Chapter 7 Boundary-value Problems and Eigenvalue Problems for
Ordinary Differential Equations

7-1 Shooting Method

Solve y"=flx,y,y"), a=x=b, y(a)=a, y(b)=P.

Set x1(a)=y(a)=o and guess x,(a)=x; (a)=y (a)=so, and apply any numerical method to
obtain y(b).

Let y(b,s) denote the solution in x=b with an initial condition y’(a)=s. The problem is
to determine s so that y(b,s)-f=0. Then choose so and s;, by Secant method,

S, =8, — [y(bask—l)_ﬂ]'(sk—l _Sk—2) — xlv(a) — xz(a)’ k:z’ 3’ 4’

y(b,sk_l) - y(bask_z)
And apply the numerical method to obtain y(b,sx). Stop all the procedures in case
y(b.51)-p=0.

Eg. Solve d;J;z(t) = é(32 +267 — "), 1=t <3, y(1)=17, y(3)=43/3.
(Sol.) Set x1(H)=y, x2(H)=x1"(H)=y’

i x, (2) |4 x, ()

dt| x,(t)| §(32+ 267 — x,(1)x, (1))
xi(D=17, x/(1) =5, = ¥(3) = y(3,s,)
xi(D=F17, x{() =s, # 5, = y(3) = y(3,s))
[y(s,sl)—ﬂ (s, 5)

y(3,S1) _y(S’SO)

|:y(3,32) _4;](‘92 —s,)

xi(D)=17, s.=s, — =x ()= y(3,s
(1) 3 2 13,5,)— v3.s,) (D)= »(3,s5)

xi(1)=17, s, =s, -

=xi()=y3.s,)
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7-2 Finite Difference Method
Solve y "=flx,y,y"), a=x=b, y(a)=a, y(b)=p.

=2y, 4y, -y
Set yi=y(xi), xi=a+ih, h=(b-a)/n, i=1, 2, ..., n-1=> % - f(xl., yylz—hle

Y=o, yo=f

y, —«&
J’2_ZJ’1_h2f(x1>y1a 22 j:_a

Ys—y
J’3_2y2+y1_h2f(x2ayza 32h 1)20

Ya—Y
y4_2y3+y2_h2f(x39y3a 42h 2):()

yn— _yn—
yn—l _2yn—2 +yn—3 _hzf(xn—Zﬁyn—Z’#) = O

B=y.
_2yn—1 +yn—2 _hzf(xnhynl’Tz = _ﬂ

Eg. Solve y”=y%, y(1)=1, y(3)=10, 1 =x=3.

(Sol.) Boundary conditions: yp=1=y(1) and y,=10= 3(3)
Vi =2V + Vi
h2

= Yia — 2y _hzyiz +Y =0, 1<i<n-1

= yl.2 , h=(3-1)/n=2/n, xi=1+ih, 1<i <n-1

1-2y, (0.5 y! +y, =0
Choose n=4, h=2/4=0.5=> 1y, =2y, —(0.5)> > + y, =0 can be transformed into
v, =2y, —(0.5)*y: +10=0

¥, =[1-025y] +y,1/2
v, =[y, —0.25y3 + y,1/2, and then it can be solved by the following C++ program.
vy =[y, —0.25y; +10]/2

#include <stdio.h>

#include <math.h>

main()

{

int 7,lop; float x,y,z;

printf("The initial values of x, y, and z are\n"); scanf("%f %f %t",&x,&y,&z);
printf("The loop number is\n"); scanf("%d",&lop);

for (i=1;i<=lop;i++)

~40~



{x=0.5%(1-0.25*x*x+y); y=0.5*(x-0.25*y*y+z); z=0.5*(y-0.25*z*z+10);
printf("The roots are %f %f %f \n" x,y,2);

1
s

o "CAProgram Files\Microsoft ¥isual Stodio\Debuogimul

he initial values of %, vy, and

11

loop number is

roots
root=s
root=
roots
root=s
root=
roots
root=s
root=
roots
root=s
root=
roots
roots
root=
roots
roots
root=
roots
roots
PESS any

are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
are
key

H.875888
H.818547
1.899566
A.723887
1.639963
1.113965
1.477118
1.226521
1.417888
1.274931
1.381631
1.384145
1.368788
1.319788
1.349718
1.327859
1.343891
1.332166
1.348748
1.334479

#.8125%88
2.9633792
1.349781
2.418%81
1.7868381
2.264467
1.998513
2.218249%
2.851892
2.16%626
2.885517
2.146578
2.182452
2.134881
2.111147
2.128583
2.115843
2.125163
2.118359
2.123334

to continue
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5.281258
2.995239
4.553418
3.613748
4.317753
3.881857
4.1924%8
3.788883
4.116885
3.966228
4.8763975
3.996174
4.855858
4.8120812
4.843%43
4.828511
4.837358
4.82585%8
4.834R852
4.827471




Eg. Solve )" — (1 —gj y=x, p(1)=2, y(3)=-1, 1 <x<3.

