Chapter 3 Plane EM Waves and Lasers in Distinct Media

3-1 Normal Incidence at a Plane Conducting Boundary
a, =+, a Z

XT nr

Incident plane wave:

=-7

Ei(z) = RE; e
- ~ E. A
vl H(2) = §—2e
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L
H;

Incident
wave

Medium 1 Medium 2 TOtaI fleld E~1(Z) = Ei (Z) + E~r (Z)
B ek
z=0

" Conducting boundary, .". E,(z=0)=0=E,, =—-E,, = E, (2) = —XE, e

5 L = N E,(z) = E(2) +E, (2) = -%j2E, sin A,z
H r (Z) = ianr x Er (Z) = y_|0e+1ﬁ12 = 1 E|1: '

h T H.(z)=H;(2)+H,(2) = §2

cos f3,2
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Standing wave:
Zero (null) of E; at p1z=-nx .
Maximum of H; at z=-ni/2 ey Ry =
Zero (null) of Hy at f1z=-(2n+1)7/2 &
Maximum of E; at z=-(2n+1)./4

impinges normally on a conducting plane at x=0. (a) Write E., H., E., H E,, and H,.

i’ i? re r:

(b) Determine the location nearest to the conducting plane when E;=0.

(Sol) @ = 27 = 27 x10°, ,81:%:2—”, n = /?:1207;9, i =%, 4 =%
0

3 nr
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(8) E()=96x10"e A ()=—a,xE(x)=1— e * E(X)=-y6x10"e °
Ui 2
- L1070 ik = = _ . 5.2
Hr(x)=22—e 3, E(X)=E;(X)+E,(x) =-yj12x10 sm(?x),
T
_ _ _ 10~ 2 2 3
H,00=H (0 +H, (0)=2—"cos(Zx (b) =z, x=—-2
T 3 3 2



Eg. A right-hand circularly plane wave represented by E(z)=E,(X- jj)e

impinges normally on a perfectly conducting wall at z=0. (a) Determine the
polarization of the reflected wave. (b) Find the induced current on the
conducting wall.

(Sol.) (8) E,(z)=(XE, + 9Ery)eiﬁz , E.(0)+E, (0) = 0 = Ex=-Eo, Ey=jEo,

E, (2) = (-XE, + VJE,)e"* is left-hand circularly-polarized and —z-propagated.

(b) j = é:n (l:l |:| ) |:| ( H2 = 0)’ éni = 2’ énr = _2
A, :niém <E = 50 Fi+9)e ™ F (2)= =, xE, = (% + §)e = H,(2) = 22 (% + )(e 1 + %)
0 0 Mo o o

3(2) = 20 (R4 i)(e I + )

0

3-2 Oblique Incidences at a Plane Conducting Boundary
Case 1 Perpendicular Polarization (TE):
a, = Xsin@ +2cosh,, &, =Xsinh, —Zcosé,

(xsin@;+zcos ;)

Incidence plane wave: E,(x,z) = JE,,e

_ ~ _ E “ ~ . A ) Incident ; g
H, (x,2) = i[ani x E, (X,2)] = —2 (=X cos @, + Zsin @, )e Valxsinbirzosd) A

1 77]_ Medium 1
(o =0)

E,(x,0)=E, (x,00+E, (x,00=0, .". Ex=-Ej, 0:=6

— e —is (xsinB,—zcosa,)
E.(x,2)=—YE; e " H, (x, z)— [a xE, (x,2)] = '°( XC0S 6, +Zsin @, )e VAL Amzeosh)
1

Case 2 Parallel Polarization (TM):

a, = Xsin@ +2cosb,, a, =Xsinh, —Zcosé,
Reflected @,h,.
Incident plane wave: H,(x,z) = 9ie‘jﬁl‘”‘“6"“°°s‘9ﬁ) e Pertea
771 ﬂ.—_ conductor
e
E.(x,2) =-n,[4, xH,(x,2)] = E,,(Xcos b, — Zsinb,)e" ‘ﬁl(“'“‘g”flf’sd‘f,f ;
. . . Medium 1
E,(x,0) = E. (x,0)+E, (x,0) =0, .. Er=Ep, 6;=0, o |

_ R . . . _ _ ~E. . ——
Er (X, Z) — _Eio(x cos ei —%sin ei )e jpi(xsin 6, —zcos ;) ’ H ) (X, Z) — y i0 e jpL(xsin 6, —zcos6;)
m



Eg. A uniform sinusoidal plane wave E,(x,y) = y10e '®**) in air is incident on

a perfectly conducting plane at z=0. (a) Find the frequency and wavelength of the
wave. (b) Determine the incident angle. (c) Find E, (x,z) and H,(x,z) of the
reflected wave.

