Chapter 5 Transmission Lines

Transverse EM Transmission Lines: TEM: Ez=Hz =0

Parallel Stripline
plates

Coaxial cable

Wires Arbitrary shape
if cross-section
not = f(z)

5-1 Characteristics of Transmission Lines

Transmission line: It has two conductors carrying current to support an EM wave,
which is TEM or quasi-TEM mode. For the TEM mode, E=-Z,, a4 xH,

H= a,xE,and Z;, =n=

H
Z TEM &
The current and the EM wave have different characteristics. An EM wave

propagates into different dielectric media, the partial reflection and the partial

transmission will occur. And it obeys the following rules.
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& and the transmission coefficient: 1'=ﬂ

i0 i0

The reflection coefficient: I'=
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Transmission line equations: In higher-frequency range, the transmission line model

is utilized to analyze EM power flow.

Wz 4+ Az 1) - v(z, 1) _ Ri(z, t)+L6i(Z’ 1) _a—szi—irLg
Az ot — 0z ot
_ l(Z+AZ, t)_l(Z, t) — GV(Z’ t)_I_CaV(Z’ t) _QZGV_FCG_V
Az ot oz ot
Set W(z.0)=Re[ V(2)é""], i(z,0)=Re[l(z)é"]
2
SR o)) | D = (R NG+ joCW () =V ()
= j]z = zdz
_d_z =(G+ joC)V(z2) % =R+ joL) G+ joC)I(z) = 721(2)
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where y=a+jf= \/ (R+ joL)G+ joC) =V(z)=V,"e” +V, &", I(z)=1,"¢”" +1, "



Characteristic impedance: Z,= V°+ - _VLi R+joL v R+ J‘COL
1, I, ¥ G+ ]a)C G+ joC

Note:
1. International Standard Impedance of a Transmission Line is Zy=50€2.

2. In transmission-line equivalent-circuit model, G#1/R.

Eg. The following characteristics have been measured on a lossy transmission
line at 100 MHz: Zy=50Q, a=0.01dB/m=1.15x10"Np/m, p=0.8n(rad/m). Determine
R, L, G, and C for the line.

. 8
(Sol.) 50= /%, 1.15%10°+j0.8n=/(R+ jadL)(G + jxC) =50-(G+ j2710°C)

0.87 1.15
=———  =80(pF/m), G=—-x10"=23x107(S/m),
X 10° x50 SOPE/m) 50 (S /m)

R =2500G = 0.0575(Q/m), L =2500C =0.2(uF / m)

Eg. A d-c generator of voltage and internal resistance is connected to a lossy
transmission line characterized by a resistance per unit length R and a
conductance per unit length G. (a) Write the governing voltage and current
transmission-line equations. (b) Find the general solutions for V(z) and (7).

(Sol.) (a) @=0=y =(R+ joL)(G+ joC) = RG

d’V(z) d’1(z)
o = RGV (z), 12 = RGI(z)

(b) V(z) =V e " 11V " [(z)=1;e "% 4 1,7
Lossless line (R=G=0):

o T [ o 1 L . L
7/=a+]ﬂ=] LC:>(Z=0, ﬁ: LC, Vp :ﬁ:ﬁ’ ZO :\/;=R0+]XO :>R0 Z\/;, XO =0

Low-loss line (R<<oL, G<<w():

y=a+jf~ JcoJ_(1+#(— r = a== —(R\f \f)ﬂ oVIC, v,

\/E

L
z ~Etps L R.G
0 c[ 2ja)(L C)]

Distortionless line (R/L=G/C):

C C 1 L
=a+jf=,—R+joLl)=>a=R,|—, P=oJLC, v =——, Z,=,|—
Y JB =\ R+ jel) \/L B N 7ot s



Large-loss line (0L<<R, o C<< G):

y:\/(R+ja)L)(G+ja)C):a+jﬂ=x/ﬁ-(l+1 )/(1 ]a)C)/

\/ﬁ[l ]a)L C)]

.~/—~£./€ IR R O L

Lar RG,,B~2(L R+C G), v, 2(L R+C G)

zZ, = R+]a)L (1 ]a)L)/ 1+ ]a)C / [ ]a) L C)]
VG+]a)C V V 2 R G

Eg. A generator with an open-circuit voltage v4(£)=10sin(800077) and internal
impedance Z,=40+;30(€2) is connected to a S0 distortionless line. The line has a
resistance of 0.5Q/m, and its lossy dielectric medium has a loss tangent of 0.18%.
The line is 50m long and is terminated in a matched load. Find the instantaneous
expressions for the voltage and current at an arbitrary location on the line.

