Chapter 8 Partial Differential Equations

8-1 Elliptic Partial Differential Equations
0'u(x,y) , O°u(x,y)
o’ oy’

R={(x,y): a=x=b,c=y=d}, and § is the boundary of R.
Set x=a+ih, y=ctjk, h=(b-a)/n, k=(d-c)/m, i=0, 1, 2, ..., n, and j=0, 1, 2, ..., m.

Solve =f(x,), V(xy)eR; ulxy)=gxy), V(xy)eS, where

Central difference method:

u(x,, ;)= 2u(x,y,)+u(x,_,y,) wulx,y,,)=2ulx,y)+ulx,y, )
hZ + k2

and  u(xoj)=g(x0j)s UXn)=gxnyy)s Jj=0, 1, 2, ..., m-1; u(xipo)=g(xipo),

U(Xiym)=2(xiym), i=0, 1, 2, ..., n-1

zf(xi‘)yj)

hY’ hY’
= 2{(%) + l:luij _(ui+1,j +ui—1,j)_(;j (ui,j+1 +ui,j—1) = _hzfij and uo;=goj, Unj=Lnjs

Ui0=gi0, Yim=Zim-

2 2
Eg. Solve 2 4:9M_ | 0=x=05, 0<yp=05 with u(0y)=u(x,0)=0,

2 2

u(x,1/2)=200x, u(1/2,y)=200y. (Exact solution: u(x,y)=400xy)
(Sol.) We set n=m=4, and then

Py x; =ih —2u, . + —2u,  +
1 _ i Uiy —&U; ; U Uy — 2l YU
h=k=2=—) u; =u(x,y,), .= : + : =0
4 8 Y, =17 h k
2 h 2
=2 (j +1 uz]'_(ui+1,j+uil,j)_(k) (ui,j+1+uij—1) 0
1
4u13—u23—u12=u14=200><§=25
) B B e a4 -
Autyy — Uy =1y — Uy =1y =200x —=50 4 bo 1o 0000, 2
8 -1 4 -1 0 -1 0 0 0 0| uy 50
3 3 _ _
ity —thyy —tlyy =ty + 113, =200x = +200x = =150 | 0 —1 4 0 0 =10 0 0 jus} 150
8 8 -1 0 0 4 -1 0 -1 0 0 ||u, 0
Ay =y — g — 1y =1ty =0 =0 -1 0 -1 4 -1 0 -1 0 |luy,l=|0
= Ay —uy — Uy — Uy — 1ty =0 0 0 -1 0 -1 4 0 0 —1|luy 50
2 o 0 0 -1 0 0 4 -1 O0{u 0
113y — gy — 1ty — 1y, =11 =200 X = =50 g
o T T T T 8 00 0 0 -1 0 -1 4 —1||uy,| |0
duy =y =y, =uy 1, =0 10 0 0 0 0 -1 0 -1 4]u,| [25]
Aty — Uy — Uy — Uy =y, =0
1
4u3,—uZI—u32=u30+u4]=0+200><§=25

:>u13=18.75, u23=37.5, cees u21=12.5, u31=18.75
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In MATLAB language, we can use the following program to solve the partial

differential equation:

>>4=[4,-1,0,-1,0,0,0,0,0;-1,4,-1,0,-1,0,0,0,0;0,-1,4,0,0,-1,0,0,0;-1,0,0,4,-1,0,-1,0,0;
0,-1,0,-1,4,-1,0,-1,0;0,0,-1,0,-1,4,0,0,-1;0,0,0,-1,0,0.4,-1,0;0,0,0,0,-1,0,-1,4,-1;
0,0,0,0,0,-1,0,-1,4];

>>B=[25,;50;150;0;0;50;0;0;25];

>>rref([4,B])

ans =
Columns 1 through 7

1.0000 0 0 0 0 0 0
0 1.0000 0 0 0 0 0

0 0 1.0000 0 0 0 0

0 0 0 1.0000 0 0 0

0 0 0 0 1.0000 0 0

0 0 0 0 0 1.0000

0 0 0 0 0 0 1.0000

0 0 0 0 0 0 0

0 0 0 0 0 0 0

Columns 8 through 10

0 0 18.7500
0 0 37.5000
0 0 56.2500
0 0 12.5000
0 0 25.0000
0 0 37.5000
0 0 6.2500
1.0000 0 12.5000

0 1.0000  18.7500
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8-2 Parabolic Partial Differential Equations

, 0=x=1, 0, with u(0,)=u(,))=0, u(x,0)=f(x).

2
Solve ou(x,t) _ g 0 u(;zc,t)

ot ox
Set h=l/m, x=ih, t=jk, i=0, 1, 2, ..., m, and j=0, 1, 2, ...

u

Ui — Uy o Uiy = 2Uy Uy

Forward difference method: — a’ - e =0
Set A= o’k =u, ., =0-20)u, + A(u,,, . +u, ) and up=un,i=0, uy=f(x;)
2 i,j+ ij i+, ] i-1,j j j— Y
Cu, | [a-22) 4 0 0 uy, ]
Uy A (1-22) A : Uy
= ¢ |=| 0 A (1-24) . 0 :
: : A :
| Um-rj1 | L 0 e 0 A (1-24)] | Um-1,j ]
We have
Cuy | [0-220) 2 0 0 I e ]
Uy, A 1-22) A : f(x,)
D= 0 A 1-24) . 0 : ,
: : A :
[ Um1a | L 0 e 0 A (- 2/1)_ _f(xmq )_
Cu, | [a-220) 4 0 - 0 I u |
U, A (1-22) A : Uy,
D= 0 A a-22 . 0 Co,
(Upap| |0 e 0 A (1=2) | U,y |
Cu, (1-24) A 0 0 | us
U, A (1-22) A : U,
o= 0 A a-22) . 0 o,
: : A :
(3] |0 0 A (A=2)]|u,, |
Cuy | [a-22) A 0 0 [ uy ]
U,, A 1-24) A : U,y
S 0 A a-22) . 0 N P
: : - . A :
(U,a| |0 fee 0 A (1=22) )|, 5 |
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Backward difference method: 1w _ g2 Bty _2:2’7 T
=u, . =1+2Du, — A, ; +u,, ;)
(1+24) -4 0 0 [ w, | [ u,, ]
-4 (1422 -4 : Uy, Uy
0 K K 0 o= : |, where uj=f(x)).
: . . -1
0 0 -4 (I+24)] Uyt | | Yoty |
We solve
(1+21) -2 0 0 [ uy | [ fGx)] oy |
-4 (1+24) -4 3 Uy S (xy) Uy
0 K K 0 Co = : = D=2
: . . -4 :
| 0 0 -4 (A+20) ]| upy | [ S(x,0)] | Uy
and then we solve
(1+24) -4 0 0 [ uy | [u, | [ uy |
-1 1+24) -4 : Uy Uy, Uy
0 K E 0 o=l = D=2
: . . -1
0 0 -4 (A+2D) || Uy | Uy | Ui |
and then we solve
[1+24) -4 0 0 [ uy | [ u, | [ uy |
-4 (I+24) -4 : Uy Uy Uy
0 K B 0 o=l = D=2
: . . -1
.0 0 -4 (+2D) ]| Up3] | Umar2 (U3 |
and then we solve
[1+24) -4 0 0 [ wy | [ ug | [ uy |
-1 1+24) -4 : Upy Uy, Upy
0 K B 0 o=l = Co =2
: . . -1
.0 0 -4 (A+2D) ]| Uprs| |Umas | Um-1,4 |