(Sol.) TE case:

9
@ p2=67+8" = =L w=3x10°, f=>20 S 7
v, 2r 5

3 o
(b) tanf, =—= 0, =37

4
(C) Er =-10= E~r (X’ Z) = _910e7j(6)<781)’ |:|r :ié\'nr x Er(X’Z) = _i X—4+L3)e—j(6X—82)

o 12z 5 5

3-3 Normal Incidence at a Plane Dielectric Boundary

E,(2) = RE, e E, (2) = KE e
Incident plane wave: . 5z Reflected wave: < _ B i
A (@)= g=te H @)=y
m m
-
E (Z) = )’zE e_jﬁzz Reflocted :r_gn ;* I:"::;\mi‘.ml
wave H, ;W
Transmitted wave: < _ A (2) = E, B goine g
t 2 oy &_‘I My
772 e o
Medium 1 :lledm;n 2

Continuity of tangential field component at z=0 ..

My~
E,+E,=E E, = Ei
{Ei(0)+Er(0>=Et(0) N 1" © £, = "o+,
H|(0)+Hr(0):Ht(0) _( io rO) E 2772 E
m 2 t0 i0
n, tm
Reflection coefficient: I'= Ero =— Hoo =7

Eio L n,+m

E 5 E,(2) = ReE e
Transmission coefficient: t=—2 = 72 and 1+4T=t = . 1€, e
Eio 1+ H((Z)=y——
m,
Case 1 I'>0 (g2>n1): Maximum at 231Zmax=-2n7 OF Zmax=-nA1/2=-n7ulf1
Minimum at 251Zmin=-(2n+1)7 Or Zmin=-(2n+1)211/4=-(2n+1)7n/2/31
Case 2 I'<0 (g2<n1): Max at Zmax=-(2n+1)A1/4. Min at Zin=-ni1/2

E|max _ 1+|F| . |1-*| _E

Standing wave ratio (SWR): S = = =
El ~ 1-|r| S+1

min



Eg. What condition |E,

:‘Et‘ occurs in normal incident case? And Standing

wave ratio =?

= —n,(not reasonable
(Sol.) =] | 2m, || " ) el

= , S=——=
‘772+771‘ ‘772"‘771‘:> 771=3772:>F=—%, |F|=% 1_|F|



3-4 Oblique Incidences at a Plane Dielectric Boundary

x4 Case 1 Perpendicular Polarization (TE):
a, =Xsind, + 2 cosd,,
L
=i B, _at 4 =%sin@ —7cosé,,
Transmitted
M a,, = Xsing, +zcosé,.

Incident plane wave:

Incident
wave

: H; = -G — B (xsinG;+zcosb;)
Medium | | Medium 2 Ei (X’ Z) - yEioe
(er, pp) | Le2, p2)
z=0

- E. " . s ein g N
H,(X,z) = —2(-Xcos@, + Zsin g, )e Atsmarzcot)
m

E (X Z) = 9E e‘Jﬁl(XSinH,—Zcosﬁr)
r ro

Reflected wave: < _ E o - |
H, (X,z) = —"(Xcos @, + Zsin @ )g ilsinti-zcostr)
m

E (X Z) = 9E e_jﬁz(XSin91+ZCOSH‘)
tATh to

Transmitted (refractive) wave: < _ E o - |
H,(X,2) = —2 (X cos b, + Zsin g, )e  F:tsna-zeost)
m,

E, (x,0)+ E,, (x,0) = E (x,0)

Continuity of tangential field components at z=0 =
Hix(xio) + er(X!O) = Htx(xlo)

— |Bxsin 6; —jpixsing; —iB,siné,
E, e s L E e MG _ E g ifsind

=11 . . E .
—(~E,, cos@e "% L E cos@ e %) = -~ coshe
m m,
pxsing = pgxsing. = g,xsing, , E,+E,=E,

=
i(EiO—E,O)cosHi :30034
Ui M,
S?n—ztzﬂ=ﬂzvﬁz77_2, 0, =0,
sin @, n, v

=N P M Ve and 14T 1=1..
r _En :nzlcosat—nllcosei ; _Eo 2n, [ cos 6,
Y E, n,/cosd, +n,lcos6,’ * E, n,lc0s6, +n,/coso,

Note: Snell’s Law holds only in case of lossless media.

i . 1-we, | e 1
Brewster angle: No reflection occurs when siné,, = 12 21 -
NI ) i )

if e1=¢2, 17U




(Proof) I' . =0= 7, cos 6, =n, cosd,,

Vil e 1- e, e
c0s0, =L-sin? 6, = [1-—sin’ 6, =2 cos g, = A28 s, = sing,, = |— it Het

771 \[,uglgz 1_(ﬂ1/ﬂ2)2

Eg. A uniform plane wave E;(x,z)= §6e7“**) in medium 1 (4&o,uo) is incident

on a plane of medium 2 (64&0/9,u0) at z=0. (a) Is it in perpendicular polarization
or parallel polarization? (b) Find the frequency and wavelength of the wave in
medium 1. (c¢) Write down the reflected angle and the refractive angle of the

transmitted wave. (d) Write down the unit propagation vectors of the incident
wave 4., the reflected wave &, and the transmitted wave &, respectively. ()

ni’ nr’

