Chapter 2 Maxwell’s Equations and Plane EM Waves

2-1 Dielectric and Conductor

Displacement vector: D=g,E+P=¢cE =¢g,(1+ #,)E = &,¢, E
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Av—0 Ay

L P Pl vy ey
V=g ML R =G (- 4 (-2

V'=§(i+§/i+2i:>V' 1 =a—';
ox' "oy ot R) R

=V =

B o | e o

_ 4;0 R
Surface charge density: pps= P aAn :
Volume charge density: p,=—V - B
Total charge: Q= ﬁs P.a,dS'+ ”IV Pdv'=0
V~E=i(p+pp) :V-(eo E+B)=p

&o

Define D=g,E+P =V-D=p < {D-dS=Q

D, 11 & &3 E,
R S
Note: Generally, D=¢-E or |D, |=|¢, &5 & |E,
D, €3 €3 &3 E,
e, 0 0

For biaxial dielectric, e={ 0 &, O
0 0 &g
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D, 8 2 0] |E,
Eg. For an anisotropic medium characterized by | D, |=¢)2 5 E, |,
D 0 0 9||E

z z

find the value of the effective relative permittivity for (a) E=ZE,, (b)

E=E,(X-2Y¥),(c) E=E,(2%+7Y).

D, 8 2 0|0 0 0
(Sol)(@) |D, |=¢|2 5 0]-|0|E,=¢,|0|E,=9¢,|0|E,, &=9
D, 0 0 9|1 9 1
'D,|] [8 2 0][1 4 1
() | D, |=5|2 5 0|-2|E,=¢,|—8|E;, =4g,| -2 |E;, ¢,=
D, | 00 9]0 0 0
D, | 8 2 0][2 18 2
(©) |Dy|=¢|2 5 0|-|1|E;=¢5| 9 [E; =9¢,|1|E;, =9
| D, | 0 0 9]0 0 0
Hall Effect:

Current density: J = §J, = Nqv

If the material is a conductor or an n-type semiconductor the charge carrier are
electrons: g <0

Hall field: E, = —v x B = —(§v,) x (B,) = —&v,B,

Hall voltage: V, = —J'Od E,dx =v,B,d
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JB. Ng
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If the material is a p-type semiconductor, the charge carries are holes: g > 0

Hall coefficient: C, = <0 1<

Hall field: E, = &v,B,

Hall voltage: V, =-v,B,d
Hall coefficient: C, >0



2-2 Boundary Conditions of Electromagnetic Fields
Boundary conditions for electric fields:

Eg. Show that E{=0 on the conductor plane.

(Proof) "." The E-field inside a conductor is zero,

. §EdT=EAW=0=E =0

ffEdS-Eas=22 g -2
& &

A

Eg. Show that E;= Ex and anz-(Dl— Dz)zps on the interface between two

dielectric.
(Proof) §atl)50d-ad | = E AW —E, AW =0, Ex=Ex f\ﬂﬂﬂ
¥
- - - A - A A o ---a.’:‘_‘._' — a2
j&}D-d S = (Dl- a,,+ D, anleS =a,, (D, —D,)AS = p.AS
S Medium 1
—— Medium 2

bt
anZ'(Dl_ Dz) = ps 0Or D1n-Dan=ps ‘“’/ﬁi
_/"/ o 1 51

|fp5:0, then D1n=Dj, or e1E1n=¢2E 2,

Roundary Conditions between

Boundary Conditions between a Dielectric (Medium 1) and Two Lossless Media

a Perfect Conductor (Medium 2) (Time-Varying Case) D
. s |
On the Side of Medium 1 On the Side of Medium 2 Al D, e,
. . B
EH_O Llr:[} I]“=HZI_’_“:ﬂ
A, X I—]I _J\ HJ,:O 2t Ha
A, * D] = p, D.’.nz(} Dln :Dzn _)e‘lEln:elEZn
Bl"—'o Blrr:’o B],,:an_’,ﬂiH1n:M:Hgn

Eg. Two dielectric media are separated by a charge free boundary. The electric
field intensity in media 1 at the point P; has a magnitude E; and makes an angle
with the normal. Determine the magnitude and direction of the electric field
intensity at point P, in medium 2. [AZ AR EFF]

. . tan o &
(Sol.) E,sina, =E,sina,, &,E,cosa, =¢E, cosa;, = Z=_2

tana, & 4 '
E, =4/E2 +E2 =(E,sina, ) +(E, cosa, )’

2 1/2

. & . &
=| (E sine, )’ +{—l E, cosalJ = E,[sin’a, +(—1cosal]

& &,



Eg. Assume that z=0 plane separates two lossless dielectric regions with &=2 and
£n=3. If E, in region 1 is x2y—y3x+z(5+2), find E, and D, at z=0 in
region 2.