G

Sol.) 0.18%=—=—=C =221x10"G, V =10
g
& (2

* Distortionless, .". £:£:>L:1.11x10‘2H/m, azR\/Ezizo.Ole/m,
R G L Z

0

- o\JLC = a)L\/% - g—L = 5.58rad / m , y=a+jf=0.01+/5.58
0

ZOVg 5 5 .
o8 L5 V=0, L V(2)=Ve” =(=+ j5)e MM/
0 ZO+Zg 3 J 0 (2)=V, (3 J5)

V(z,t) =Re[V(2)e’™" ] = % e """ . c0s(80007 —5.58z + 71.6°)

V(z,t)y 1

I(z,t) = =
Z, 2@

e " cos(800077 — 5.58 +71.6°)



Relationship between transmission-line parameters:

y =J(R+ jol)(G+ jaC) ~ Ja)\/ﬁ(u—)/—]w\/ﬁ(u )/: G/C=c/s

and LC=ue¢
R
Two-wire line: I =2mJ_ , P, 2112(£) = R=2(—) =L %
2 2m 2ra” ma\ o,
R

Coaxial-cable line: [ =2mJ, =2mJ,,, P, =l[2(i)’ P, =112(—S)

2 2m 2 2

R, H, 1
S e e
27 a

Dlstrlbuted Parameters of Two-Wire and Coaxial
Transmission Lines

Parameter Two-Wire Line Coaxial Line Unit
R, R g1
(et E

L = cosh ( 2a) = In - H/m
no 2no
4 cosh~1 (D/2a) In (b/a) i
143 2ne
F
e cosh~1 (D/2a) In (b/a) /m

ﬁgfétfﬂ; f;%ﬁgﬂ:i_ ! (D/2a) = In (D/a) if (D/2a)* > 1. Internal
Eg. It is desired to construct uniform transmission lines using polyethylene
(er=2.25) as the dielectric medium. Assume negligible losses. (a) Find the distance
of separation for a 300Q2 two-wire line, where the radius of the conducting wires
is 0.6mm; and (b) find the inner radius of the outer conductor for a 75Q coaxial

line, where the radius of the center conductor is 0.6mm.

(Sol.) Two-wire line: C=———— [ =*cosh™ 2y a=0.6mm, =225z,

cosh™ (D/2a) T 2a

D

cosh™ (=) =
Z, :300:\/Z= 2a_, |47 Xllo — D ~25.5mm
¢ 7 225% %107
36r

Coaxial line: C=—27%_ [ =+t 1nd

In(b/a)’ 27 a

in()
T =7
a=0.6mm, Z, =75 = \% -—4. 4710 = b=3.91mm

27 205 1 w107
367



Parallel-plate transmission line:
E=JE,e” =JE,
. . U
— E ) = =jo &, =4l
o

At y=0 and y=d, E,=E,=0, H,=0

Dlsmhuled Parameters of Parallel-Plate

A A _ — i Transmission Line (Width =
y D= Pg = Pg = ) ek e E‘.epur:a.tn:m:d)I b {
At y:O, a, = j} , E Parameter Formula Unit

77 R 2 [afu,
wy g,

d

_.); szsu :>losu _gE _gE e ipE % Iu;

W

Aty=d, a,=-y, o - E, 3 S
—-yxH=J,6=J, 6 =tH =—:-"2¢/"* . h

n q

Q;’m

H;’m

S;’m

F/m

— . _ v . d rd . d
“VXE=—joul, = jouH :>—J:) E dy = ]a),ujo H dy

_dV(z) _
dz

" dz

— joul () = jolu DU, ()= joLl) = L= u (H /m)