Compute the reflection and the transmission coefficients. (f) Find E, (x,z) and

H (x,z) of the reflected wave. (g) Find E,(x,z) and H,(x,z) of the

transmitted wave.
(Sol.) (@) -y L xz— plane, ..Perpendicular polarization (TE)

(b) ,81: [42_'_32 :5:277[=a) ,/J0450 az;z /,{1_272' f 15 108

5 4r
© s!nei _ 8—2:i:>sin9t =§sin6’i _3 cosé, _4
sin g, & 3 4 5
A 4>?+32 A 4)2—32 A 3>2+42
(d) a'ni ’ anr = y ant =
Hy
e =60r, =457
& 4= \ 4¢, T =\ (64s, 19) (6450 /9)
_ /€086, —n,/cosb; _ 2n,/cosf, 18

_’T —_—
" np,lcos6, +n,lcosd 25" "t p,lcosé, +n,/cosl, 25

(f) Er (X, Z) = FJ_ . 96e—j(4x—32) — _S‘/;"_ge—j(4x—3z)

Hr(x,z):i(é xE )=

o+ < E, (3% +47)e 1%
m 12507

. 15 64 20
In medium 2, ="x10%. e =2
(g) ﬂz 2 9 0 3
16
Et(xl Z) =7, - yGe—jﬁz(XSi“9t+20059t) — 9108 e i(4 3 )
25
- 1 . - 4, 3. -ixllsy
H,(x,z) =—(a, x == (—Z%+2%e 3
(x,2) nz(t E) 125( 5)



Case 2 Parallel Polarization (TM):
a, = Xsin@. +7cosf,, a, =Xsinh, —Z7coso,
a, = Xsind, +7cosé,
Incident plane wave:

I:l 5 Eio —jpi(xsing;+zcos6;)

i(x,z)=y—e
m ;

Medium | Medium 2 E (X Z) _ E (RCOS@ _ 2Sin (9 )e—jﬂl(xsinﬁiﬂcos@i)
T ) ! (2, ) i ) - i0 i i

E, (x,2) = E,,(Xcos @, + Zsin @, )g Ailsndi—zeostr)

Reflected wave: < _ ~E,, o1 ing, 22030, ,

H. (x,2)=-y
m

E,(x,2) = E, (Xc0s 6, — Zsin g,)e 20 drzeos)

Transmitted wave: I:It (X, Z) = 9 EtO e*jﬁz(xsineﬁzcosot)

7,

- e i v
Continuity of tangential field components at z=0= s!n i = B 2 _ Ty
sing,  p, Vo ™

E cosd. —n, cos o,
(E, +E,)c0sf =E, cosf, |Ij=—"= k: t '
E, mn,c0s0,+n, coso,
1 E, = ,and 1+ [=17-
—(Ejy —E,)=— E. 21, €0s 6,
m m, o= E =
0 1,C086, +n, cosb,

Brewster angle: No reflection occurs when  sin g, = fl_”(zgl/“;‘jz - !
1-(e, /¢, Vi+(ele,)

n
If u1=112 = Gy, = tan™ /i—z =tan ().
1 2

Eg. (@) Find 6g; and its corresponding angle of transmission. (b) A TE plane
wave is incident from air to water at 6;=@g. Find I'. and ..

cos 6,
cos o,

sin Gy,

1 .
Sol.) (a) e of water is 80. 4, =sin" ———=81°, 6, =sin"'( ) =6.38°
(Sol) (@) e o J1+1/80 ‘ 80
(b) 7, =12072Q, n,/cosd, =2410Q2, n, =%= 40.1Q, n,/cosé, =40.4Q
] =40.4—2410=_0 7.7 = 2x40.4 _ 0.033
40.4 + 2410 40.4 + 2410



Eg. A uniform plane wave E, (x,2z)=(-3%+42)e”/®*%) in air is incident on a

plane of medium (16&0/9,u0) at z=0. (a) Is it in perpendicular polarization or
parallel polarization? (b) Find the frequency and wavelength of the wave in
medium 1. (c) Write down the refractive angle 8; of the transmitted wave. Is 6;

equal to the Brewster angle? (d) Write down the unit propagation vectors of the
incident wave &, the reflected wave &, , and the transmitted wave 4,

ni ’ nr’

respectively. (e) Compute the reflection and the transmission coefficients. (f) Find
E,(x,z) and H,(x,z) of the reflected wave. (9) Find E,(x,z) and H,(x,z) of

the transmitted wave.

(Sol.) (@) H, =i(<€1ni x E) = —y5e 1) " - Parallel polarization (TM)

0
(b) B, =87 +62 =1O=277T=a) 1100 :m:%m

15

0 =3x10° = f ==—=x10°
VA
(c) & =sin’1(ﬁ), sin g, =#:ﬂ, 50, =0
5 6. b5
1+(—)
&,
sing, _ &, :f:>sin9t =£><§:g:>6?t =sin‘l(§), cosé, =%

A 4%+37 . R 3X+47
@) & =——— &, =0, ay,=—
@ n = 22 =120z, 5, = | _goz =1, -T2 SB% MG g
& (16¢,/9) 1, C0S O, +1n, COSH,
2n, COs 6,

3
- 1, Cos@, +1n, COS O, 4
(f) E,(x2)=H,(x,2)=0

(9) Inmedium 2, B, =w /yo -%go =4_3?