9 sooce
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ou(x,t) 0% u(x,t) _

Eg. Solve
5 ot pwe

0, 0=sx=1, 0 with u(0,)=u(1,)=0, and

u(x,0)=sin(mx).
(Sol.) Use the Backward-difference method, and choose m=10, #=0.1, k=0.01 = A=1,
1+24=3, x=0.14, t=0.01j, and then we have

(3 -1 0 - 0 [u, | [uy] [sin(m,)]
-1 3 =1 . i|uy Uy | | sin(zx,)
0 oll o l=]: |2 .
-1
0 - 0 =1 3 ||ug | |ug | |sin(mx,)]
fu, 1 [3 -1 0 071" [sin(m,)]
uy | |-1 3 -1 " sin(7zx, )
=|:|=0 . . .0 : , and
: : | :
gy | O -+ 0 =1 3| [sin(m,)]
3 -1 0 0 u,] [u,] [u,][3 -1 0 071 Tu,]
-1 3 -1 Uy, Uy, U, -1 3 -1 Uy,
0 0 = = :[=0 0 ,
-1 : -1
0 0 -1 3 Jluy | |ug uy | |0 0 -1 3] |uy
(3 -1 0 0 uys] [u,| [us] [3 -1 0 071 Tuy, |
-1 3 -1 Uy, U, Uy, -1 3 -1 U,
0 0 = : | = 0 0 L,
-1 : -1
0 0 =1 3 |uy| |ug] | Uss | | O 0 -1 3] |uy,
(3 -1 0 0 u,] [us] [ug]1[3 -1 0 071 Tuy,]
-1 3 -1 U, Uy, Uyy -1 3 -1 U,
0 0 =l |= =l 0 0 ,
-1 : -1
0 0 =1 3 ||ug | |ueg] Uy | | O 0 -1 3] |ug
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In Matlab language, we can use the following program to solve the partial differential
equation:

>> 4=[3,-1,0,0,0,0,0,0,0;-1,3,-1,0,0,0,0,0,0;0,-1,3,-1,0,0,0,0,0;0,0,-1,3,-1,0,0,0,0;
0,0,0,-1,3,-1,0,0,0;0,0,0,0,-1,3,-1,0,0;0,0,0,0,0,-1,3,-1,0;0,0,0,0,0,0,-1,3,-1;
0,0,0,0,0,0,0,-1,3];
>>pi=3.1415926;
>>B=[sin(0.1*pi);sin(0.2*p1);sin(0.3*p1);sin(0.4*p1);sin(0.5*pi);sin(0.6*pi);sin(0.7*pi
);sin(0.8%*pi);sin(0.9*pi)];
>>for i=1:5
C=inv(4)*B
B=C;
end
C=
0.1765
0.3356
0.4620
0.5431
0.5710
0.5431
0.4620
0.3356
0.1765

0.1607
0.3057
0.4208
0.4947
0.5201
0.4947
0.4208
0.3057
0.1607

0.1464
0.2785
0.3833
0.4506
0.4737
0.4506
0.3833
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0.2785
0.1464

0.1333
0.2536
0.3491
0.4104
0.4315
0.4104
0.3491
0.2536
0.1333

0.1215
0.2310
0.3180
0.3738
0.3930
0.3738
0.3180
0.2310
0.1215

005 0

u. . —u. . u.. . —2u.+u. ..
N Lj+1 Lj-1 1, -1,
Richardson’s method: —f———%— g2 ) R )

2k h*

Note: Forward difference method is conditional stable. Richardson’s method has a
serious stability problem.
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Crank-Nicholson method: 4u%""=By,"Y

1+2) -% o N O
A y) u” 2 2
Y vy J* = 1-1) =
5 (I+4) 5 2501 > (. ) 5
0 ' ' 01 =l 0 y
-2 .
0 oee 0 _ % (1 + ﬂ,) _umfl,‘/#] i 0 0
ui0=f(xi).
We solve
a+2 -2 0 N O
11
-2 A u 4 _ A
5 (1.+/1) E : 3 : (1' 2) 5"
0 01 e 0 . Co.
) : .
L I (R e R 0 Z
L 2 ] | 5
and then we solve
_ . ] ] .
- r : 1-4 =
4 2 0 0 Uy ( 1 : 2
_g (1+2) — w Lo
2
um—12
0 0 —= A+~ """ 0
and then we solve
I ] [ 2
(1+4) —% 0 0 |r, 71 |0=H =
13
A
_g (A+2) - s £
0 ' Oﬂv : = 0 .
2
U,i3
L A (R3] Ll B
and then we solve
I ] i 2
(1+4) —% 0 0 |r, 7 |0-A =
14
A
_g 1+4) - 0 Lo
0 . Oﬂv : = O °
2
um—l4
0 0 —= (d+A|- """ 0

0
u,;
Wi |, where
0 .
A
2
Uy
N
0
f(x)
: fx) |,
0 :
A :
2 f(xm—l)
1-2)
O — —_
u
;L 11
2 o
.. 0 . )
4
/1 2 _um—ll
0 Z 1-4
0 — -
u
/1 12
2 i
.. 0 . D)
4
0 /1 1 21 _um—l,Z_
> ( )_
0 0 ~ ~
u
;L 13
2 s
. O . )
4
0 l 1 2/1 _um—l,?a_
5 ( )_




8-3 Hyperbolic Partial Differential Equations

0%u(x,t) 2 0’ u(x
2

Py p z’t) =0, 0=x=1, 0 with u(0,0)=u(/,H)=0, u(x,0)=Ax),
X

Oou B
EY: (x,0) =g ().

Solve

Central difference method: Set h=Il/m, x;=ih, t;=jk, and A=ak/h

—2u;+y, U, — 2+,

-1 i+1,j 1/
k2 L] _0.2 i+, h2 J :0 :ui,jﬂ

u. . 1
= =200 = Ay + Ay +uu )=ty

wio=f(xi), wo=um;=0, and wu;;=uis+kg(x;)= (1- A2 u,, + %[ S )+ e D]+ kg(x;)

w g | (2022 2 0 - 0 Uy, Uy
Uy s A 2012 2 . : Uy, Uy oy
= : = 0 0 Do :
. . . . . iz .
_um—l,jﬂ i L 0 e 0 /12 2(1 - /12 )_ _um—l,j i _umfl,j—l i
We have
fuy | J20-2) 2 0 0 Ju ][ S]]
Uy, o 2(1—/12) 2o : Uy, f(x,)
. — 0 ... .-. .-. O E - E 9
: . . . . i2 E :
Umaa| | O 0o X 2(1—/12 )_ | U | _f(xmq )_
Cuy | [20-2) 2 0 - 0 [ w, | [ u |
Uy 7 20-2%) A : Uy Uy
Sol=l 0 L0 S
. . . . 2’2 : :
Uz | |0 e 0 A 2(1- s ) U2 | [ Yme
Cuy, | [20-2) 2 0 - 0 [ uy | [ uy |
Uy A 2(1- /12) 2 ; Uss Uy
: — 0 0 — 9 soe
: -, RPN A2 : :
(Unaa| | O 0 A 2(1- s Y[ Uma3 | [ Hmer2 ]
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o%u(x,t) , 0%u(x,t)
4 2
ot ox
ou(x,0)

Eg. Solve 0, 0=x=1, 0 with u(0,)=u(1,)=0,

u(x,0)=sin(mx), and 0.