(Sol.) Ii:QZy—Ay3x+£5, Iit(z:o):E;(Z:O):;(Zy—§/3x,
D,,(2=0)=D,,(2=0) = 2E,(2=0)=3E,,(2=0)

E;(z:o):g[és)zﬁ% . E,(z =0)=>A<2y—§/3x+2%

—

D,(z :0):(;(2y— y3x+ 2%)350

Eg. A lucite sheet (&,=3.2) is introduced perpendicularly in a uniform electric

field Ii :>A<E0 in free space. Determine E,, D, and I;I inside the lucite. [
AT ERYIERFR] [T
- A A A E -Li”b | E‘f —lh
(Sol.) D, =xD, =xD, =x¢g,E, Do=a0ky, NSRS o,
- - - ~E
Ei :1Di = L Di = X_O Free | Lugile Free
& gogr 32 space | € =3.2 | space
P-D-gE - ?{1—3%)5050 _ X0.68755,E, (C/m)

Eg. Dielectric lenses can be used to collimate electromagnetic fields. The left
surface of the lens is that of a circular cylinder, and right surface is a plane. If

-

E, at point P(ro,45°z) in region 1 is a 5-a,3, what must be the dielectric
constant of the lens in order that E, in region 3 is parallel to the x-axis?

(Sol) Assume E, =a, E, +a, E,,, " Ey =E, =E, = E,, = iz\ T
el

For E, //x-axis=E, /[ x-axis=>E,,=-E, =E, =3 ¢

A > - 5 @i@'@

a, D, =a, D, = &E, =6E,, §5=¢¢,3 :>5r2=§




Eg. A positive point charge Q is at the center of a spherical dielectric shell of an
inner radius R; and an outer radius R,. The dielectric constant of the shell is &,.

Determine E,V ,D,and P as functions of the radial distance R. [E%]

N N N N /'/_;__q.‘\\
(Sol) P=D-¢g,E=¢,(s, ~1)E -
R>R,: - -
— _ ~ Q _ Q M"{:]"" shell [Z Ri R
" 47e,R? 4re,R H
D=4, % and P=0 e \x
4 S e
R R e e
Ri<R<R,: 2 @
= _ 4 Q s Q s_s  Q 5 11.Q
E=a =a , D=4,——, P= - =
“ane,e RPN AneR? " amR? T oe JAnR?
V:—'[R" Q - R—IRLZdR = Q 1_i i+i
= 4rg R Ro4reye, R 4re, e )R, &R
R<Ri: E=§.RL2, ﬁ:éRLZ’ I_j:O,
4re,R 47R

V=V -0 Q jr- Q-1 [ 1)t 1
R=R, 9 47,R azs, | & )R e JR R

Boundary conditions for magnetic fields:

Eg. Show that #1H1n=p2H2, and 4, x (ﬁl —ﬁz) -J.

(Proof) {fB-dS=0= B, AS - B, AS =0, B1y=Ba B
= p1Hin=p2Han

§ﬁ-di: | = §ﬁ-di: H, -Aw+H, - (-Aw) = J AW
abcda

S H,—H, =J,=a,x(Hi—Hz)=J

If J=0, then Hqi=Hyt



Eg. Two magnetic media with permeabilities 41 and u, have a common boundary.
The magnetic field intensity in medium 1 at the point P; has a magnitude H; and
makes an angle a; with the normal. Determine the magnitude and the direction
of the magnetic field intensity at point P, in medium 2,

(Sol) ,qu_2 cosa, = ;@chOSal N tana, p,
H,sina, = H;sing, tana, 1

>a, = tan‘l(%tan o)
1

b
H, =HZ+HZ = \/(stinaz)z +(H,cosa,)’ = Hl[sinzozl + (ﬂcosal)z}
H,
Eg. Consider a plane boundary (y=0) between air (region 1, u#,1=1) and iron

(region 2, ur2=5000). (a) Assuming B, =0.58-10y (mT), find B, and the angle

that B, makes with the interface. (b) Assuming B, =10%+0.5y (mT), find B,

and the angle that B, makes with the normal to the interface.
(Sol.)

(a) B,=0.5%-10y, B, =B, X+B,, ¥, H, = B _ H,, LN B,, = 2500
5000, My
B,, =B, =-10 = B, =2500%-10y, tana, =2 tanq, =500 Bi _ 250
lul ly
S S B s G le BZx
(b) B, =10x+0.5y,B, =B,Xx+B, y,H,, = =H, =—*
Hy Hs
1 10 . & . .
=B,=—1B8, = =0.002, B, =B, =05,.". B, =0.002%+0.5Y,
Uee 5000
tana, = By 0002 _ 0.004
B 0.5

1y
Magnetic flux lines round a cylindrical bar magnet:




Eg. A very large slab of material of thickness d lies perpendicularly to uniform
magnetic field intensity I:|O =7H,. lIgnoring edge effect, determine the magnetic
field intensity in the slab: (a) if the slab material has a permeability x4, (b) if the
slab permanent magnet having a magnetization vector M = M, . [EXRYPIHH]

(Sol.)