4

. 32
_ n R . . ~ A~ —i(BX+—12)
E (X, 2) =7, - (-3%+ 4Z)e Wrlendrzcod) - (—%x+32)e ®
- 1 . = 1 . 18 . -iex2y 1 -ieePy
HI(X'Z):_(antXEt):E(_Ey)e ) e

257

2



i \'
Snell’s Law: S!n_et:ﬂ:l:i:ﬂ: [£e = |81 and 6,=0;
sing, B, n, Vo &, )

The reflection coefficient: T=—="2and the transmission coefficient: T:E
i0 i0
_n,lcos® —n, /cosd; n cosd —n,cosd, sin(0, -0,)
o n, cosé, +n, /coso, - n, cosé, +n, coso, - sin(@, +6,)
2n, 1 cos 6, 2n, cos b, 2c0s 6, sin 6,
T, = = =
t p,lcosf, +n,/cosh N, cosd +n,cosd,  sin(6, +6,)

for perpendicular polarization (TE)

_17,C086, —n, cos@, n, /cosd —n,/cosd, tan(6, —0,)

- 1, COS 6, +n, COS O, - n, /cosé, +n, /cosé, - tan(6, +6,)

3 27, COS 6, 3 2n, / cos 6, B 2Cc0sd, sin 6,

- 1, Cos @, +n, CoS O, - n, /cosé, +n, /cosé, - sin(@, + 6, ) cos(6, —6,)

gl
for parallel polarization (TM)
The media are called right-handed materials in case &, y,

\ Ew*"‘ and n are positive. All the natural media are right-handed.
B%2 : However, some artificial materials, such as a few photonic

Reflected wave

crystals, may be left-handed. It implies that the effective
values of ¢, u, and n are negative. The refractive angle 6;, as
well as 6, is positive in case of obliquely-incident light passing the interface between
the distinct right-handed media. That is, the incident light and the transmitted light are
the opposite sides of the normal line of the interface.

Example of an obliquely-incident laser beam passing a slab made of left-handed
medium:

Miedimm 1 Mediuem 2
[P T
0



http://faculty.pccu.edu.tw/~meng/Left-Handed%20Medium.wmv
http://faculty.pccu.edu.tw/~meng/Left-Handed Medium.wmv�

Eg. Alight ray is incident from air obliquely on a transparent sheet of thickness d
with an index of refraction as shown in the figure. The angle of incidence is 6;.
Find (a) 6:, (b) the distance |, at the point of exit, and (c) the amount of the
lateral displacement |, of the emerging ray.

soly@ Mm% 1y gine SN b
t
sind n n 7@ SR
¢ e ‘1'
. el ]-vr,-
(b) ¢, =dtang, ___dsind ”;('/
\n? —sin® g,
dsin g cos o,

2 ain?
(©) ¢,=40+d*sin@B.-6) = d’sin” 4 +d”-[sin@ cos g, —cos @ sinf]=dsin g -
2 1 i t i t i t i

2 H; .
n’ —sin’ 6 n?=sin’4

Eg. A uniform plane wave in medium 1 having a refractive index nj is incident
on a plane interface at z=0 with medium 2 having a refractive index n, (<n;) at
the critical angle. Let Ejy and E{ denote the amplitudes of the incident and
refracted electric fields, respectively. (a) Find the radio E«/Ej, for perpendicular
polarization. (b) Find the ratio E/Ej, for parallel polarization.

(Sol.) 6=, 6:=n/2, cos6; =0. (8) 1. =2, (b) 7, = 2(77—2)

1



3-5 Total Reflection and Critical Angle (6.)

In case of ¢1>¢;, (0or ny>ny):

Reflected
- .-, . - _ g - _ n wave
Define critical angle as 0. = sin™*(_|[-%) =sin (%), ¥
& n,
: . & .
While 9i>90:> S|n9t = _Slnei >1 Incident
&, REYEL fq,;
Medium 1 Medium 2
(€1, po) (e2, po)

z=0
=080, =1-sin26, =+ [“Lsin?g -1
t t c i
2

4. =%sin@, +7cosf,, E, and H, oc g Vreoh g VXt = grar g7ifX 0 ag

z—oo, Where a, = f, fisinzet—l and B, =p, /2sin o,
& &

Eg. An electromagnetic wave from an underwater source with perpendicular
polarization is incident on a water-air interface at #;=20°. Using u#,=1 and &,=81
for fresh water, find (a) critical angle 6., (b) reflection coefficient T'., (c)
transmission coefficient ., and (d) attenuation in dB for each wavelength into
the air.

(Sol.) n, =n, =1207, n, =4OT”, 6, =20°, cosé, :\/1—sin2 0, =\/1—(93in 20°)?