(Sol.) Set m=10, h=0.1, k=0.05=A=1, \*=1, 2(1-A*)=0, x=0.1i, £=0.05;

= uiOZﬂxi)zsin(nxi), u0j=umj=0,

1 1. . :
u, = E[f(x”l) + f(x,)]+0.05g(x,) = 5[sm(7zxi+1 ) +sin(zx, )],
1, . . |
_”10 s _sin(zle )- —u“ 7 5[s1n(7zx2) + sin(x, )]
“.20 Sin(.ﬂxz) ”.21 %[sin(ﬂ%) +sin(7mx, )]
and then we have D= : , D= . s
_1/[90 ] _Sln(7DC9 )_ _u91 J %[Sin(ﬂxlo) + Sin(7DC8 )]
1. . ]
fu,] 0 1 0 - 0] E[sm(;zxz) + sin(7zx, )] Csin(x, )]
up | (10 L rsinge,) +sin(a, )] | | i)
=10 0f| 2 : |
L2 ] 10 0 10 5[sm(7zx10) + sin(7x, )] sin(x,) |
1. . ]
_MB TT0 1 0 - o —ulz - E[s1n(7zx2) + sin(7x, )]
Uss 1 _0 .1 Uy %[sin(ﬂxg_) +sin(7x, )]
= =0 "-. . 0 - .
u 0 - 0 1 Oflu 1. .
[¥o3] L L7z E[Sm(ﬂxlo) +sin(7mxg )]
_”14_ 0 0 0] _“13_ _”12_
Uyy 0 | 75 Uy,
= =0 .0l ;|-
. 1
| Uy, | _0 0 1 0_ | Uoy | | U, |
_uls_ [0 0 0] _”14_ _“13_
Uys 10 ||y Uy
=| : [=[0 ° IR O B | B = ..
| Ugs | |0 0 T Offug | |ug




In Matlab language, we can use the following program to solve the partial differential
equation:

>>4-[0,1,0,0,0,0,0,0,0;1,0,1,0,0,0,0,0,0;0,1,0,1,0,0,0,0,0;0,0,1,0,1,0,0,0,0;

0,0,0,1,0,1,0,0,0;0,0,0,0,1,0,1,0,0;0,0,0,0,0,1,0,1,0;0,0,0,0,0,0,1,0,1;

0,0,0,0,0,0,0,1,0];
>>pi=3.1415926;
>>B=[sin(0.1*p1);sin(0.2*pi);sin(0.3*pi);sin(0.4*p1);sin(0.5*pi);sin(0.6*p1);sin(0.7*pi
);sin(0.8%*pi);sin(0.9*pi)];
>>C=[(0+sin(0.2*p1))/2;(sin(0.1*pi)+sin(0.3*pi))/2;(sin(0.2*pi)+sin(0.4*pi))/2;(sin(0.
3*pi)+sin(0.5%p1))/2;(sin(0.4*pi)+sin(0.6*p1))/2;(sin(0.5*pi)+sin(0.7*p1))/2;(sin(0.6*p
1)+sin(0.8%*p1))/2;(sin(0.7*pi)+sin(0.9*pi1))/2;(sin(0.8*pi)+sin(pi))/2];
>>for i=2:5

D=A*C-B

B=C;

C=D;

end

D=

0.2500

0.4755

0.6545

0.7694

0.8090

0.7694

0.6545

0.4755

0.2500

0.1816
0.3455
0.4755
0.5590
0.5878
0.5590
0.4755
0.3455
0.1816

0.0955
0.1816
0.2500
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0.2939
0.3090
0.2939
0.2500
0.1816
0.0955

D=
1.0e-007 *

0.0828
0.1575
0.2168
0.2548
0.2679
-0.2548
-0.2168
-0.1575
-0.0828

0.25
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8-4 Finite-Difference Time-Domain (FDTD) Method of Solving Maxwell’s
Equations

3D Full-vector FDTD method (by Kane S. Yee, 1966):

Maxwell’s equations in the source-free region: V x H = gaa—E, VXE = ,uaaﬂ
t t
OE, OH, _5Hy OE, OH, _OH,

X

OE. OH, OH,
3 = -

== & , & 5 s
ot oy oz ot oz ox ot ox oy

oH, OE, oE, ~OH, OE, ©O0E, 0H 6 ©OE,  OE,
H = - » M = - » M = -
ot 0z Oy ot ox Oz ot oy  Ox
EJ’
+—0
i g
. : ; Ez‘
z - :
5 E, :
EI

(Yee’s cell)
Define the following notations: E(i/\x,j/A\yv.k\z,l/\t) = E(ij.kl) = E'(ijk) and
H(iA\x,j/\yk/\z,1/\t) = H(i jk,])=Hi k). According to Yee’s cell, we have
E.=E(i+1/2,/,k) = E/(i+1/2,/,k),
E,=E,(ij+1/2k)=E,/(ij+1/2,k),
E.=E.(ijk+1/2,)=E.Xijk+1/2),
H,=H(ij+1/2,k+1/2,1-1/2) = H,""(i j+1/2,k+1/2),
Hy=H(i+1/2,7,k+1/2,1-1/2) = H " (i+1/2,,k+1/2),
H.= H.(i+1/2,j+1/2,k,1-1/2) = H."(i+1/2,j+1/2.k),


http://faculty.pccu.edu.tw/%7Emeng/C++%20FDTD%20Programs.pdf

A A
aE Ex(l+§a]9kal+l)_Ex(l+Ea]sk:l)

x~

a At

2

o]
OE, Ey(z,]+2kl+1) E(l]+ k)

~

ot At ’
1
o E.(i, ],k+ LD =E. Gkt )
ot At '
E (i ! Lk, ) —E (i L Lk,
aEx N x(l+59]) 5 )_ x(l+5’]_ 5 9)
oy Ay ’
E (i ! Lk, ) —E (i ! Lk —1,1
6Ex N x(l+59]9 s )_ x(l+59]a - a)
oz Az ’
E (i j+ k- E, (i~ i+t
Ok, )T "2
ox Ax ’
E(ij+ k) —E (i j+ k—LI)
aEy . y > J 2) ) ¥ 5] 2’ 5
0z Az ’
) 1
OF. E_(i,], k+ ) —E_ (i - 1,],k+5,l)
ox Ax ’
6EZ~E(Z ],k—i— N —E_(i,]— 1k+— ,D)
oy - Ay ’
But
1 1 1 1 1 1
H (j+—k+_-,0+)-H (i,j+ . k+_,1——
o, Hu0 ksl 0) —H L]+ k=)
ot At ’
1 1 1 1 1 1
H (+—,j,k+=,1+-)-H (i+—,j,k+—,1——
o, MU+ ke ) iUy bk )
ot At ’
1 1 1 1 1
H (i+—,j+,k[+ H (i+—,j+ k-
OH, _ SAPRAP) ) MPRAP: )
ot At ’
H (i, + k+ l——) H (i, : k+l l—l)
oH, _ J Jmyr Ty
oy Ay ’

1 1 1 1 1 1
H G, j+ - k+—-,—)-H (i,j+_,k——,1——
oH, _ gtk =)= H G+ k=20 = )

oz Az

2
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1 11 1 11
H (G+—,jk+-,0—-)-H (i——,j,k+_-,1——
o, HU+o .kt =)= H (= k.l =0)

o Ax ’

oH, R} Hy(i+;,j,k+;,l—;)—Hy(H;,j,k—;,l—;)

oz Az ’
H(i+l j+1 —) H(z—l kl )

OH, % 2’

ox Ax ’

1 1 1 1 1 1
H(+—,j+—kl-——)-H (i+—,j——,k,l——
o, H:U+o.J+7 D H+5, 05 5

oy Ay

Ei“(i+;,j,k)in(H;,j,k)+C(i+;,j,k)-

1
2(er; k) H. 2(z+l ;k) H 2(l+1,j,k+ ) H 2(z+2,],k——) >

Ay Az

E1+l(1]+ k) = E (l]+ k)+C(l]+ k)

2(l]+1 k+ ) H, 2(1]+1 k- ) H, 2(l+l k) H, 2(1—1 k)