—_—

(a) gz:uzﬁzy BZZ=BlZ :>ﬂ H2=IL[OHO’ H2=2H2=2&H
H

(b) Ba=p,(Hz2+M,), By, =B, = u,(H, +M,) = . H, = Hz2 = 2(H, - M,)

Eg. Assume that N turns of wire are wound around a toroidal core of a
ferromagnetic material with permeability #. The core has a mean radius ro, a
circular cross section of radius a (a << rp), and a narrow air gap of length lg, as
shown in Figure. A steady current I, flows in the wire. Determine (a) the
magnetic flux density B¢ in the ferromagnetic core; (b) the magnetic field
intensity Hs in the core; and, (c) the magnetic field intensity Hq in the gap. [&X
B

(Sol.)




2-3 Steady-state Currents

AQ  Ngv-&,AsAt

= Ngv - AS
At At

Differential current: Al =

Current density: J=Ngqv=pv (A/m?), | = ”5

Let V=uE, J=pV=—upkE =0k

4 - mobility o : conductivity

0 =—pele + Pyl

/A

electrons holes

Eg. An emf V is applied across a parallel-plate capacitor of area S. The space
between the conducting plates is filled with two different lossy dielectrics of
thicknesses d; and d,, permittivities ¢; and &, and conductivities 61 and o>,
respectively. Determine (a) the current density between the plates, (b) the electric
field intensities in both dielectrics. [F%]

(Sol.)

V =(R +R,)l :£i+ d; JI

o,S 0,5

B \ oo,V

|
\J = —_—= =
S (dl/o-l)+(d2/02) c,d; +o,d,

V-Ed+Ed, J=oE -0E, E-—2 g__ oV
o,d, +o,d, o,d, +o,d,
Eg. Assume a rectangular conducting sheet of conductivity e, width a, and height
b. A potential difference is applied to the side edges. Find (a) the potential

distribution, (b) the current density everywhere v _q
du —
within the sheet. [&RIK BT s I
= =¥l b
(Sol.) k=4 w_, 2 |
Vo an v L
(@) V(x)=Cx, V(a)=Ca=Vo=V(x)=—x o sivad 4 |
a

(B)E =—WV(x) = %2 = T = oE = 2V°
a

: o - & 4dQ d = = 0
Equation of continuity: |=§JodS:—Ez—ajj'jpdv:dedv:VJ+Ep=0

v

= = op p Op -
If J=0oF, oV-E+—=0L+-L2=0, p= p
ot e o et



Eg. Lightning strikes a lossy dielectric sphere &.=1.2, 6=10S/m, of radius 0.1m at
time t=0, depositing uniformly in the sphere a total charge 1mC. Determine for
all t for (a) the electric field intensity both inside and outside the sphere, (b) the
current density in the sphere, (c) calculate the time it takes for the charge density
in the sphere to diminish to 1% of its initial value, (d) calculate the charge in the
electrostatic energy stored in the sphere as the charge density diminished from
the initial value to 1% of the value. What happens to this energy? (e) determine
the electrostatic energy stored in the space outside the sphere. Does this energy
charge with time?

%t

(Sol.) p, :%:o.239(c/m3), P=pe
iﬂbs
3
4lR3p R o
(a) R<b:E, =4, E%Rz —4, ‘;:’g e ¢ =48,75x10°R-e 21" (v /m)
..R>b:E, =4, 47ngOR2 =4, %XIOG(V/m)
(b) R<b:J, = oF, =4,7.5x10% Re 74240
..R>b:J,=0
() e =L —001=t=""10_ 4 88.10%(s)
Po (0'/5)
@) w, =< [[[E?av Ak, (001)2 10
== v ce V¥ = ——=(0. =10"
27, W, ),
(e) W, =%°j: E247R2dR = 4.5x10°(J)

Boundary conditions for current densities:

Governing Equations for Steady Current Density
Differential Form Integral Form
V.-J=0 §Sj~d§:0
J I
Vx[—]:O §ciJ‘d€=0
o o




Eg. Two lossy dielectric media with permittivities and conductivities (¢1, ¢1) and
(&2, 62) are in contact. An electric field with a magnitude E. is incident from
medium 1 upon the interface at an angle a; and measured from the common
normal, as in Figure.

(a) Find the magnitude and direction of E. in medium 2.
(b) Find the surface charge density at the interface.

(Sol.)

(@ Ex=Ea => Eisinai=Ezsina., Jw=Jan => o:.Eic0sa:=0:E2C05-

(o2 o 2
Ez2= E1\/S|n a, +(—cosa;)
=> g

2

O
tana. =—tana,
O1

(b) Dan—Dun=ps => g2Ean—&1En= pg, ps= (282 - SlelcOSa
o2

Eg. Two conducting media with conductivities 01 and @2 are separated by an
interface. The steady current density in medium 1 at point P; has a magnitude J;

and makes an angle %1 with the normal. Determine the magnitude,
of the current density at point P , in Medium 2. [& X EI]
(Sol.)

d o_I_irection

. . tan o
J,cosa, =J,c08a,, o,J;sina, =0,J,sina, = 2 =
tana, o)

1 2

2
3, =432 +32 =4/(3,sina, )? + (3, cosa, | =[(%JlsinalJ +(chosa1)2]

1

Jiyp =Jyy, = 0Ey, =0,E
{ . 2" _ tn 2 _ = Ps =(‘91&_EZJE2n =(‘91_32ﬂjE1n' If
Dln - |:)Zn =ps = glEln _52E2n = Ps <1 O3

0, >> 0, = p, =&, =Dy

2-4 Maxwell’s Equations and Plane EM Waves

Differential Form Integral Form Significance
] dd
VxE= B i‘ﬁ E-df= — Faraday's law
it « dt
D ‘D a5 n
VxH—.lff" ﬁH-d€=!+I<('_r-ds Ampére’s circuital law
: s @
V'D=p (5 D-ds=Q Gauss's law
Js
V-B=10 ) B-ds=10 No isolated magneue charge

Note: % is equivalent to a current density, called the displacement current density.