=2y, : ‘
(Sol.) et ==YtV [1 _ﬁjyi =x,, x=1+ih
h 5
Choose n=4 = h=(3-1)/4=0.5=x1=1.5, x,=2, x3=2.5, and y(1)=2=y0, y(3)=-1=y4

= Via _{2"'}’2(1_%}}4 Vin = hzxi’ =1,2,3

j -(1.5)

=y —|2+ l) (l_éj Yot (%) -2
(1Y, 25 (1Y

—-1—-12+ Ej (1—?j:|y3 +y2 —(Ej (25)

2
1 1.5 1
—( 24+ =] |1-== +2=|—
Y 2) ( 5 j}/l (2

~2175 1 0o [»1 [-1.675] [»] [ 05748
= 1 =215 1 ||y, |=| 05 |=|y,|=|-04248
0 1 —2.125||y, | | 1.675 v, | |-0.9881

In MATLAB language, we can use the following program to solve the ordinary
differential equation:

>> A=[-2.17510;1 -2.15 1;0 1 -2.125];
>> B=[-1.675;0.5;1.675];
>> rref([4,B])

ans =

1.0000 0 0 0.5748
0 1.0000 0 -0.4248
0 0 1.0000  -0.9881
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Eg. Solve y”=y, y(1)=1, y(3)=10, 1 =x=3.

=y,, h=3-1)/n, x=1+ih, 1 <i <n-1

Boundary conditions: yy=1= y(1) and y,=10= y(3)

=2y .+,
(SOI) yH—l h.);l yl—l
212 1 0
1 —2-n? 1
0 1 —2—h?
— 0 0 1
0 0 0
0
0

0
0
1
—2-h
1

0
0
0
1
—2-h

0

Eg. Solve y”=p, p’(1)=1, y’(3)=10, 1 x<3.

Vi =2y, + .
(Sol.) ! 2 !

Boundary conditions:

-1

S O O =

o “en

1
-2-h’
1
0
0

0

1
-2-n’

1

0

-2-h’

=y, =3-1)/n, xi=1+ih, 1<i <n-1

yl;yo =1 al‘ld yn_yn—l =10

0

1
-2-n’

1

—_ o O O

-2-h*
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0 1 Vi

0 V2

0 Y3

0 .

0

1 yn—Z
_2_h2_ _ynfl_

0] Yo ]

0 »

Ol »,

0 : B

0

1 yn—l
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7-3 Eigenvalue Problems

T is a linear operator, 31 and x such that 7(x)=Ax, then 4 is the eigenvalue of 7 and x
is the eigenfunction corresponding to 4.

Eg. For y”+k2y=0 with y(0)=y(1)=0, its general solution is y(x)=asin(kx)+bcos(kx).
1(0)=0= b=0, y(1)=0 = asin(k)=0 = k=nn, n=0, £1, £2, ....

2

d
.". K*=n’n’ is the eigenvalue of the system D2y=d—g}=-k2y=)uy.
X

Eg. Use the finite-difference method to obtain the eigenvalues of y”+k*y=0 with

y(0)=y(1)=0.
2y, + Y,

— y1+1 yz yl—l

+k*y, =0, h=(1-0)/n, i=1, 2, ..., n-1 and y,=y,=0.

h2

= -y, +2, -y, = hzkzy,-

2 -1 0 0 0 07 » N

12 -1 0 0 ¥, 2

0 -1 2 -1 0 : :
=0 0 -1 2 -1 0 : =n'k?

. * * ‘ _1

_0 Y . | 2__yn_1_ | Va1 |

= AY=)Y=>Find the eigenvalue A of A by numerical methods= k = [/1/ h? ] y2

In case of n=5, we have #=(1-0)/5=0.2. And then we can use the following program to
obtain the eigenvalues in MATLAB language:

>>A=[2-100;1-12-10;0-12-1;00-1 2];
>> sqrt(eig(A)/0.04)

ans =

7.0711
3.8268
7.0711
9.2388
We can check 3.8268 =m, 7.0711=2n, and 9.2388 =3m.
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