Az Ax

Ei“(iafak+1)=Ei(i,j,k+1)+cu,j,k+1>-

1
H;,2(i+;,1,k+ S)-H, 2(1 1,],k+ SR 2(1,+l k+ ) H 2(11—1 k+ ) ’

Ax Ay

JTACT ) L L P SRR SO | k+l)-
X ’.] 2’ 2 X ’.] 25 2 3,] 25

E(1]+1k+;) E(l],k+;) E(1]+ k+1)— E(l]+ k) |2

— +
Ay Az

TSR NV AL BN NNV S
27]’ 2 y 2’], 2 2’]9 2

y

Ei(i+1,j,k+;)—Ei(i,j,k+;) Ei(i+;,j,k+1)—Ei(i+;,j,k)’

Ax - Az
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HH%(Hl '+l k)—Hl_%(i+l ’+1 k)+D(i+1 '+1 k)
z 2a.] 2’ z 25.] 25 23] 2’

Ei(z'+;,j+1,k)—Ei(i+;,j,k) Ei(i+1,j+;,k)—Ei(i,ij;,k) :

Ay Ax
. At . At .
where C(i, j,k)=———, D(,j,k)=———, and the electromagnetic power
&(i, J,k) (i, j, k)
distribution o« |E[ =(E, +E,’ +E.").
1

, Where viax 1s the maximal velocity

Stability criterion: Af <

1 1
v + +
of EM wave propagating.



3D Scalar FDTD method (by Dr. Wei-Ping Huang, 1991):
Dr. Wei-Ping Huang was born in Beijing. He graduated from

MIT and got his PhD degree. Now he is a professor in the ECE
_ Department at the University of Waterloo, Canada. His

- - research group is one of the leading groups internationally in
Fo photonics and computer aided design. Dr. Huang is creating
St new design tools to help develop the highly-efficient photonics
S systems required for large-scale broadband communication.
B [

2 A2 2 2 2 2 A2

Consider a wave equation: V2‘1’+n—2a ;P = 0 T+ 0 E]+ 0 ‘f+n_28 \211 =0,
¢ ot ox oy 0z ¢ ot

where W(x,y,z,7) is the scalar field (approximation) and 7n(x,y,z) is the refractive index.

Using Y(i A\xj \yv.kN\z,l/\t) =Y(ijkl) = lPl(iz/',k), where 0=i=/, 0=j=J, and

0=k=K.
L O WL D=2V @ DY =L

L

ox? A
oY Wi, j+Lk)-2Y (i, j,k)+ Y (G, j-1k)
o’ N ’
Y W, k+1)=29'G, j, )+ @, k1)
& A ’
82‘{1 \Plﬂ (la ja k)_2\Pl (iaja k)l +\P171 (iaja k)
and e = v
I+1 5)62 +§y2 +522 ! -1
:lP (lajak)zz[l_ ) ]lP (lajak)_LP (lajak)
n°(i, j,k)
52 ?
F— WG+ O+ - k)] +———— [V G, j+ L)+ G, - Lk
2GR [V G+ 7,k)+¥ (-1, /,k)] RIS VG j+LE)+¥Y (i, j-1k)]
5 2
+2;'[\Pl(iaj5k+l)+lPl(iaj5k_1)]
n-(i, j,k)
where 5x=£“, o =£At, 5Z=C—At.
Ax T Ay Az

The electromagnetic power distribution o |[¥|%.

The 3D scalar FDTD method may be incorporated with the Mur’s absorbing boundary
conditions.

Mur’s First-Order Absorbing Boundary Conditions:

At — Ax

Atx=0, ¥™(0, j,k)="V'(1, j,k)+ < TP, j k) =0, /. k)]
cAt + Ax


http://faculty.pccu.edu.tw/%7Emeng/FDTD%20C%20source%20code.doc

Af — Ax
=1 Ay, WL k) =W =1, j k) + S22
4, j,k) ( J-k) A+ Ay

'[lPlJrl([_Ljak)_\Pl([:jak)]
-0 I+1 Ay 141 /- il
=0, W (E0.8) = W (L) + SATAY 1y — W (10,0

cAt + Ay

V=T Ay, W) = W (T — Lk + ALY gt g k) = (6, 0]

cAt + Ay
0, WG, ,0) = (G, j,0) + SATAZ 1 i - WG, J,0))
cAt + Az
Z_KAZ \PZH(Z ]>K) \P (l ]5K 1) h [lPHl(l ]a _1)_\Pl(i>j7K)]

3D Semi-vectorial FDTD method (also by Dr. Wei-Ping Huang):
- T(l+1,],k)+T(l—1,j,k)]'5x2 +5y2 +522

E" G j k) =2-{1- 2 T VE G, j, ) —E7 G k)

52
+
n* (i, j,k)
2 2

L [E (i, j+ LK)+ E,' (i, j —LKk)] +—
n (@i, J, n (i, J,

ATG+1, j,k)-E G+, j,k)+T(i -1, j,k)-E.'(i—1,},k)]

: [E G, j.k+D)+E,' (i, j, kD]

5x2 +[2_T(l,]+1,k)+T(l,]—1,k)]'§y2 +522

I+ . . 2 . . I-1,. .
E,V (l,],k)=2'{1— nz(i,j,k) }Ey (lnjnk)_Ey (l9jak)

2 2
O [E, (z+1],k)+E "i-1, k)] + %

—— 1E G, jk+)+E, (i, j, k-1
T *(i, /,k) n* (i, j,k) LB, Gr Dy =D

2

+5— (TG, j+1,k)- E (l]+1k)+T(l] Lk)- E (l] L k)]
n’ (i, j, k)

2,. . 2,4 .
2n°(it1,j,k) and T(,j+1k) = 2n° (i, j £Lk)

where T(ixl,j,k)= .
G£L7.6) PG k)2 (i, k) 2Lk 472G )

The 3D Semi-vectorial FDTD method may be incorporated with the perfectly
matched layer (PML) boundary conditions.



Perfectly matched layer (PML) boundary conditions:
In the x-direction:

5°+6°
\Ill+1(i,j,k)=—\P[_l(l',j,k)+2 1_% \Pl(i,j,k)
n (l,],k)
5, u 0 5 . N
+m|:D2xl 2(i,j,k)—D2xl Z(Z,J,k)} +m[\{”(l’]+1ak)+‘"Pl(l,]—1,k)]
522 .. .. cAt cAt cAt
+m[‘}’l(l,j,k+1)+‘Pl(l,],k—l)],Where 5x :E, §y =A_y’ 52 :E
o OB
o en(i+1,/,k I
SR v PR
A, +— 57—
g (z+1,],k)
1 I . (. .
+ O-xAt [‘P (l+]"-]’k)_\P (l’.]’k)]
a,.+— 7N
é‘ol’lz(l +1,],k)
g - OB
2/ .
(. .\ Eon (l+1,],k). il .
D2x (l’]’k)_a +Ux—'At D2x (lajak)
Y gyn?(i+1,/.k)
1 +1(. . +1 (. .
+ O-x At .I:Dlxl 1(l+19]7k)_D1xl l(l—l,],k)
a,.+
Eon (1+1,],k)

=DM+ 1, .k)+ D =1, 4.