Eg. A voltage source Vosin(mt), is connected across a parallel-plate capacitor C.
Find the displacement current in the capacitor.

(Sol.) i. = CdstC =CV,wcosat = gdévococos ot

@.dg

~ = V, . .
D=¢é = D=¢-2sinat, 'D:I
d ot

A :
=eg—V,wcosat =1
d
A

Lorentz condition: V-A+ ,ugaa—\::o

— = oD ~ = 0 oA ~ 2= = ov %A
VxB=d+u—=VxVxA=1J+pus—(-VV -—")=V(V-A)=V2A=1J —-V(ue —)— ue
Mt M]#at( at)() ,UJ(#at)#atz
L~
:VZA—ngt?:—;J+V(V-A+y5%)

-
If Lorentz Condition holds, we have VZA—yga—A =—]
ot?

. _ _ oA n, O - a, O oV ye

V-D=p=V-sE=p=V-g(-VWVW -)=VN + —(V-A) =V + —(~ue—)=-£
p p &( at)j at( ) at(”gat) .
oV

VA - e Zz—g

Effective permittivity:

VxH :J+88—E:a|§+ joeE = jo(e +-2)E = jowe E
ot jo

. O 1 = " H H 1 HEE]
>e =¢—j—=¢&-je"=>o=we .Similarly, u=pu'-ju
w

Loss tangent: tand, = g— - <

& &
Eg. A sinusoidal electric intensity of amplitude 250V/m and frequency 1GHz
exists in a lossy dielectric medium that has a relative permittivity of 2.5 and loss
tangent of 0.001. Find the average power dissipated in the medium per cubic

meter.

(Sol.)
tans, =0.001=—2—,
WEHE,
9,,107° 4
o =0.001(2710°)(_ —)(25) =1.39x10 (S /m)
ya

0 :%JE :%GEZ :%x (1.39x10*) x 2507 = 4.34(W /m°)



Maxwell’s Equations in the source-free regions:

wE:-;;ﬁ, VxI:|=g§, V-E=0, V-H=0
ot ot

. An A A4
Phasor representations: Eg. XAe /(#+9) (x§+ yg)e“(ﬁ“e), etc.
Instantaneous representations: Eg. XAcos(at — Sz + 60) = Re[kAe 179 .el“'] etc.

Incase E and H are proportional to &, we have VxE = —,u% =—jouH and

VxH =5 - joweE .
ot
Eg. Giventhat H = y2cos(152x)sin(6710°t — ) in air, find E and p.
(Sol.) Phasor: H = y2cos(15zx)e ", (157)° + f? = w’u,e, = 4007* = f=13.27

E =

———V x H =[X1587 cos(157x) + 21807 sin(157x)]e
Jos,

E(x,z,t) = Re[E(x,z)e!"]
Eg. Given that E = y0.1cos(102x)sin(6710°t — fz) in air, find H and g.

(Sol.) Phasor: E = §0.1cos(102x)e # , (107)? + B2 = w?puye, = 40072 =  =10/37

=~ VxE =—J_[%0.18c0s(107x) + 0.1(107) cos(10zx)Je
jouq ou,

H(x,z,t) = Re[H (x,2)e'"]

A=

Eg. The electric field intensity of a spherical wave in free space is

E=4a, %sin 6 cos(wt —kR). Determine the magnetic field intensity.

(Sol.) Phasor: E =4, %sin 0-e

) - ~ 10 n VB, ; - . E &y . ;
— jouH=VxE=4 ———(RE,)=4,(—jk)=2sin0-e ™ = H =4 =2 |Z%sing.e ¥
Jou, ¢RaR( 0) ¢( J)R ¢ R i



Plane EM waves excited by a current sheet:
Given J(t)=-x%J(t) at z=0, the field components of the EM plane wave excited by

the current density are E(z,t)zig\](tii) and I—T(z,t)ziy%.](wi),
v v

p

p

respectively. If it is a sinusoidal EM plane wave, J(t) = —XJ, cos(at) at z=0.

A

We have E(z,t) = xﬂzocos(a)t ¥kz), H(z,t)=+y

Electromagnetic wave spectrum:

J

?‘)cos(wt Fkz).