@) o =sin’l(\/g):6.38°' (b) 1, = 72/COS6=mICOSO, _ joss, (¢) ¢ 14T, =1.8961°%,

n,/cos6, +n,/coso,
& .
d) a,=5,- /g—lsmzei -1.
2

Attenuation per wavelength is -20log e *“*2 =159dB, where x2=i _H

J8l 9
Eg. ¢ of water at optical frequency =1.75¢q, find d at a distance under water
yields an illuminated circular area of a radius r=5m.

(Sol) 6, =sin"* ‘/% _492°, dtan49.2°=5= d = 4.32m

s ki
(by C. H. Yang)




Eg. For preventing interference of waves in neighboring fibers and for
mechanical protection, individual optical fibers are usually cladded by a material
of a lower refractive index, as shown in the figure, where n;>n,. (a) Express the
maximum angle of incident 8, in terms of ng, n; and n, for meridional rays
incident on the core’s end face to be trapped inside the core by total internal
reflection. (Meridional rays are those that pass through the fiber axis. The angle
0, is called the acceptance angle, sin(f,) is the numerical aperture (NA) of the
fiber.)

(Sol.) sin¢:n—°sin6’a, (p=%—¢>90=5in_1(n—2)
n n

1 1 (ny)
Cladding (n,)
2 2
. n . n,”sin“ @
sing, =2 <sing =cosg = [1-—>——2 % ®
nl nl .
(ng)
2 2 -2 2 2
n n, sin“@ . -n
<1-2— 2 sing, <~———2—, where no=1
n, n, Ny

Eg. Determine & such that light is confined within the rod.

(Sol.) sing, >sin@, = /i lez—et:cosetz /i...(l)
&n 2 €

sing, = | = -sin6,..2) = [1- G5 [T s iintg
Ep €n €n

Eg. Assuming &.=4 for glass, calculate the percentage of the incident light power
reflected back by the prism.

(Sol) &, =sin™ \/% =30°<45%, 1y =1207, 7 =607

2x 607 2 2x120x 4

Incident
light

Tair—prism — 7o~ an — = Tporismair — 7 <~ —
P 1207 +607 3 " 1207z +607 3

Reflected
light

2 2

2
3

.12.12.f
3

:% =~ 79%
81

z-total =

Note: The depth of focus (DOF) of an optical imaging system is usually defined as
DOF=0.50/NA,



3-6 Normal Incidence at Three-layer Dielectric Interfaces

In medium 1,
E, = X(Ejpe ¥ + E, &%)
H, = n—l(Eloe Wit _E e’ Fro=To Fo
In medium 2,
E, = X(E, e ¥ + E, e/)
A, = 9L(E2+e,jﬂzz _E, el In medium 3, i 9E_3+e—jﬁ3z
T2 3

" Continuity of tangential field components at z=0 & z=d,
E1(0)=E2(0), H1(0)=H(0), E2(d)=E3(d), H2(d)=Hs(d)
Define Z,(0) =7, n,cos 3,d + j.UZS!nﬂzd - N, + 1_772 tan 5,d
1, €08 B,d + jn,sin B,d 1n, + jntan B,d
= Effective reflection coefficient I'p= Eo __Hiw _Z,(0-m,
Eio Hio  Z,(0)+m,

Eg. If no reflection occurs, find the relation among d, 1, #2, and »s.

Z,(0)- . .
I, =0= M = 11, (17, €08 B,d + j, sin B,d) = my1, cos B,d + jm,sin B,d)
Sol Z,(0)+m,
ol.
(o) N 17; €08 ff,d = 17, €08 f3,d _ ) =N {771 =15
ﬂzzSinﬂzd = 171 8in f,d cos B,d =0 sin 5,d =0
Case 1: Case 2:
My =M1z OF Ny =4/NN, =13 0rNn =N,
nA
d=2D, h_oa2,. d=—% n=012..

(Quarter-wave impedance transformer)  (Half-wave impedance transformer)

Eg. A transparent dielectric coating is applied to glass (u.=1, &=4) to eliminate
the reflection of red light Ay=0.75um. (a) Determine the required dielectric
constant and thickness of the coating. (b) If violet light Ay=0.42um is shone

normally on the coating, what percentage of the incident power will be reflected?
(Sol.) (@) n, =n,=1207, n, =607

1207[ 1207 (2n+1) (2n+1) 0.75
, =+ Se =22n,=42,d= A, = == n=0,1,2,...
mns = \/— r 2 A 2 A \/E




3-7 Optical Theory of Multi-Layer Films

E,+E, =E,+E,’