ST ES P £ ERCECRAILE,

d 2d

d = n_Ax : thickness of PML, m: order, R : reflection from PML at normal incidence

n,=8, R, =107, m=4
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In the y-direction:

2 2
‘"I’M(i,j,k)Z—‘Pll(i,j,k)+2{l— 5x +0, }\Pl(i,j,k)

n’(i, j,k)
5)C2 . . . .
T R )

5)/2 l+i.. 171.. 522 [1'. .. ]
+7’l2(l.,j,k) Dzy 2(lajsk)_D2y 2(l,j,k) +mq] (l,],k+1)+\P (l,],k—l),
where 5)(:&‘1, é‘y:ﬂ, §Z—£At

Ay Az
ay-At
Ay = 1
D, (i, j+1,k) = —=" /LK) D, (i, j +1,k)
g oa A
Y g (i, j+ 1,k)
1 I(: - N I(. -
’ L oA ¥ 18) = k)
a - -
Y ggn?(i, )+ 1,k)
O'y'Al
ay, = 5
. , +1,k /..
D, (i jok) = —2" f = ) D5, ,8)
a +y—
Y g (i,j +1,k)
1 thfi. . +1 (. .
+ O-y At 'I:Dl}’l l(l’-]+1’k)_D1yl l(lﬁj_lak)
+—
“ gon’(i, j+1,k)
_Dlylil(i’j—}_l’k)—l—Dlylil(i’j_lak)]a
m m 2
y yY n gc(m+1)ln(R)
Gy(y):(g] 7 :_(Ej T

d = n Ay thickness of PML, m: order
R, : reflection from PML at normal incidence

n,=8, R, =107, m=4
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In the z-direction:

5 2 5 2
Y k) ==Y k) + 2{1 - ﬁ]‘l’ (i, 7. k)
5)(2 . . . .
S A )
52 ;7 ;o7 52 +l PR 1 ..
+m[\}ﬂ(1,]+l,k)+ \Pl(la]_l’k)]er{Dzzl 2(l’J’k)_Dzzl z(z,],k)},
where 5);:&“: o :ﬂ, 5Z:£At
Ax YAy Az
a - A
z 2(. .
D, iy j ke +1) = — 20" (f]Al; +) D" (i jk +1)
1 wi(; ; Cwlii :
4 PN [ (i, j b +1) =" (i, j, k)]
*ogn’ (i, jk+1)
O e
d d 2d
1 . - +H(. .
+ Gz At .[Dlzl l(l"]’k-i-l)_l)lzl l(lﬁjak_l)
+—
. gon’ (i, j,k+1)

-D. (i, j,k+1)+D." (i, j. k- 1)J

o.(z)= (ijm o = _(ijm n, g,c(m+1)In(R,)

d 2d
d =n_ Az : thickness of PML, m: order

R, : reflection from PML at normal incidence

n,=8, R,=107,m=4

Eg. Use FDTD method to simulate the characteristics of photonic crystal
T-junction waveguide. (by Y. -J. Lin, % i)

ptcal bl

Eirbartvn rudey St
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Eg. Use FDTD method to simulate the characteristics of photonic crystal
Y-junction waveguide.

Eg. Use FDTD method to simulate the characteristics of LED.
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8-5 Finite-difference Beam Propagation Method (FDBPM)

Consider that a light wave propagates along z-directional optical waveguide and set

E=XE' +yE' +ZE'. in a source-free region.

E-formulation (by Dr. Wei-Ping Huang):
VxVxE-n’k’E=V(V-E)-V?E —n’k*E=0= V*E+n’k*E=V(V-E)

OE' OF' E'
= V*(XE' +YE' +zE'.)+n’k*(XE' +yE' +ZE' )=V(—=+—_+ 0 2)
g ! ox oy oz
= - 'y O(n’E 2 '
* No source, .'.V-(éﬂ:V-(nZE):()ja(n Ex)+ ( y)_|_an E'Z-i—nzaEZ:O
ox oy 0z Oz

If the refractive index profile varies slowly along the z-axis, an/ﬁz may be
0E'. 1 a(an'x)Jra(an'y)]

2

oz n ox oy
V(XE' +YE' +ZE'. )+ n’k* (xE' +YE' +ZE'.)
0, .0, 0 0 O 1 a(an'x)Jra(an'y)

=(X—+y—+2Z
0T Y Ty el & £y

a OE', ©OE', 1 &(n’E')) O(’E'))
_y__z[ ( )+ y ])’

neglected. =

D

= V’E' +n’k’E' . =—

ox dy n ox oy
E' 8E' E' ) O(n’E'
and V2E' +n’k?E =2 0 {6 y _%[5(’1 ) (n’ )])
’ ooy ox 6y n Ox oy

. i .
Assume that E'.=E.e” and E' =E e’ where  is the vacuum wave

number and no=p/k is the effective refractive index. With the assumption that the
guided lightwave has a slow-varying envelop and is paraxially propagating; i.e.,

2 E | |0°E OF ) 0’E
d = <2nok6 =, << 2n0k| y| :>|a X and | 2y| are neglected.
4 0z ‘ oz ‘ ‘ 0z ‘ ‘ 0z ‘
And then we have the following coupled equations
. OE.(x,y,z) 0O 1 0 O°E (x,y,z
2jme- LA Oy L O (o), (o )y + S0
0z ox n*(x,y,z) ox oy
+[7’l (x:y,Z)_no ]szx(xayDZ)
Lo, 1 @ O’E,(x,9,2)
A (5. 2)E (x, y,Z)]}—y—
Gx n’(x,y,z) Oy Ox0y

and



OE (x,y,z) O°E (x,,
2jge- EA0YD) _CEYE) 0 1 0y g (e
2 ox oy n’(x,y,z) 0y

+[n2(x,y,z) —-n, ]szy(xayaz)
0 1 0 O’E (x,y,2)

ay{m ax[ 25,0, 2)E, (x,3,2)]}— o

These coupled equations are the basic formulas of the full-vector BPM. If we neglect
the terms of 4., and Ay, then the equations are reduced to the formulas of the

semi-vector BPM. In case the transverse variation of the refractive index is very small,

E OE
and that is, izi(anx)za ~ and in(an Y —2.
n* ox ox oy YT oy

The formulas of the semi-vector BPM can be simplified into the following Fresnel

equation, which is the formula of the scalar BPM.

3D Full-vector BPM involving the Runge-Kutta algorithm (by Y. -J. Lin):
The transverse components of the optical field fulfill the following coupled equations

- QB2 0 10 TE (%,1,2)
2 jnok e ox P (xy.z) ox [n*(x,,2)E, (x,y,2)]} + o
+[7’l (X,ysz)_”o ]szx(X,yaZ)
0 1 o O’E, (x,,2)
Gx{m 5)/[ *(x,3,2)E (x,y,2)]} - by
and
o OE(xyz) OE(xyz) o, 1 8
2 jngk - o = e +8y {—n “(xy2) Oy [” (x,3,2)E (x,y,2)]}
+[n2(x,y,z)—n0 ]sz (x,y,z)
0 1 0 O’E, (x,,2)
Gy{—n ) ax[n (3, 2)E, (x,3,2)]}— —c’iy&x

According to the Runge-Kutta method, the transverse components of the propagating
field are expressed by

~66~



E_(m,n l)+Kl(manal)+2K2(m,l’l,l)+2K3(m,l’l,l)+K4(m,n,])
E (m,n,l+1)= O N420 ?+20 Neo .
+{Ey(m,n,l)+ \(m,n, ) , (m,n,1) . (m,n,l)+0O,(m,n,l)
6 -
Jy(m )+ 2, (m,m D)+ 2J,(mon D)+ J (mon ) )
Ey(mvn:»l)'i' L 2 6 3 4
E (m,n,l+1)= {E (D) R(m,n,l)-i-ZPZ(m,n,l)+2P3(m,n,l)+3‘(m’n’l)}
X 25F 6
where
Az a _b .
Kl(m,n,l)= 2k .{Ax2 {Ex(mﬂ,n,l)}L o {Ex(m,n,l)}tmz {Ex(m—l,n,l)}
! E (m,n+1,1) =2 E (m,n,1)|+ ! E (m,n—1,1)
AyZ X b s Ay2 X LRAS] Ayz X ’ ,
+ [nz(m,n,l)— noz]. k2 . {Ex(m’nal)}}
Ky(mml)= = '%{Ex(m+l,n,l)+M}
2]n0k Ax 2
' _l; [EX(m’n’l)+ Kl(m,n’l)}L = {Ex(m —l,n,l)+M}
v 2 Ay 2
A;Z [E"(m’”‘lﬂl) b ”)}
bt st )
K3(m,n,l) {—{ (M+1,n,l)+M}
2 jnyk 2