S~ . o= dH_ . d v Ly
2VxH=jwsE , ..?—]a)gEy :ZL dex—Ja)gL E dx

_die) __ JsE, (2)w = ja)(gg)[—Ey (2)d] = joCV(z) = C = e% (F I m)
dav . d*V(Z) ) 1) 1 1
-——= =—w°L =oNLC =o\Jpue,v,=—=—F—-=
r JjoLl R P @ CV(Z) B = g Jic
dl 2
~Cjecy  |E__prcy  , Ve _[L_d f,;
= dz "G
Lossy parallel-plate transmission line: G = 9c= a—
£
E
Surface impedance: Z_ EJ—t: =n. =R, +jX, =(1+)) /
R
:>P0=1 ZZY)=1JWZRY=1 By Lpg
2 ‘ 2 2 2
w




Eg. Consider a transmission line made of two parallel brass strips ¢.=1.6x10"S/m
of width 20mm and separated by a lossy dielectric slab g=u, £&=3, 6=10>S/m of
thickness 2.5mm. The operating frequency is S00MHz. (a) Calculate the R, L, G,
and C per unit length. (b) Find y and Z,.

Sol)@ R=2 |7* _111Q/m). G=o =8x10°(S/m)
w\ o, d

L :yO%:1.57x10‘7(H/m), C=g§=2.12x10‘10(F/m)

R+jal

(b) yz\/(R+jaL)(G+jaQ =18.13 £-0.41°, 0=21x500%10°, Zy=
G+jaC

=27.2120.3°

Eg. Consider lossless stripline design for a given characteristic impedance. (a)
How should the dielectric thickness d be changed for a given plate width w if the
dielectric constant &, is doubled? (b) How should w be changed for a given d if ¢,
is doubled? (c) How should w be changed for a given ¢, if d is doubled?

_|L_d ¢
(Sol.) Zo—\/; W\/:

) ¢ >2e=>d=>+2d, (b) ¢ >2e=w———

NG

(c) d>2d=>w->2w

P, (2)
2P(z)

Attenuation constant of transmission line: « = , where Pp(z) is the

time-average power loss in an infinitesimal distance.

y=a+jf=a=Re(y)=Re[{/(R+ joL)G + joC)]

: - i)z V — i)z
Suppose no reflection, V(z)=V,e *P?, I(z)=—Le P
0

2

. |4
= P(z)= %Re[V(z)] (2)]= ﬁ ‘Rje* o« e7?*

1Z,

3—%=PL(2)=20{P(2):>0£:PL—(2)
0z 2P(z)



Microstrip lines: are usually used in the mm wave range.

Strip
conductor
l
Dielectri
substrar:: -\
| w
TN
? €= & €
Ground plate
{a1 [b)
1%
]/p: ¢ , ZOZLZ\/Z’ ﬂ:—pz /IO
Ey v,C \C f £y
Assuming the quasi-TEM mode:
Case 1: t/h<0.005, ¢ is negligible.
Given &, W, and ¢, obtain Z; as follows:
For W/h<1: {8— +0.25— )
\/g/f
-1/2 2
where ¢, =1, &1 (1+12£j +o.o{1—Kj
w h
12(7
> 7 = Ve
h ° W w ’
V +1393+0.667In(, +1.444)
l _1 -1/2
where £y = &+l & (1+12£)
2 w
Given Zy, h, and ¢, obtain W as follows:
For W/h<2: W = 8he , Where A = =0 £ +1 +8 ~1 0.23+ O 1
e’ — 60 2 g +1 g,
-1
For W/h>2: W= 2—’“{3 —1-n(2B-1)+ ‘95 {111(3—1) +0.39- 201
T £, g,

}} , Wwhere



3777

2Z,\J¢,

Case 2: t/h>>0.005. In this case, we obtain W firstly.

w
ForW/hZ%ﬂ: Teﬁ—VZ ﬂh(l ln%j

w
For W/hﬁ%ﬂ: Teﬁzg+é(l+ln 47;Wj

And then we substitute W into W in the expressions in Case 1.

B=

Assuming not the quasi-TEM mode:

Zo(f):% where Weﬁ,(f) W+ Weﬁ(o) W, f, = Zo. (hmcm)
Weﬁ’(f)\/a 1+(%‘j
and W, (0)= %,Gﬁ)ﬁo,owzo, gﬁ(f)_gr_ui;(ﬁ (fin GHz)
Iy

The frequency below which dispersion may be neglected is given by
2o
hye, -1 ’

Attenuation constant: a=oq +a,

£,(GHz)=0.3 where & must be expressed in cm.

