Chapter 9 Integral Equations

9-1 Classification of Integral Equations

Fredholm equation: a(x)y(x) = F(x)+A[ K(x.0)y(t)di
The Ist kind: 0=0=> ~F(x) = G(x) = A[ K(x.0)y(0)dr
The 2nd kind: o=1=> y(x) = F(x) + ] K(x.0)y(0)dr

Voterra equation: a(x)y(x)=F(x)+ AI:K (x,t)y(2)dt
The 1st kind: 0=0=> —F(x) = G(x) = 1 j CK(x,0)y(t)dt

The 2nd kind: a=1=> y(x) = F(x)+ zij(x, 1) y(t)dt

/
Eg. Solve Hallen’s equation: —i /ﬁ gsin(k |z])+Ccosk|z|) = I ll(z')K(z —z',a)dZ,
Hy h
e—t’lﬁl(z—z')2+a2

Ar(z-2') +a’

is an example of the first kind of the Fredholm equation.

where K(z-2’,a)=

, k=27t/L and C must be satisfied by 1(1)=0. This
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It is shown that the resonant length of the dipole antenna is about 1/4 of wavelength.
—(x+1)

2
equation, which has a solution f(x)=e™.

e

Eg. f(X)=e"‘-% + + %J-Ol (x+1De ™ f(y)dy is the second kind of the Fredholm
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Some examples of solving integral equations:
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Irradiation of an 83 Camaro by a
one GHz Hertzian dipole source.
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Relations between differential and integral equations:
2

Bg. 2244002+ By = /() withy@=C,y'@)-D.
dx dx

2

Dummy variables: x=t, dx=dt, and then we have % + A(t)% +B()y = f(1)
t

R WO RIS S RECHCRT

= [ f0dt = 4@y + [ v @de = [} 0B

= '(x) = D = =A@)y(x) - [ [B@) - AOly@)dt + | f(0)di+4(a)C
Dummy variables: x=s, dx=ds
= |, '(s)ds =[A(@)C + D)(x —a) = [ A(s)(s)ds
- j j [B(t) - A'(6)]y(t)dtds + j [ f(t)dtds
= ¥(¥) = C+[A@C+ D)r—a) - [ ['[BO) - A'Oly(0ydsde + | || f (st = [ Ay
= C+[A(@C +Dl(x - a) = [ {A@) + (x = D[BE) - A Oy()de + [ (x—0) £ (t)de
= y(x) = C+[A(@)C+ D)(x—a)+ [ (x=0)f(0)dt = [ {A(@)+(x=D[BE) ~ A'(0)]}p(0)dt is  the

2nd kind of Volterra equation.

dzy
x2

(Sol.) 4(x)=0, B(x)=}, C=1, D=0
= y(0) =1+ [ (x=0)f(O)dt = [ (x=D)Ap(0)dt

= y(x)=1- jo" (t—x)f(t)dt + A j(: (t —x)y(t)dt

Eg. Transform

+ Ay = f(x) with y(0)=1, y’(0)=0 into an integral equation.
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9-2 Moment Method

Solve a Fredholm equation F(X)=a(X)y(X)- ZJZ) K(x,t)y(t)dt.
Lety (=Y e, /() = e, /()

= F(x)= Y e, a0)f, () - A[ K- Y e, f, 0t =Y e lat)f, ) -4 K(x0f, @]
Choose distinct x1, X2, ..., XN

N
F(xl):chAn (x,) =, 4, (x) +c, Ay (x,) + -+ cy Ay (X))
n=1

F(xz):ZN:ann (x,)=c,4,(x,)+c, A, (x,)+-+cyAy(x,)

n=l1

N
F(xN)ZZCnAn (xy) = A, (xy)+ e, Ay (x, )+ ey Ay (xy)

n=1
F(x)) A4(x) Ay (x) - Ay(x) || ¢ ¢
Or, F(.xz) _ Al(.xz) Az(.xz) ANsz) c.z N C‘z _9
F(xy) A(xy) Ay(xy) - Ay(xy)||en Cy

where An(xm):a(xm)fn(xm)—ﬂJjK(xm,t)fn(t)dt, I1<n, m<N.

Solve a Volterra equation F(X)=a(X)y(X)- /Ir K(x,t)y(t)dt .
Lety(0)=2 ¢, f,(x) = 2 ¢, f,(x)

=F(x) > ) c,a®)f, () =A] K.Y e, /@

n=l

=Y ¢, lax)f,x) =4[ K0, (0)di]

F(x)) B(x) B,(x) - By(x)|| ¢ G
OI’, F(xz) _ B1('x2) Bz(.xz) BNgxz) c.z — c.2 -9
F(XN) B](xN) Bz(xN) BN(xN) Cy Cn

where Bn(xm)=a(xm)fn(xm)—/lj:’"K(xm,t)fn(t)dr, 1<n, m<N.

N N 1
Eg. Let y(X)= chfn (x)= z:cnx"’1 and solve y(X)= LK(x,t)y(t)dt —x, where
n=1 n=1

x(I-1), x<t
(1=-x), x>t

K(x,1) :{
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