L =b {E(mnl)jt Kz(m,n,l)}r Cz {E(m—lnl)jLM}
Ax

2 2

2 Ay 2

12 |:Ex(man_1,l)+w:|

Ay

) -] 4 .{Ex(m,n,mM}

2

Az.{a

K4(m9nal)= 2]n A sz
0

{Ex(m +1,n,l)+ K3(m +l,n,1)}
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+ Axb2 {Ex(m,n,l)+ K3(m,n,l)} +§{Ex(m ~1,n,0)+ Ky(m —l,n,l)}

_|._

! {Ex(m,n +l,l)+ K3(m,n + 1,1)}L _22 [Ex(m,n,l)wL K3(m,n,l)}

Ay Ay
+ ;2 [Ex(m,n—l,l)+K(mn 1,1)}
+[n2(m,n,l)—noz]~k2~[Ex(m,n,l)+K3(m,n,l)}}
-
8 jn, kAxAy

n*(m,n+1,1) n*(m—1,n+1,)
E (mn+1l)|-2—7——=+2 |+E (m-1,n+1,1) -
+ y(m n+ ) { nz(m,n,l) + :|+ y(m n+ ) { nz(m—l,n,l)

Ol(m,n,l)=

2
{Ey(m+l,n+l,l)-{n (m+l,n+l,l)_l}

n*(m+1,n,1)

(2 (m+1n—1,1 2(mn—11) ]
+E,(m+1,n-1,1)- ”n(z”(’m+fnl))—1}+Ey(m,n—1,z)-{—2%+z

n*(m-1,n-1,1
* Blm-tn-Ll) nn(f(qm—fn l))

—1}} - 2E (m+Lnd) + 4E (mnl) -

2E (m—1,n,0)

Az

0] [)=———
2o, 0) S jnkAxAy

{Ey(m+l,n+1,l) m+1n+ll}[ m+1n+ll) 1}

m+1nl
2
+[E (mn+ll) Ol(m n+11)}{ ) 2m,n+1,l)+2}
2 n (m,n,l)

— 2 _ -
+|:Ey(m_1,n+1,l)+01(m 1,n+1,l)j| n (m 17n+1,l)_1

i nz(m—l,n,l)

+{Ey(m+1,n—1,l)+

2
+[Ey(m,n—1,l)+ Ol(m’;_l’l)]{—zn (m’n_1’1)+2}

n*(m,n,l)
-1,n-1 *(m—=1,n—
- Ey(m—l,n—l,l)+01(m L)) [ (2’” Ln=bl)_yl,
2 n*(m—1,n,I)
-2-[E,(m+1LnD)+ O (m+1,nl)/2]+4-[E, (m,n,])+ O, (m,n,l)/2]
-2-[E,(m=1,n,01)+ O (m~-1,n,0)/2]

Ol(m+1,n—1,l)]_nz(m+1,n—1,l)_1
n*(m+1,n,)




Az

(0) )= ———
() S oy
{Ey(m+l,n+l,l) m+1n+1l}[ (m+1,n+11) 1}
m+1nl
2
{E (m,n+1,0)+ 0, (m,n+1, Z)} P (2m,n+1,l)Jr2
2 n (m,n,l)

2
W{Ey(m—l,n+l,l) (m - 1”’“”} n*(m—1,n+1,1)

- n’(m-Ln1)

[ 2
+{Ey(m+1,n—1,l) s (m+1,n = 11} n*(m+1,n-11)

nz(m+1,n,l)

— 2 _
+{Ey(m,n—l,l)+02(m’; 1,1)][_271 (m,n 1,Z)+2}

n* (m,n,1)

— _ 2 _ _
+| E (m_lan—l,l)+02(m Ln 1,1)] n (2m Ln l,l)_1 \
' 2 n (In—l,n,l)

-2-[E,(m+1L,n,D)+O0,(m+1,n,l)/2]+4-[E (m,n,l)+O,(m,n,l)/2]
-2-[E,(m—1n0)+0,(m—-1,n,0)/2]

Az

0 ) 91 S —
4(mn ) 8jn0kAxAy{

n*(m+1,n+11)
-1
n2(m+1,n,l)

[Ey(m+l,n+1,l)+03(m+1,n+l,l)]{ (

2
{Ey(m,n+1,l)+ 03(m,n+1,l)]{—2w+2}
n*(m,n,1)
" n*(m—-1,n+1,1)

-1
L nz(m_lanal)

{E (m-1,n+1,0)+0,(m - ln+ll}

n’(m+1Ln-11)
nz(m+1,n,l)

+|:Ey(m+19n_ll) m+ln :|

J{Ey(m,n—l,l)Jr 03(m,n—1,1)]{—2M+2}

n’(m,n,1)

J{Ey(m—l,n—l,l)Jr 03(m—1,n—1,1)}.{”Z(M—l,n—l,l)_l}}

nz(m—l,n,l)
-2-[E,(m+1Lnl)+O;(m+1LnD]+4-[E (m,n,l)+Os(m,n,l)]
-2-[E, (m=1,n,0)+O;(m—1,n,1)]

Jl(m,n,l): AZ { ! [Ey(m+1,n,1)}+;x—22[Ey(m,n,l)}

2jnk Ax?




1 d —e
+Ax2 {Ey(m—l,n,l)}rA Z{Ey(m,njtl,l)}rA 2{Ey(m,n,l)}r

y

+L2[Ey(m,n—1,z)+M}
Ay 5

+ 2 (man )= n) ] &2 .{Ey (m,m,1)+ J‘(m’"’l)}}

2

Jy(m,n,1)= ZJ.AnZk '{A)lcz {Ey(M+l,n,l)+M}
0

i _22 {Ey(ma”’m JZ(m’nJ)}Aiz {Ey(m—l,n,l)JrM}

2 2

+ d |:Ey(m’n+1’l)+Jz(m,n-l-l,l)}_i_ —e [Ey(m’n’l)+J2(m,n,l):|

Ay ? 2 Ay2 2

+L2{Ey(m,n—1,[)+M}
Ay 5

2 (mana)-n? ] &2 .{Ey(m,n,z)+M}}

e

2
Az 1

2jnyk .{sz

+:{E (m,n,1)+ J(mnl)}

J4(m7nal):

|:Ey(m+17nal)+']3(m+1,7’l,l):|

! {E (m— 1nz)+J(m_1,n,z)}
[ mnz)u(m,n,z)}
L B i),

v [nz(m,n,l)—n02]~k2 [E (mmd)+J, (m,n,z)}}

+L2[E (m,n+1,0)+ J, mn+ll}
Ay




Az n*(m+1,n+1,1)
-~ (E Ln+1,1)- -1
B (m,n,1) SjnOkAxAy{ (m+1,n+ ){ n*(m,n+1,1) }

2 2 _ -
+Ex(m+lanal)'|:_2—n (m+1’n’l)+2}+Ex(m+1,n—l,l)-{n (m+1,n 1’Z)—l

nz(m,n,l)

n*(m,n—1,1)

2 ) B
*Ex(m—l,nﬂal)-{n (m_Ln+1’Z)—1}+Ex(m—1,n,l)~{—2M

n*(m,n+1,1) n*(m,n,1)