—1tans

(8
\/7 £, —1 Ao cm

1/2
&] s (9B

ey—1 dB
—me,—l)(eo Con

cm
For W/h — «: a, = 8.08 R, where R, :1/%
Z,W o

For W/hs%ﬁ: a,:8'68RSP{1+ h + h (ln4ﬂW+Lﬂ

For a dielectric with low losses: «a, =27.3

For a dielectric with high losses: o, =4.34

2Ly W, W, t W
2
68R W
For y <WIh<2: ac=868 =~ PO, where P=1-
2z 277 h an
nd Q=141 (m%—i)
Wy Wy, t h



For Wih=2:

W W “lw, Weﬁ'/
_BO8RO I Ve 2y o] L 40,04 oy 7

aC
Zoh | h & 2h h Weﬁ/zh 10.94

Eg. A high-frequency test circuit with microstrip lines.

- 850 - 900 MHz TEST CIRCUIT

r== Ll cexL L I"“‘“W
i |

% Y = " E
[: | 18 Vec=24V
al o] o
iV
A,/ ' Output
D i

€1, €7 — Jehanson 0.5 - 4.0 pF Giga-Trim

€2, C5, CB — 91 pF Mim Undarwood Mica

C3. C8 — 1.0 uF Electrolytic

C4, CB — 250 pF Uneico

C10 — 38 pF Mini Underwood

L1. L7 — 10 Turns Around 10 {1 1/2 W Resistor
L2, L3, LB — Ferrite Bead

L4, L5 — & Turns 26 AWG 0.17 1D
Z1,22,13.74. 25, 26 — Distri p El
Board Material — Glass Teflon ¢ = 2 55 1= 0.031"

— PHOTOMASTER FOR TEST FIXTURE

NOTE: The Printed Circuit Board shown is 75% of the original.

— B50-800 MHz TEST CIRCUIT

Figure Test circuit, photomaster, and circuit construction for the MRF890
transistor. (From Motorola RF Device Data, Vol. 1, 6th edition; copyright of Mo-
torola, used by permission.)



5-2 Wave Characteristics of Finite Transmission Line

I

(v, Zo)

#
o
N
“ "_I_

Z, +Z,tanh
Eg. Show that the input impedance is Z;=(Z)__, = Z, —+——2 anh y¢ )
2=t Z,+Z, tanh p¥

V(z)=V, e +V, e"..( v, vy
(Proof) (2) @ 7, = 0+:_L_
I(z)=1,e" +1,e"....(2) I, 1,
Let z=L, V=V, I()=1
VL = V0+e’7’[ + Vo_eﬂ V0+ :%(VL +1LZO)6W
- 1 =VL+e_}’£_VL_e}"f = 1 »
Loz, Z, Vy =5V, ~1,Z))e
V(Z) :%[(ZL +Zo)e}/(€—z) +(ZL _Zo )e—y(f—z)]
=

1(2) = IZ (Z,+Z,)e"" —(Z, = Z,)e "]

0

V(z') - I_L[(ZL +Zo)e’“' +(Z, —Zo)e‘”'] V(z')=1,(Z, coshjz'+Z, sinhjz")

= =
o I = Z, sinh )z'+Z, cosh
I(Z)_ _(ZL_Zo)e}Z] ()= 0( = =)
Z, +Z,tanh Z, + 7, tanh
=7Z(z")=2, + anh yz' ,Zi=(Z)., = . +Z, tanh y/
Z,+Z, tanhyz"’ o Z0+ZLtanh7/£

Z, + jR, tan Bl
R, + jZ, tan Bl

Lossless case (a=0, y=jf, Zo=Ry, tanh(p))=jtanpl): Zi=R, -

V V
Note: In the high-frequency circuit, the input current /;=—=%— = £ the
Z, +Z, Z,+Z,

value in the low-frequency case. And the high-frequency /; is dependent on the length
[, the characteristic impedance Z, the propagation constant y of the transmission line,

and the load impedance Zy,. But the low-frequency /; is only dependent on Zy and Z..



Eg. A 2m lossless air-spaced transmission line having a characteristic impedance
50Q is terminated with an impedance 40+;30(€2) at an operating frequency of

200MHz. Find the input impedance.