Normal incidence: At z=0: { o
.Ei —nE, =n,E, —n,E,

"L;« . { E,e*9 +E, 0¥ —E,
. : —jk,d Vo jked
n,E,e”™ —n,E,'e™ =n,E,

— jsin(k, )| 4
e e e
B i — jn,sin(k,d)  cos(k,d) 3 i

1 1 1
Or, [ }+{ ]1‘ =M '{n ]r, where k,=2nn,/A, I'=E,/E;, 1=E3/E;
1 3

n, -n
— jsin(k,d) M M
Optical transfer matrix: M = cos(k,d) —nz :[M 11 M12:|
— jn,sin(k,d)  cos(k,d) 21 22
=T = Myn +Mpngn, — My, — M0, and 7= 2n,
Myn, +Mgpngn, + M, +My,ng Myn +Mgpngn, + My, + My,n,
— jsin[k,d cos(é:
cos[k,d cos(é,)] Jsinfk, (0]

Oblique incidence: M= , Where p=n,cos6;

— jpsin[k,d cos(¢,)]  cos[k,d cos(6))]
(TE), or p=ny/cosd; (TM)
Anti-reflecting film: T'=0and d=7»/4n2:> M11=M2,=0, M12=-j/n2, M21=-jn2

:>M12n3n1:-jn3n1/n2:M21:-jn2:>n2:,m1n3
Effective optical transfer matrix of n-layer film: Mi=M;M;M3...M,,.

High-reflectance film: A stack of N alternate quarter-wave layers
of high index ny and low index n; materials

. -N
0 - 0 - 0 -] 0 | (n_h)N 0
M = n, n, | n, n, =,
—jn, 0 -jn, O —jn, 0 -jn, O 0 (n_l)N
h
T = (n,/n)*" -1



Eg. Determine the effective reflectances of an eight-layer stack (N=4) and
thirty-layer stack (N=15) of ZnS (n,=2.3) and MgF, (n;=1.35).

(2.3/1.35)° -1 (2.3/1.35)% -1
(2.3/1.35)% +1 (2.3/1.35)% +1

(Sol.) @ |l =I I =0.9409, (b) |r|" = 1% =0.999

Eg. The relation between the reflectivity and the incidence angle.

10°

[NI/BC]_

A =240 nm
=05




3-8 Fabry-Perot Resonators

Fabry-Perot resonator: Lightwave is resonant between two parallel plates.

Path difference between two successive rays:
d
+
cos@ cosé
Total output E-field:

-€c0s26 = 2d cos@

- - E.tt'
E, =Ett+Ett'rre” + Ett'r’r?e/® 4.0 ——
1-rr'e’
where d=2kdcosb= —47zn(icose is the optical phase

0
difference, and d is the thickness.

Total output intensity Fabry-Perot resonator:

I.T? a IT?

|, =—— ,
t \1—Re15\2 (1-R)? +4Rsin’(5/2)

where  R=rr’, T=tt’, and

R+T+A(absorption)=1.

Transmittance of Fabry-Perot resonator:
| T? 1

f 1-R)? 1+Fsin?(5/2)

where

is called the coefficient of finesse.

transmitted light

(1-R)*
It is a measurement of the sharpness of the
interference fringes. Note that F becomes larger

wavelength

as well as R increases.

I, T?

(- max == occursif 5= 4znd cos& =2Nz (Or, =2 L).

l; (1-R) 0 A, 2ndcosé

2

(I—t)min =——— occursif & =M =Nz (Or, f:£=L).

Il (1+R) 0 A, 4ndcosé
.". Fabry-Perot Resonator can be used as an optical spectral analyzer.

. C
Free spectral range in frequency: f, ,—f, =——
Y g q Yo Ty =Ty ond cosd

Natural cleavage planes: Semiconductor lasers usually utilize the natural cleavage
planes as the both parallel mirrors of the Fabry-Perot resonator.

Miller indices: If a plane crossing (k,0,0), (0,h,0) and (0,0,1), then (k,h,I) is called
Miller indices of the plane. Note: (k ,h,1) denotes (-k,h,1), (k, h 1) denotes (k,-h,]), etc.



® (01,0 *O[Tom

X (2,0,0 H(1,10)

¥

Note: GaAs’s natural cleavage plane is (1,1,0)-plane. Si’s and Ge’s natural cleavage
plane are (1,1,1)-plane.

3-9 Introduction to Lasers
Stimulated emission: A photon induces an electron to
@ :
J fall down from a higher-energy level to a lower-energy

level. And then it generates another photon with the
same wavelength and the same phase.

: Basic characteristics of lasers:
T 1. Alignment.

2. Small broadening angle.
Q 3. Single wavelength.
4. High Coherence.

Lasing conditions:
_ e _ 1. Population inversion: A certain higher-energy level
has more electrons than a lower-energy level.

<

@

_ % & @
§ rure
e & & @

o
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energy of

atom ietime ~ 107 s Eg. The energy-level system of a ruby laser: The

3.?.2*" PN iy w?s  population inversion occurs between the metastable

- state and the ground state.

ground
- 2. Pumping systems: Utilizing current driving or
other methods to pump electrons from a lower-energy level into a higher-energy
level.

3. Optical resonators: The laser light traverses back and forth within an optical

resonator to generate the stimulated emission.