1 pm

10 pm

100 pm

1nm

10 nm

100 nm

1um

10 um

100 um

1 mm

10 mm

100 mm

1m

10m

100 m

1 km

10- km

Cosmic Rays

Gamma Rays

X-Rays

Ultraviolet Rays

Visible Light Rays

Infrared rays

Infrared rays

Microwaves

UHF Radio Waves

VHF Radio Waves

HF Radio Waves
MF Radio Waves

LF Radio Waves

| 3x10%2HZ

3x10®HZ

3Ix10"HZ

3x10"%HZ

3x10"HZ

3x10"™HZ

3x10%HZ

3x10"HZ

3x10%HZ

3x10"HZ

3x10"HZ

3x10'HZ

3x10°%HZ

3x107HZ

3x10°HZ

3x10°HZ

3x10*HZ




2-5 Plane EM waves in a simple, nonconducting and source-free region
In a simple, nonconducting and source-free region:

wE:-;;ﬁ, Vxﬁ=g§, V-E=0, V-H=0
ot ot

0 - ’E » _ » _ 0’E
VxVxE:—,ua(VxH):—,ug—:V(V-E)—VzE:—VZE = V°E — ue pea

g 0.

Velocity of the plane EM wave: v=

1
Tz

In vacuum, uo=4nx107, go= 1 x107=c= ~3x10°(m/s).
367 Ho&y
Wave number: k=w/v= ./ ue = 2r 2%
vif 4
Assume E el = VZE +k*E =0 (drop & factor)

d’E(z)
dz?
Traveling wave in +z-direction:

Suppose E=E(z) = +k?’E=0=E(z)=Eje ™ +E,je™
E; (z,t) = Re[Eje ™ -e!”] = E{ cos(wt —kz)

: z
Let wt-kz=constant=> Phase velocity: vy= ((jj_t =@

k

If E=XE;(2),VxE=-jou(XH; +JH; +iH])

SHI=HI =0, H: (D)= (- JK)E; (2) = “E; (z), where n=%=\ﬁ,
jou 1 k &

and 70=120m~377Q in free space.

TEM waves (Transverse electromagnetic waves): E and H L direction of
propagation (4, )

E(R)=E(x,y,z) = Eje " MWt _ E e KR _E o MR ~\where R=Rx+yy+7z,
k=4ak,and k’ +k; +k; =0’ ue

wV.-E=0=V-(Ee "Ry =g iRy . E LE . (Ve *R)=E . (Ve 'R)
= E, - —j(Rk, + 9k, + 2k, )e R = — jk(E, -&,)e M F

a,-E,=0=E, L4, (TE).Similarly, V-H=0=H, L4, (TM)



Relation between E-field and H-field of the plane EM wave:

ER) = <= VX AR = L (03, x AR) = E(R) = —7a, < FI(R), where = %' - #
jowe jo k &
H(R)=——~ VxE(R)= 14 xER) = H(R) =14 xE(R)=H L4
Jou 77 n

Eg. The instantaneous expression for the magnetic field intensity of a uniform
plane wave propagating in the +y direction in air is given by

H = 74x107° cos(10” t — koy+%) A/m. (a) Determine ko and the location where

H, vanishes at t=3ms. (b) Write the instantaneous expression for E.

10" T . n
Sol) w=10"7=k =2=""_7 3 -
(Sol) =T T30t 300 Y

2n+1
a) cos[(2n+1)Z1=0=10" 7 x3x10° - L y+ 2L =
(a) cos[(2n+1) 5= LA

:>y:30(3x104—%—n)
() E(z,t)=-na xH(z,1), E(z,t) = -%480710° cos(10” 2t — =y + %)
To%h 30° " 4

Eg. A 100MHz uniform plane wave E = XE, propagates in the +z direction.

Suppose &=4, u,=1, ¢=0, and it has a maximum value of 10™*V/m at t =0 and
z=0.125m. (a) Write the instantaneous expressions for E and H . (b) Determine
the location where E is a positive maximum when t=10"%sec.

(Sol.) Kk =anpou 0, =4§, a,=12, n=|"%" 60z

EE,

(@) E(z,t)=XE, =10~ cos(2z x10°t —kz + @) has the maximum in case of

27 x10°t—kz+0=0=6 :% = E(z,t) = X10™* cos(2710 t—%[z +—)
— 10’4 4

H(z,t) = (z t) =

Qll—\

cos(2;z10 t— 3 Z+ —)

(b) COS(ZI’];[) =1, 27[108(10_8) _%Zmax +%= 2nr = Z nax =%i—



Polarization of the EM wave: The direction of electric field of the EM wave.

In the following text, we assume all EM waves to be z-propagated if we do not
specify them.

2 Linear polarizations in the x and the y-direction,

. . E_3¢ —jket0) E _ G —J(kz+0)
respectively: E =XE,e , E=YE

Electric field

Linear polarization in general case:

E =XE,e ' 1 JE e/ where E, and E, are in

phase (we can assume the both to be real).

Right-hand circular polarization:

E — iEoe—j(kHH) _ 9one—j(kz+¢9)

Left-hand circular polarization:

iDactrie

E — iEoe—j(kHH) + ijOe—j(ku&)

direction of

L Right-hand elliptical polarization:

direction of
propagation

= _or a-ilker0) _ giem a-i(ke+o
E = XE,;e 7 — §jE e 1 (B, # Eyp)

Left-hand elliptical polarization:

_ < —j(kz+6) i —j(kz+0)
If this wave were approaching E - XElOe + yJ E ZOe ( ElO # E 20 )
&n observer, its electric

wvector would appear to be

rotating counterclockwise.