+2

2
+Ex(m—1,n—1,l)'{n (m_l’n_l’l)—l}}QEx(m,n+1,l)+4Ex(m,n,l)

n*(m,n—1,1)
-2E (m,n—11)
A
8 jn kAxAy

2
[Ex(m+l,n+1,l)+Pl(m“’”“’”]{n (m+1,n+l,l)_l}

2 n*(m,n+1,1)

2
+[Ex(m+1,n,l)+P‘(mzl’n’l)]{_zn (m+1,l’l,l)+2:|

nz(m,n,l)

Pz(m,n,l)=

m+1n 2(m+1,n—1,l)_

} | n*(mln—1,1)
i

+[Ex(m+1,n—1,z)

~Ln+11) nz(m—l,n+1,l)

- 1,/
J{E( b ) L nz(m,n+1,l)

2
J{Ex(m—l,n,l)+ R(m—zl,n,l)][_zn (m—l,n,1)+2}

n*(m,n,l)
Plm—-1,n-1 *(m—-1Ln-1
+HE (m=1,n-11)+ m=Ln=L1)] | (2’" Ln ’l)—l}
2 n’(m,n—1,1)
-2-[E (mn+1,1)+ B(m,n+1,0)/2]+4-[E (m,n,l)+ P,(m,n,l)/2]
-2-[E (m,n=1,1)+ P (m,n—-1,1)/2]

Az
P, )= ——m——
1) S jno ke |
2
[Ex(m+1,n+l,l)+P2(m+l’n+l’l)]{n (2m+1,n+1,l)_1}
2 n*(m,n+1,1)
2
+{Ex(m+1,n,l)+f)z(erl’n’l)]{—Zn (2m+1’n’l)+2}
2 n*(m,n,1)

2
J{Ex(m+l,n_1,l)_,_ Pz(m+1,n—l,l)]{n (m+1,n—1,l)_1}

2 n*(ml,n—1,1)




2
J{Ex(m—l,n+1,l)+ Pz(m—12,n+1,l)]{n (m—l,n+l,l)_l}

n?(m,n+1,1)

+[Ex(m—1,n,l)+ PZ(m_l’n’l)}-{—2nz(m_l’n’l)+2}

2 n*(m,n,l)
f— —_— 2 — f—
+[Ex(m—1,n—1,l)+Pz(m =L 1’1)] ni(m=ln=Ll) |
2 n*(m,n—1,1)
-2 [E (mn+1,1)+ P,(m,n+1,0)/2]+4-[E _(m,n,])+ P,(m,n,l)/2]
-2-[E (myn—L1)+ P,(m,n—1,1)/2]

2
R;(m,n,l):L{ {Ex(m+l,n+l,l)+p3(m+1’n+1’l)] n (m+1,n+1,l)_1
8 jn kAxAy n*(m,n+1,1)
2
+[Ev(m+1,n,l)+P3(m+1,n,1)]{_2w+2}
| n’(m,n.1)
- i
+|:E (m+1n ll)+P m+1,n— ll:| (277’1+1,n—1,l)_1
L n (man_l,l)
- -
{E (m=1,n+1,0)+ P (m~ 1n+ll} & (2’"‘1’”“,1)_1
| n*(myn+1,0)

J{Ex(m—l,n,l)+P3(m—l,n,l)}-{—2M+2}

n*(m,n,1)

+{Ex(m—l,n—1,1)+P3(m—1,17—1,1)}'{"2(’”_1’”_1’1)—1}}

nz(m,n—l,l)
-2-[E (m,n+1,D)+ P,(m,n+1,1)]+4-[E_(m,n,])+ P,(m,n,l)]
-2-[Ex(m,n—l,l)+P3(m,n—l,l)]

1 nz(m+l,n,l) nz(m,n,l) 1 1
a=—+——""2, b=1+ : + ,
2 2n*(m,n,l) 2 n*(m+1nl) n*(m-1,n1)
2 2
C:l+n (m—l,n,l)’ d:l+n (m,n+1,l),
2 2n2(m,n,l) 2 2n*(m,n,l)
2 2
ool (m,n,1) : 1 . 1 ’ f=l+n (T,n—l,l)
2 n (m,n+1,l) n (m,n—l,l) 2 2n (m,n,l)

—|2
Power distribution oc ‘E‘ = (Ex2 + Eyz)
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3D Semi-vector BPM involving the Runge-Kutta algorithm (by K. -Y. Lee):
The transverse components of the optical field Ex(x,y,z) and Ey(x,y,z) fulfill

: aE (xayaz) 6 1 a 2 82E (xayaz)
2jnk - ——"——=—{—————[n (%, y,2)E (x,y,2)]} + ————
Jny . Gx{nz(x,y,z) 8x[ (x,,2)E (x,y,2)]} o
+[n’ (x,3,2) =1y W E, (x,1,72)
and

) OFE (x,y,2) 0’E (x,v,z) 0 1 0

2]n0k z = z > +_{2—'_[nz(-xayaz)Ey(xayaz)]}
oz ox oy n(x,y,z) Oy

+[n* (v, y,2) =, K°E, (x,,2)
The Runge-Kutta algorithm can be directly to obtain the propagating field
components as

E.(mi,l+1) = E.(m,i,]) + K, (m,i,l)+2K,(m,i,l)+2K,(m,i,l)+ K, (m,i,l)

6
and
E, (m,i,l +1) = E, (m,i,])+ J,(m,i, 1)+ 2J,(m,i,0) + 2J,(m,i,1) + J ,(m,i,[) ’
6
where
Kl(m’i’l): AZ .{aEX(m+l,l,l)_bEx(mz,l,l)+CEX(m_lal,l)
2jnk Ax
L Ei(m,i +1,l)—2EX(m2,l,l)+Ex(m,z —-1,1) D —n ] K Emid))
Ay
Az a[Ex(m“,iJ)+M]—b[Ex(m,i,l)+M]+C[Ex(m—l,i,l)+M]
K, (m,i,l)= 4 2 . 2 2
2jnyk Ar
Ex(mai”J)JfM—2[Ex(m,i,l)+M]+Ex(m,i—l,l)+w
+ 2 2 )
Ay2
+ [nz(m’i’l) - 7’102] : k2 : [Ex(malal) + %,l,l)]}
"[Ex(’”“”"mwl—b[Ex(m,i,Z)+@]+C[Ex(m—1,i,z)+M]

K3(m,i,l)= AZ { 2
2jnk Ax

Ex(m’i+1’l)+M_2[Ex(mei,l)+M]+Ex(m,i—l,l) _,_M
+ 2 2 )
A
MURUEDRIS s ‘[Ex(m,i,l)+%,l’l)]}

~73~
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. Az alE (m+Li,0)+ K;(m+Li,0)]-blE (m,i,]) + K;(m,i,])] + [E (m—L,i,0) + K;(m,i,])]
K4(m,l,l): _ : { 2 »
2 jnyk Ax

N E (mi+1,0)+ K (m,i+1,])=2[E (m,i,])+ K (m,i,])]+ E_(m,i—1,])+ K;(m,i —1,])
Ay2

+[n*(m,i,l)—n,1-k* -[E.(m,i,]) + K,(m,i,][)]}
Az ’{Ey(m+1,i,l)—2Ey(m,i,l)+Ey(m—l,i,l)
2jn.k Ax®

J,(m,i,1) =

dE (m,i+1,0)—eE (m,i,])+ fE, (m,i—1,])
+ Ayz
+[n2(m,i,l)—n02]-k2-E (m,i,0)},
J,(m+1,,0)
2