Ry=en plane-parallel Ry=eo
L

Ri=1.2  conceniric (spherical) Ry=L2

R=L confocal Ry=L

Application of lasers:

Laser Pointer Laser Pickup Head

Laser Sight/Collimation



Laser knife in surgery Laser acupuncture Laser acupuncture machine

Laser scanner and its applications

3-10 General Optical Resonators and Laser Modes

General laser resonator: Two mirrors with radii Ry
and Ry, separation L.

Stability condition: 0< (1_RL)(1_ RL) <1

1 2

I If a laser medium is situated within an unstable
resonator, no stable laser can emit.

m Laser modes: TEMpy, mode if m+1 spots in the horizontal
direction and n+1 spots in the vertical direction.




Gaussian beam (TEMgo mode): Fundamental laser mode in an optical resonator or a

lenslike medium.
£ "-'I-lr-l|.lll||l:
- 1 H
AT } /

_El i
% and r varialioms with =
2 2
VE+k’E=0=> (a—+li+ 0

_ o2
+k)DE=(V,” +~——+k?E=0.
or? ror 022 JE=(V, Forka )

Let E=y(xy,2)e™ be a scalar field= e‘jkzvtzy/+aﬁ[l//'e‘jkZ — jkpe )+ ke i =0,
7

where y’=dy/dz. Assume ky >>y "<<k®y = \/2y-2jky’=0.
Let y=Eoexp{-j[P(z)+kr’/2q(z)]}, where r’=x?+y?.
Substitute w=Eoexp{-j[P(2)+kr?/2q(2)]} into V/2w-2jky’=0

= -(k/q) ?r*-2j(k/q)- k*r?(1/q)’-2kP’=0
= (1/9)*+(1/q)’=0 and P’=-j/q.

Let 1/q=s’/s= s=az+b, q=qo+z, and P’=-j/(z+qo) = P=-jIn(1+z/qo).
Set qo=jrwo’n/A and k=2zn/A = y=exp{-j[-jIn(1+z/q0)+kr¥/2(z+qo)]} =

E(x,y,z)=E, w2 exp{ ikz=n(2)]-(x"+y°) [Wz(z)+2R(z)]}’Where R(2) z{1+[ P ]},

M 1 1 _ jA
W=, {H 21} T G ™ q TR e )

At z=0, waist: w(0)=wy, R(0)=0, and 5(0)=0=> E(x,y,z=0)=E oexp[-(x*+y?)/w?]
o

Beam divergent angle of Gaussian beam: @peam=tan ™[

W, N



http://faculty.pccu.edu.tw/~meng/Walle1.wmv
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Beam Shaper: Reshape laser beam and intensity distribution.







Transformation of the Gaussian beam propagating through an optical element—
Ag, + B

ABCD law: q,=
Cqg,+D

ABCD matrix: It can be utilized
to describe a ray propagating
through an optical element

|: Fin, Fin :IJ Fay Transformation Dewvice ( Feut; ?’I'-:-ut]

A B —TZ
|:I2 [

I’out _ A B rin
e R rlout - C D rlin

B B B B
For cascade of n optical elements, A B = A Bol A B ||A B
C, Db| |C, D, C, D,||C, D,

Case 1 Ray passes a planar dielectric interface: [C D} =0 n
n2

(Proof) rout=rin, I out/r‘in=tand oyt/tanbi, = sinboy/siNOin=n1/n>

L
"'JA-.:Z_.'E. A Blll O
T ek
C D "
Ml .;.nz__-:_ 2

A B d
Case 2 Ray passes a dielectric of thickness d: [C D} :Ll) 4}

(Proof) rout =rin+(d/n)tandin= rin+(d/n)rin, r'ou=rin

L e 3

C D| |o 1 c D| |0 1

A B 1 0
Case 3 Ray passes a thin lens of focal length f: {C D} = 1 1

(PI’OOf) routzrin, r‘outztaneout .:.tanein‘rin/fzr‘ in‘rin/f

S




1 0
A B
Case 4 Ray passes a spherical dielectric interface: {C }:[nz -non ] , where
n,R n,

R>0 if the surface is concave; R<0 if the surface is convex.

L (Proof) rouw=rin, rout=tanGout = sinfout
B — nz' | '—_.(n1/n2)3in0in+(l'n1/n2)rin/R'—_.(n1/n2)tan0in+(1-n1/n2)rin/R
i . , A B 10
R - =(n1/n2)r’in+(1-n1/ny) rin/R = =N, =N i
ey c D n,R n
l 2 2

A B 1 0
Case 5 Ray is reflected by a spherical mirror: [C D} =| -2

— 1
R

system.