This is called right -

elliptic polarization.

1 We can receive/transmit linearly-polarized EM waves by a linear
dipole antenna.

We can receive/transmit circularly-polarized EM waves by a
circular reflector antenna.
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Instantaneous Expression for E of right-hand elliptical-polarization (drop
phase factor e?):

E(2,t) = Re{RE,pe ™ — JjE e ¥ Je ) }= KE,, cos(at — kz) + JE,, sin(at — k)
=XE,(z,t) + VE, (z,t)

El(o’t), sin(wt) = E,(0.1) :>[E1E0’ Ez(O’t)]z =1, et=tan™

10 20 10 20 1\

E,(0,t)

= cos(at) =

1. XE, :%(Y(EX —)“/jEy)WL%(f(EX +YjE,): A linearly polarized plane wave can be

resolved into a right —hand and left—hand elliptically- or circularly-polarized waves.
E,+E, .. E-E .E,—E . E,+E,;

02 1_yJ O)+(X 0 1+ )
A circularly—polarized plane wave can be resolved into two opposite

2. SE, - JiE, = (R

elliptically—polarized waves.

E,+E E+E -E, .. E-E
.12 2 2)+( +yJ 1 2):

An elliptically—polarized plane wave can be resolved into two opposite

3. E, - JiE, = (X

circularly—polarized waves.

Eg. The E field of a uniform plane wave propagating in a dielectric medium is

given by E(t,z):>“(2cos(108t—i)—9sin(108t—i) V/m. (a) Determine the

V3 V3
frequency and wavelength of the wave. (b) What is the dielectric constant of the

medium? (c) Describe the polarization of the wave. (d) Find the corresponding
H field.

(Sol.) Phasor: E = %2e /*® 4 §je /"3

() w=10°= f =1.59x10" Hz, k=i:>,1=27”=2\/§;z

NE]

(b) v=%= 3x10° =1/ \Jp.e, = &, =3

(c) It is the left—hand elliptically-polarized wave propagating along +z direction.

My 120m . .
(d) 7= =—7= 8, =1
gogr \/§
H = 1 xE = 1z><(x2e 213 e N3y = 3 Y2 (y2e VB _gje 3
n n 1207
Ve

2 )+ §2c0s(10°t ——2)]

3 NE

= H(z,t) = Re[H (2)e'"] = —[)‘(sin(lost -
1207



Eg. Write down the instantaneous expression for the electric- and magnetic-field
intensities of sinusoidal time-varying uniform plane wave propagating in free
space and having the following characteristics: (1) f=10GHz; (2) direction of
propagation is the +z direction; (3) left-hand circular polarization; (4) the initial
condition is the electric field in the z=0 plane and t=0 having an x-component
equal to E¢ and a y-component equal to V3E,. [& K EF]

(Sol.) @=27x10", v:%:c:3x108 -k =2?”><102

Phasor: E = %Ae 1®*? 4 gjAe 1% for the left-hand circular polarization

= E(z,t) = Re{[f(Ae‘“k”‘” + JjAe 1@ gt }: XA cos(wt — kz + 0) — JAsin(at — kz + 6)

z=0 and t=0, E(0,0)=XAcos() — JAsin(6) = KE, + J~/3E, = H=tan’(- \3), A=2E,

E(z,t) = X2E, cos[2710%t —2?”102 7+ tan ™ (—/3)] - §2E, sin(2710"°t —%”102 Z+tan(—/3)]
Fi — ié > E — i AX[iAe_j(ng) _ yjAe—j(kHH)] — 2E0 [S‘/e—j(kz+:9) + )'zje—j(kz+9)]

/. o 1207
— H(z,t) = Re[H (2)e /]

Application of polarization: Liquid Crystal Display (LCD)

The polarizations of incident lights are synchronized by the rotations of molecules of
liquid crystal, which were controlled by an AC voltage. And then the output polarizer
can block the orthogonally-polarized lights to control the output optical intensities.

Light Sonrce Light Sonrce

=

&&mentﬂn }

I
] L f
i )
— S5
‘H":n oo,

Light output



Poynting vector: P=ExH

-_ B . D ST = e .. 5 B - -
VxE=-2 _3+® =S V.(ExH)=H-(VxE)-E-(VxH)=-H-Z -E-“2-E.J
x FRIRELES RS (ExH) (VxE)-E-(VxH) at p

= o(uH) - 8(E) - - 0,1 4 0.1 = _
--H- g‘t —E~7—E-J:—&(Ey‘H‘z)—&(Eg‘E‘Z)—o"E‘Z

. . - _ 0 _2 =12 _2
.. iEﬁ(ExH)dS:j;[J.V'(ExH)dv:—EIJI(%‘E‘ +§\H\ )dv—JJIa‘E‘ dv

= P=ExH is the electromagnetic power flow per unit area.

