'J’z(fi,xl(.fi),xz(fi),"',xm(fi))

X, (241) x, () +h- @, %), x,(t,), -, x,(1,))
Eg. Solve y”-2y’-3y=t, y(0)=1, y’(0)=-1/3.

_ I s d ‘xl (t) I ‘xz (t)
(Sol.) Let x1=y, x,=y = x;’, then we have — =
dt| x,(t) | |[t+3x,(6)+2x,(1)

Set h=(1-0)/20=0.05, £=0.057, =0, 1, ..., 20= {
xz(tm)_

xl(tm)_ :{ x,(6)+h-x,(t,) j|
X, () + e[t + 30, (6) +26,(6)])
where x;(2))=x1(0)=1, x2(f)=x2(0)=-1/3

(X (1)] 1+h-x,(t,)
:>_x2(t1) | =1/34 R [ty +3x,(t,) + 2x, (2,)]

_xl(tz)}_{ x,(8)+h-x,(¢) }

=
_xz(tz) X, (8) +h- [, +3x, (1) + 2x,(2))]
— xl(%)}_{ x1(t2)+h'x2(t2) }
s e
_xz(l3) Xy (8,) + e[, +3x,(4,) +2x,(2,)]
Fortran Program: T
real h A 128 1 13
. L .GBPRAB1IE-A2 B.9500008 95500008
write (*,*) 'a,b,n,y(a),dy(a) .1PPABAR .9@822500 9181625
% % 8.1580008 8567418 8651675
read (*,%) a,b,n,x10,x20 6. 2680008 81348135 8196617
h=(b-a)/n 8.2580008 - 7725004 .7732528
0. 3080008 7338377 7255825
x1=x10 .3500000 6975626 6759183
¥2=x20 0. 4880008 6637667 .6239452
8. 450008 .6325694 .5689543
doli=1,n 0.5880008 6841217 .51@2314
. 0.5500008 .5786102 .4469638
=ati*h @ .6BE0aE0 .5562628 .378226d
Yl=x1+h*2 @.6560008 .537151@ 3829394
0. 7880008 5222040 .2199928
X2=x2+h*(t+3*x14+2*x2) 8.7580008 .5112089 1277117
- (o215 51515155} .5@48213 475936 7E-02
write (*,*) £,x1,x2 .8580000 .5@35853 .B8A2498E-A2
1 continue 0. 9880008 .5@81255 .2211816
@.95680008 .5191865 3685888
stop 1.880008 .5376100 .5368892
end Preszs any key to continue

Note: Euler’s method leads the accumulation of numerical errors.
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6-2 The forth-order Runge-Kutta Method

Solve y’=f(t,y), a=t=b, y(a)=a. Set h=(b-a)/n, ti=a+ih, =0, 1,2, ..., n
Ky =h-f(t,y())
Kzzh-f(ti+§,y(ti)+%j |
= y(t,,) = y(t)+—=(K, +2K, +2K, +K,) , where
K3:h-f[t[+g,y(ti)+&) 6

2
K4:h'f(ti+hay(ti)+K3)
i=0,1,2,....n
x| [ AEx@,x,0)] x(@)=«
Solve i x2.(t) — fZ(tﬂxl(Z):“.bxm(t)) ) xZ.(a):?“Z ’agtgb
x, ] | futx @), x,@)]| x,(a)=«a,
K, S x (), x, ()
len] z
_Klm _fm(ti’xl(ti)7...’xm(ti)
i h K K, )]
_KZI ﬁ(ti+§9x1(ti)+%9“'5xm(ti)+ 21 J
L= s :
K
_sz fm(ti+g’xl(ti)+%9“.5xm(li)+ ZlmJ
I h K K, ]
K, ] fl(tl.+E,xl(ti)+%,~-~,xm(ti)+ 22 j
: =h. z :
K K
LK fm{ti+§,x1(ti)+%,-~,xm(ti)+ 22’”}
_K41_ _fl(ti+h’x1(ti)+K31»""xm(ti)+Ksm)
A s s
_K4m_ _fm(ti+h’xl(ti)+K3l’.”’xm(ti)+K3m)
x (41) x, (1) K, +2K, +2K;, + K,
= : = +E :
xm (tHl) xm (tz) Klm +2K2m +2K3m +K4m

Eg. Solve y”-2y’-3y=t, y(0)=1, y’(0)=-1/3, by the Runge-Kutta method.

real h,k11,k12,k21,k22,k31,k32,k41,k42
write (*,*) 'a,b,n,y(a),dy(a)'
read (*,*) a,b,n,x10,x20



h=(b-a)/n

x1=x10

x2=x20

doli=1n
r=ati*h
k11=h*f1(t,x1,x2)
k12=h*f2(t,x1,x2)
K21=h*f1(t+h/2 x1+k11/2 x2+k12/2)
k22=h*f2(t+h/2 x1+k11/2 x2+k12/2)
K31=h*f1(t+h/2 x1+k21/2 x2+k22/2)
k32=h*f2(t+h/2 x1+k21/2 x2+k22/2)
KA1=h*f1(t+hx1+k31 x2+k32)
kA2=h*f2(t+hx1+k31 x2+k32)
x1=x1H(k11+2*k21+2*k3 1+k41)/6.
x2=x2+(k12+2*k22+2*k32+k42)/6.
write (*,*) ,x1,x2