. (m i,l)
y y E},(m+1,z,l)+ !
2(maln )_ 2]n0k { sz

1-20E, (m.i.))+ w

SRRV E, (m- i 1)+

J, (m,l,l)

d[E, (m,i+1,]) +Jl(m’;+1’l)

1-€E, (m,i,])+ Jl(m;—ll)

Ay2

I+ SIE, i1+ ]

+

J,(m,i1)

+[n (m,i,0))—ny"1-k* -[E, (m,i,]) + >

b

J,(m+1,i,1) J,(m,i,1)

J,(m—1,i,1
Ey(m+1,i,l)+%—2[Ey(m,i,l)+%]+Ey(m—l,i,l)+M

]

J.(m,i,l)= .
s(m,1,10) 2jn0k{ e

J (mz+ll) J (m,l,l) J,(m,i—11)

d[E, (mi+1,1)+ 5

1-dE, (mi,])+
Ay

I E (mi =L D+ ]

+

J,(m,i,l)
2

) E (m+Li,l)+J,(m+1,i,0)=2[E (m,i,])+ J;(m,i, )]+ E (m—1,i,1) + J;(m,i,1)
J4(m,z,l)—2]n -{ A

+[n’ (m,i,)—ny’1-k* -[E, (m,i,])+

d[Ey(m,i +L1)+J,(m,i +1,l)]—e[Ey(m,i,l) +J, (m,i,l)]+f[Ey(m,i -L)+J,(m,i—1,1)]
+
Ay2

+[n* (m,i,1) = ny1-k* - [E, (m,i,1) + J, (m,i,1)]}

~T4~



2 . 2 . 2 _ .
a:1+n (1:1+1,z,l)’ b:1+n (m,z,l). : 1 — 1 1. c:l n (1211 1,i,1) ’
2 2n (mil) 2 n"(m+1il) n (m—Lil) 2 2n (m,i,l)

2 . 2 . 2 .
d:l+n (izn,z+1,l)’ L (m,z,l){ : 1 — 1 1. f=l+n (1271,1 L/)
2 2n"(myi,l) 2 n (mi+Ll) n (mi-1I) 2 2n"(m,i,l)

Note that coefficients » and e approach 2, but a, ¢, d, and f approach 1 as the
transverse variations of the refractive index profiles are very small. In this case, the
above semivectorial formulae for two types of polarizations are reduced into the same
scalar expressions.

2

—|2
Power distributionoc ‘E ‘ =F, )

3D Scalar BPM involving the Runge-Kutta algorithm (by K. -Y. Lee):

The scalar optical field ¢(x,y,z) can be described by the following Fresnel equation

2 2
2jn0k.a¢(x7yaz) — 0 ¢(xa2yaz)+a ¢(x’2y’z)+[n2(x,y,z)—noz]k2¢()C,y,Z)a
oz ox oy

Utilizing the finite difference scheme and the Runge-Kutta method, the propagating
optical field at (x = mAx,y =iAy,z = (I +1)Az) is expressed by

K, (m,i,l)+2K,(m,i,l)+2K,(m,i,])+ K,(m,i,[)

¢(m,i,l +1) = ¢(m,i,l) +

6
where
. Az m+1,i,1)—2¢(m,i,l)+ p(m —1,i,1
K mily =22 (9 ) —24( 2 )+ ¢ )
2 jnyk Ax
+¢(m,z+1,l)—2¢(m,21,l)+¢(m,z—l,l) f2mi D) —n ] K - Jmi D))
Ay
o P tiny+ KOEEED g6y - K mity + gom - i1y + B LD
; 2
K,(m,i,l)= -{ .
2 jnyk Ax
¢(m,i+1,l)+K'(m’ziJrl’l)—2¢(m,i,l)—Kl(m,i,l)+¢(m,i—1,l)+K'(m’zi_l’l)
+ Ayz
+[112(m,z',l)—n02]-k2 -[¢(m,i,[)+%’l’l)]}
pom+ 100y + 2 ILED oy i K i) + pm - 10,0y + K2 RED
K (m,i,l)=—{ 2 . 2
2jngk Ax
¢(m’i+1’l)+W—2¢(m,i,l)—Kz(m,i,l)+¢(m,i—1,l)+Kz(m’zl_l’l)
+

Ay2
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i = TR (g )+ 22Dy,
and
Komity =22 Pt LD + KyGn + Li) = 2p(m.i.) ~ 2K (mie]) + $lom = 1i1) + K (m. i)
2 jnk ~

N p(m,i+1,01)+ K,(m,i +1,1)=2¢(m,i,l) - 2K,(m,i,]) + ¢p(m,i —1,1) + K,(m,i —1,])
Ay2

+[n*(m,i, 1) —n, - k* -[p(m,i,1) + K, (m,i,1)]}

On the other hand, the transparent boundary condition (TBC) is implemented in
the computer programming for reducing extra numerical errors due to undesired wave
reflections at the edges of computational windows.

Transparent Boundary Conditions (TBC):

Define a,,, a ., B, B, a,,, a,, B, ,and B as

oo+ B =W ELD ) and g, 4 g, = 2L,
= . P(EM F2,i,1) = = d(m,+1 F2,1)
TBC shows that
P(EM F1,i,1)>
. ,a,, <0
P(EM,i,l) = d(EM F2,i,1) .
¢(iM$1,lal)eXp(]lBix) Sy, 20
and
d(m,+1 F1,1)° " <0
p(m,x1,1) = d(m,x1 F2,1) T

¢(m,i1$1,l)-exp(jﬂiy) a,, 20

Similarly, the values K ,(xM,i,l), K,(xM,il), K,(xM,il), K,(EM,il)
K (mzxlLl), K,(m=*l,l), K,(m*xl,l), and K,(m,xl,l) at the edges of the
computation windows are obtained by the same rules.

Power distribution oc |¢§|2



Eg. A laser beam passes an MMI waveguide device. (by K. Huang, § & %)

[ 3 = A1% -E - T : '
r, L] I E :
B = = et
a B S
| | — i ] |
1] i 4
sl vt b LS oo s 18 — ——]
________ . —_— |
! | : |
b A = i |
of W, PN .
| & N 7] £ E] X

Eg. Simulation of the fundamental mode of a single-mode ridge waveguide.

") Lumerical MODE Solutions - Analysis =1l x|
File

Physical inputs | Calculate modes | Data analysls‘ Data EHle"t‘

r Plotoptions ——————————————— component: [E——— |

@® |inear scale
O log scale

I¥ superimpose structure

Mode effective Indices
1) 1.70266 (98% TE, 2% TM)

2)1.56347 (9% TE, 98% TM)

y (microns)

06 -0 06
% {ricrors)

Eg. Simulation of a 10°-Y-junction 3D waveguide. (by K. —Y. Lee)

Input mode Output light spots
~TT ~



Eg. For an nx1 MMI optical combiner and a 1xn
MMI optical splitter, the BPM simulation shows that
L,x1/Lix,~n-1, where L,x; is the wide section length
of the nx1 MMI optical combiner and L, is the

wide section length of the 1xn MMI optical splitter,
respectively. Consider a SOI waveguide of nc..=3.45, ng,,=1.5, A=1.55um. The

thickness of oxide is 2um. The input single-mode waveguide has a SumxSum

cross section.

T
e &

3x1 MMI combiner 3D

1x2 MMI splitter 2x1 MMI combiner 1x3 MMI splitter

BPM simulation (by J. —R. Sze et al.):

n 2 3 4 5
w 40um 40um 40um 40um
g 15um | 8.333um Sum 3um
L,x1 1772um | 2380um | 2684um 2846um
Lixn 1805um | 1197um 893um 731um
L,i/Lix, | 098=1 | 1.98=2 | 3.005=3 | 3.89=4
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