Instantaneous power density: P(z,t) = Re[E(z)e'”]x Re[H (z)e'"]

— ~ ~ . . ~ . R E . N
Set E(z) = XE,(z) = XE,e “ P = H(z) = l[an xE(2)] = §-2e @ . 1A
n

u
E(z,t) = Re[E(z)e'™] = XE e cos(at — fz)

and H(z,t) =Re[H(2)e/"] = yr—fie”“ cos(at - fz—0,)
n
= P(z,t) = E(z,t) x H(z,t) = Re[E(2)e*]x Re[H (z)e ']
2
_ A|EO| 20z _ _ 2
= zme [cos, +cos(2et — 252 - 6,)] ||
ui

Average power density: P, =%Re(l§ xH"™)

_ i} Eo|’

Py :%J'OT P(z,t)dt = 2%52“ cosg, , where T is the period. And it can be proved that
n

=~ 1 — i

Py = SRE(EXH).

Eg. Show that P(z,t) of a circularly—polarized plane wave propagating in a

lossless medium is a constant.
(Sol.) Assuming right-hand circularly—polarized plane wave, &, =2

E(z,t) = E,[Xcos(at — fz) + ysin(wt — fz)]
H(z,t) = l(éln x E) = E[—>‘(sin(a)t — f2) + ycos(at — fz)]
n n

P(z,t) = E(z,t)xH(z,t) = 2E_0
n



Eg. The radiation electric field intensity of an antenna system is

E=4a,E,+4,E,, find the expression for the average outward power flow per

unit area.
L o . E, . E
(Sol) &, =4, H =1(aan):(—a9—¢+a¢—9)
n n n
B N T . B L E S 12 e
P =5 Re(Ex H') =~ Rel(,E, +4,E,)x (-4, ) +a¢79)]=zar(|E9| +[E,|)

Eg. Find P on the surface of a long, straight conducting wire of radius b and
conductivity o that carries a direct current I. Verify Poynting’s theorem.

el 2
Sol) J=2 1 —E=Y-3 | A-a ! P-ExHA--a_ ' _
7 o o7 270 207b
—ﬁﬁ-dgz—ﬁ;ﬁ-érdS:L-Zﬂbfz|2( £ y-1R
: ; 207°b? o’



2-6 Plane EM Wave in a Lossy Media
VxH =J+ josE = o + josE = jo(s — jg)E = joe E ¢, :g—j%:é—jg".
Similarly, u, =u — ju

Complex wave number: k, = w./ue, . Loss tangent: tans, ~ g"/g' = i
Propagation constant: y = jk, = joJue, =a+ jB = ja)\/ﬁ(“ﬁ)%
Ece” =g Mt =g@.g W

If the medium is lossless, a=0; else if the medium is lossy, a>0.

Phase constant: g = 2—”

= w\/i[,/u( . w\F[/l+( )2 +1]72

Case 1 Low-loss Dielectric: -2 <<1= a ~ %\/Z B~ a),/,ug[(1+%(£)2]
& &

we
Intrinsic impedance: 7, = \/Z(1+ J'L)

Phase velocity: v,

—— ——(—) ]
J_ J_s
Case 2 Good Conductor: —— >>1=>a = P = W/CO’UTG = Jrfuo
we

and 770=\/Zz( N i
&, o o o

Phase velocity: v, = % ~ |22

uo
1

1/7zf,uO'.

Skin Depth (depth of penetration): & = 1
a

For a good conductor, & = 1. A
a 2

1
B



Eg. E(t,z) =X100cos(10’ 7t) V/m at z=0 in seawater: &=72, u,=1, 6=4S/m. (a)
Determine a, g, vp, and n.. (b) Find the distance at which the amplitude of E is
1% of its value at z=0. (c) Write E(z,t) and H(z,t) at z=0.8m, suppose it propagates
in the +z direction.

(Sol.) @ =10"7, f=5x10°Hz, olweoe,=200>>1, .". Seawater is a good conductor in
this case.

(@) a=+rfuc =8.89Np/m= 24, n, =@+ j)\/@
(o2

v, =2 -353x10°m/s, 2=%% _070mm, 5=1=0112m
p B a

(b) e*=001=>z= 1In(100) =0.518m
(04

(c) E(z,t)=Re[E(z)e!"]= %100e “ cos(awt — fz)
z =0.8m = E(0.8,t) = X100e *“ cos(wt — 0.83) = X0.082cos(10’ 2t —7.11)

H(081)=14 xE©081), H081)= 9Re[mej‘“] = §0.026cos(107 2t —1.61)
7

c

Eg. The magnetic field intensity of a linearly polarized uniform plane wave
propagating in the +y direction in seawater &=80, u,=1, ©=4S/m is

H= >“<0.1$in(101°7zt—%) A/m. (a) Determine the attenuation constant, the phase

constant, the intrinsic impedance, the phase velocity, the wavelength, and the
skin depth. (b) Find the location at which the amplitude of H is 0.01 A/m. (c)
Write the expressions for E(y,t) and H(y,t) at y=0.5m as function of t.
(Sol.) (a) 6/we=0.18<<1, .". Seawater is a low-loss dielectric in this case.