1 continue
stop
end

function f1(¢,x1,x2)
f1=x2
return

end

function f2(¢,x1,x2)
=t+3*x1+2*x2
return

end

a,b.n.yfa),.dydad
A 128 1 -1-3

5.A00AEA1E-A2 ©.9513155 -0.9473834

A.1A888688 8.9852812 -B.8939185

Aa.1588888 B.8619441 -B.8393268

a.2000888 a.8213775 -8.7829962

a.2580888 a.78368408 -8.7242983 !
A8.3088888 8.7489998 -B.66249608
Aa.3580888 a.7174993 -A.5968088
a. 4000088 A.689408081 -B.5262759
A. 4588888 B.6649697 —B.4498567
A.5080808 B.6445328 -8.36632081 0.85
a.5500088 B.6284795 -B.2742583
A. 688888 B.6172758 —-B.1728482 osf
a.6580888 B.6114747 -5 .7815580E-82
a.7000888 A.6117383 7.8685613E-82 0.751
a.75880888 B.6188138 @.215721@8
A8.80888688 B.6336284 8.3884317 07y
A.8580888 A.6572381 A.5688987

a.2000088 @.69088858 A.7826174

A.9588888 8.7368218 1.828585 06 ) ) ) ) ) ; - )
1.0888688 8.7943445 1.311881 0 01 02 03 04 05 06 07 08 09 1

Press any key to continue_

0.65}
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Eg. Solve the rate equations for describing the
characteristics of the laser diode:

dndt =1(t)/qV —Bn® —g(th,n, —n/t .
dn, [dt=g(n)v,n,—n,[t,+ BB’
(Sol.) For the sinusoidal input current /(¢):

Frog.of Input Signal =700MHz Freg. of Input Signal =10 GHz Freg. of Input Signal = 2.5 Gz
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6-3 Multi-step Methods
The 4th-order Adams-Bashforth method: Solve y’=f{(z,y) by

y(ti+1)=y(ti)+£[55f(ti VA =59t y(t,) +3Tf (8, y(E,5)) =9 f (45, vt )]s

where h=(b-a)/n, t=a+ih, i=0, 1, 2, ..., n, and y(%), y(t1), y(t), and y(z;) are given.
The 4th-order Adams-Moulton method: Solve y’=f{t,y) by

y(ti+1)=y(ti)+;_4[9f(ti+1>y(ti+1))+19f(ti’y(ti)) _Sf(ti—lay(ti—l))"'f(ti—zay(ti—z))]a

where y(%), y(t1), and y(¢;) are given.
Note: Adams-Bashforth technique is an explicit four-step method.
Adams-Moulton technique is an implicit four-step method.

Eg. Solve y’=-y++1, 0=¢=1, y(0)=1.

1-0

(Sol) ity =yl set h====0.1, 6=0+0.1i=0.1i

Adams-Bashforth method:
Vig = %[18.5)@. +59y,,-37y,,+09y, , +0.24i + 2.52]
Adams-Moulton method:

Y, = %[—0.9 Yoy +22.1y, 405y, —0.1y._, +0.24i +2.52]

1
=V = m[22.1yi +0.5y,, 0.1y, , +0.24i + 2.52]
Predictor-corrector method: Combination of explicit and implicit techniques as

h
yi(fl) =V +a[55f(ti’yi)_59f(ti—1’yi—1)+37f(ti—2’yi—2)_9f(ti—3’yi73)]

h
Yin =, +£[9f(ti+19yi(+(—)l) +19f @, y) =5 (i, yi)+ iy, vl a<t<b

where h=(b-a)/n, yi=y(t)), ti=a+ih, i=0, 1, 2, ..., n.

Root condition Let A, A2, ..., Ay (not necessarily distinct) be the roots of the
characteristic polynomial equation p(A)=A"-ap A"™'-...-a;A-a,=0, associated with
the multi-step method which is defined by

Vit =Yt 0Vt a0y, T F@G Y000 Vi)

with yo=ao, y1=a1, y2=a2, «.s Ym-1=0m-1.
If |M|<1 for Vi=1, 2, ..., m, and all roots with absolute value 1 are simple
roots, then the multi-step method is stable

1. Strongly stable: If |A|=1=A=1
2. Weakly stable: If |Ai|=1= XA may be other than unity.
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Eg. Is the following explicit multi-step method stable?

4h
Yiet = Vi3 +?[2f(ti9yi)_f(ti—l9yi—l)+2f(ti—29yi—2)]

4h
(Sol) y,,=0-y,+0-y,,+0-y,, +1-y,, +?[]
= Characteristic polynomial is p(?u)Z?f—l:O
A=1,1, -1, -i=|A <1 = stable, but |A|=1 holds for -1, i, -i#1. .". It is weakly stable!
Eg. Show that Adams-Bashforth method is strongly stable.
h
(PI’OOf) Yin =Y + Q[SSf(Z‘l ,yl-) - 59f(t1'—1 s Vil ) + 37f(ti_2 J.yi—Z) - 9f(ti_3 s Vi3 )]

= Characteristic polynomial is p(L)=\*-1’=0
= 1=1,0,0,0=|1|<1=stable
|A|=1 holds only A=1. .. It is strongly stable!
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