10 11 12 10
Sol.) M1=M+= 1 , Mo=Mg= , My= , M3=Ms= 1
(Sol.) M1=M, _E 1 2=Meg [O J 4 {0 J 3=Ms=1 2 4

B
|:é[ Dt:|:M7M6M5M4M3M2M1:>Ct:-l/f, f=6.3376mm
t t

Eg. Show that lens-maker’s formula %=(n—1)(;—1+Ri),
1 2
Rz where R; or R,>0 if the surface is convex to right; otherwise, Ry
RI n or R,<0.
A B 1 0 1 0 1 0 1 0
(Proof) [ t}: 1-n n _n—l 1 = 1—n_1—n 1= _l 1
Co D | R, nR, n| | R, R f

1 -1 1
= ( )(R1 Rz)



Eg. Consider a system of two closely-contacted thin lenses, of focal lengths f; and

1 0 1 0 1 0
f,, respectively. The ABCD matrix is _i 1 _i = _(i+i) 11|

fl

2

Hence the effective focal length f is expressed by % = fi + fi
1 2

< d] e d- o Eg. A Gaussian beam propagated a
5 - di :
o — istance d; in free space and passed a
‘ !; thin lens of focal length f. And then it
.,1--""_ traversed a distance d;, in free space.
\i/ Determine the ABCD matrix.
d, d,d,
A 1 d,7 L Ol g7 |27 Grde——
S A s PR R | e
C, D, 0 1 f 0 1 -= 1- Tl

Theorem The stable condition of an optical
resonator, composed of two spherical mirrors of

curvature radii R; and R,, separation L, is

L L
05 (- )= ) <1.

1 2

B, 4

2L

(Proof) One round trip:
2L
— 1 — 1 -2 2 2L, -2L 2L 2L
O | A Y | A e +0-290-50)

A B]_
C D
RZ Rl RZ R2 1 RZ

Characteristic polynomial is A2-(A+D)A+AD-BC=\-(A+D)A+1=0.

Stable resonator if |1|=1and A is imaginary: (A+D)*-4<0=>-2<2-— - —+——<2

2 2
B DY SN Py DY T S L SIPY S DY I LV AL BT
Rl RZ I:21RZ Rl RZ RlRZ Rl R2

Eg. Show that the Fabry-Perot resonator is a stable resonator.

(Sol.) Ry=Ry=», (1—R£)(1—RL) ~1 fulfills the stable condition.

1 2



Eg. Consider two resonators: (a) Ri=5cm, R,=10cm, L=20cm. (b) R;=5cm,
R,=10cm, L=3cm. Which is a stable resonator?

(Sol.) (a) (1—RL)(1—RL):(-3)(-1):3>1, .". Itis not a stable resonator!

1 2

(b) O0< (1—R£)(1—RL) =(0.4)(0.7)=0.28<1, .. It is a stable resonator!

1 2

Eg. A Gaussian beam is focused by a

i \: r/“’ér : : lens. The waist of Gaussian beam is
s | I'__—__‘_‘————____ - -
2W 2 | % 2w, 2wy, which is located on the surface
S M N T .
V\/# * of a lens of focal length f. Determine
£ 2W: the dimension of the waist 2w; of the
output beam and its location .
(Sol.) At plane 1, R;=0o, L = R == L 5
0 R anw AW,
1 0 :
B B
At plane 2, q2:M and A B = 1 1 :qzza;r—]bz, where a=1/f,
Clql + D1 Cl Dl f a‘+b

B 1 1
b:/1/7rW12n.Athane3,q3:M and [AZ 2}{ }

C,q,+D, C, D, 01
-a N jb
1 1 jA 2.2 a2 4p2 jA
=Q3=Qotl=> —=—— J _= a“+b a“+b - .
d; R3 mw, [ —a +|]2+( )2 7MW,
a’ +b? a’ +b?
=l=— a ~= fm <fand ws= f/1/7len2 #0
at+b® g My JL+ (FA 1 mw,2n)’
1
i i 1° .7 I<f, .%. the realistic focal length of a Gaussian beam is
\ ( 17 less than the ideal focal length of the lens.
2° "." In case of very short X, w3= fA 1/ mwin o), .
I i \/1+(f2,/7ZVV12n)2

we must develop the short-A laser to read data stored in the high-density optical disk.
Otherwise, the long-A laser can not be focused within a small range to detect a small
pit. Thus conventional VCD/DVD utilizes red (650nm) but blu-ray DVD utilizes blue
light (405nm). By the same reason, we must utilize short-wavelength light to fabricate
the masks of the IC patterns comprising tiny devices.



3-11 Gratings and Photonic Crystals

Grating: Periodical structure for optical
diffraction.

Sharp Bends in PBG Waveguides

Maps onto the problem of 1D resonant election scattering

@00 Band

& Shawn Lin (Sandia)

TR T I I g o Lt Rt ']
.I
. ]
= , { sy n
ww G [

Sharp 90 degree bend P -
100% transmission! I

Fraguency {GHz
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Eg. Comparison between 3 types of 90° bent
photonic crystal waveguides. (by K. -Y. Lee, C. -C.
Tsai ZFEE, T. -C. Weng 553K, Y. —-L. Kuo ZfZE
B C. -W. Kao 5%&4Y&, K. -Y. Chen BEZ7T, and
Y. =J. Lin #k51)

Maormalized frequency=0.4

alA=0.4, we=0.5um

Moemalizod frequency=0.4 MNormslized fraquency=0.4
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