Sax S\/Z =83.96Np/m 17, ~ \/Z(1+ j—Z) = 41.8e 10028
2 \e¢ £ 20

B~ oue[+ L (2)°] = 3007 , v, =2 -333x10'm/s, s=1_119x10?m,
8 we p a

2=%% _667x10°m
B

001

(b) e@ = yzlln10:2.74><10‘2m
[94

(©) H(y,t)=%0.1e" sin(10" 2t — By —%) , y=05,3=3007

T

= H(0.5,t) = X5.75x10 2 sin(10" t —5)

4, =y = E(0.5t) = —n,4, x H(0.5,t) = 72.41x 107 sin(10" zt —%+ 0.02837)



Eg. Given that the skin depth for graphite at 100 MHz is 0.16mm, determine (a)
the conductivity of graphite, and (b) the distance that a 1GHz wave travels in
graphite such that its field intensity is reduced by 30dB.

(Sol.) (@) ¢ = ! _ 0.16x107° = ¢ =0.99x10°S /m
A Afuo
(b) At f=10°Hz, a = +/rfuc =1.98x10*Np/m
w2 1.5 4
—30(dB) =20log,,e ™ =z = =1.75x10"m
alog,, e

Eg. Determine and compare the intrinsic impedance, attenuation constant, and
skin depth of copper 6.,=5.8x10’S/m, silver 6,,=6.15x10'S/m, and brass
6=1.59x10'S/m at following frequencies: 60Hz and 1GHz.

(Sol.) a=rfuoc, 5=£, fT:>5~L,77C=(1+j)z
(94 (o2
Copper: 60Hz=> 7, = 2.02(1+ j)x10°Q, a=1.17x10*Np/m, &=8.53x10"°m

1GHz= 7, =8.25(1+ j)x10°Q, & =4.79x10°Np/m, & =2.09x10°m

E(z, 1

. do 1
Group velocity: v, :@:dﬁT
()

E(t, z) = E, cos[(w + Aw)t — (B + AB)Z] + E, cos[(w — Aw)t — (B — AB)1]

= 2E, cos(tAw — zAB) cos(awt — fiz)

Let tAco—zA,B:constant:vg:E=Aw: L =d_w:#
dt Af Apf/lAe dp dplde
dv, dv,
Eg. Show that v, =v +p—~ and v, =v -1—
dg dA
o do dv
(Proof) vp=E, w=V,p3, Vg:@:\/p—kﬂd—ﬂp
. 2r Yii A dv,
. =—, fl=27x, Wp+pALl=0=-"=—"+, vV, =V, —A—
p=" pr=em, AdB+p A )

An example of longitudinal v,>0 but longitudinal v4=0 in barber’s pole.
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Eg. A 3GHz, y-polarized uniform plane wave propagates in the +x direction in a
nonmagnetic medium having a dielectric constant 2.5 and a loss tangent 10™. (a)
Determine the distance over which the amplitude of the propagating wave will be
cut in half. (b) Determine the intrinsic impedance, the wavelength, the phase
velocity, and the group velocity of the wave in the medium. (c) Assuming

E= 9505in(67z109t+%) V/m at x=0, write the instantaneous expression for H

for all t and x.

(Sol) 102 =7 «<1= 6 =102 x27x3x10° x ———x10° x 2.5 = 4.166x 103

e 367

Itis a low—loss dielectric material: g = w1/y5[1+%(i)2] =909.34rad /m
&

N ~ \/Z(1+ -2 )=238,0.29'Q
g 2we

(@ a= %\/Z =0.497, e " = % = d =1.395m
&

dw 1

o S _18975x10°m/s
dB  (dp/dw)

() v, =%=1.8973><108m/s, v, =

= _ i 5 A = . i(Z-0.00167)
(©) E=9y50e°%.e'3 = A :ian « E = 70.21e 047 .g’'3
U

= H(x,t) = 20.21e *“7* .sin(6710° t — 31.67x + 0.3327) A/m



Plasma: lonized gasses with equal electron and ion densities.
lonosphere: 50~500 Km in altitude
Simple model of plasma: An electron of charge —e, mass m, position X

_ d?x S - B, . _ o —e® -

—eE=m—=-Mme'X=X= > E = Electric dipole p=-ex= - E
dt M M
, . - Ne® -
.. Total electric dipole moment: P=Np=-——E
Mo
_ o g2 __ o’ _ 2
D=gE+P=¢,(1-———)E=¢,1-—5-)E, where o, = is the plasma
mo’s, @ me,
angular frequency.
2 2

_ 1 C()p _ 1 p
£=2¢( —?)—50( _?)-

2

. _ f
Propagation constant: y = jw./ue, - 1_(f_PZ)

o

Intrinsic impedance of the plasma: 7, = ;
1-(-2)?
)

where 7,=1207(Q2)

Case 1 f<fp: pisreal, 7, ispure imaginary=> Attenuation=EM wave is in cutoff.
Case 2 f>fy: y is pure imaginary, 7. is real=EM wave can propagate through the
plasma.