(Sol.) ﬂ:vﬁzéﬂ, R, =50Q, Z, =40+ j30, (=2m

P

(40+ /30)+ /50 tan( 7 .2)
7 =50 3

1

=263~ /987
50 + j(40 + j30)-tan(?7[-2)

Eg. A transmission line of characteristic impedance S0Q is to be matched to a
load Z;=40+j10(€2) through a length /” of another transmission line of

characteristic impedance R,’. Find the required /” and R,’ for matching.

40+ j10+ jR, - tan B/'
R, + j(40 + j10)-tan B¢'

(Sol.) 50=R,- = R,'=+/1500 ~ 38.7(Q), '~0.1054

Eg. Prove that a maximum power is transferred from a voltage source with an
internal impedance Z, to a load impedance Zy, over a lossless transmission line
when Zi=Z,*, where Z; is the impedance looking into the loaded line. What is the

maximum power transfer efficiency?

Z.
(Proof) I, = d , Vo= —V
Z,+Z, Z,+Z,
1 RVT
(Power),,, =—Re[V.I*] = > >
2 AR +R) +(X, +X,)7]

When R, =R, and X, =-X,, (Power),, > Max,.. Z, =7 *

out

B (Power),,, B

2 2
. 14 1 14 1
In this case, (Power) =-——, P =—Re[Vl.*]=—, ¢ —
out s i
4R 2 2R P 2

4 g s



Transmission lines as circuit elements:
Z, +Z,tanh //
*Z,+Z, tanh
1. Open-circuit termination (Z1,—»): Zi=Zi,=Zycoth(yl)
2. Short-circuit termination (Zy, =0): Zi=Z;s=Ztanh(y/)

S Zo=A Ly Ly s y:%tanh_l \,%

i0

Consider a general case: Zi=Z2

: R,
3. Quarter-wave section in a lossless case (I=A/4, pl=n/2): Z, = Z—O
L

4. Half-wave section in a lossless case (I=4/2, fl=n): Z,=Z,

Eg. The open-circuit and short-circuit impedances measured at the input
terminals of an air-spaced transmission line 4m long are 250./-50°Q and
360 £ 20°Q, respectively. (a) Determine Z, a, and f of the line. (b) Determine R,
L, G, and C.

(Sol.) (a) Z, =v250e 7" -360e”" =289.8— 776,

| 360220°
= Ltanh [ 2022 13940235 =+
=% 250/ —50° J P

(b) R+joL=2Z,-y =585+ j57.3, L:E:E:O.Sn(y{-}/m)
10} cf
—4
G+ja)C:ZL:24.5><10’5 +j8.76x107*, Cz%zllﬁpF/m)
o c

Eg. Measurements on a 0.6m lossless coaxial cable at 100kHz show a capacitance
of 54pF when the cable is open-circuited and an inductance of 0.30xH when it is
short-circuited. Determine Z, and the dielectric constant of its insulating
medium.

-12 —6
(Sol.) (a) C =%=9x10_”(F/m), L =%= 5x107 (H / m)

Lossless= Z, =R, = \/5274.59, ue = pyu.e.6, =LC=¢ =405



General expressions for V(z) and /(z) on the transmission lines:
Z, -Z,
Z, +Z,

LetI= = |l—‘|ej'9r ,z=l-z

I , ,
V(z" :?L(ZL +Z,)-e" [1+Te ]

I , ,
1(z2)Y=—L(Z, +Z,)-e" -[I-Te**
(z") 220( L+ Zy) [ ]
' IL 7' J(Or=2p2"
V(Z):?(ZL+ZO).6 .[1+|F|e r ]
=
I(z') =

I, : 02
Z,+Z,)-e" [1-||e/ %2
TR ORAR S I

For a lossless line, V(z)=ﬂe‘jﬂz [1+Te /2]

0 Zg
Eg. A 100MHz; generator with V,=10.20° (V) and internal resistance 50€ is
connected to a lossless S0Q air line that is 3.6m long and terminated in a
25+525(€2) load. Find (a) V(z) at a location z from the generator, (b) V; at the
input terminals and V1, at the load, (c) the voltage standing-wave radio on the

line, and (d) the average power delivered to the load.
(Sol) ¥V, =10£0°(V) , Z,=50()) , [f= 10°%(Hz) , Z,=50(Q) |,

Z, =25+ j25=35.36.45°(Q),

8
0 =3.6(m), ﬂ=9=2”108 = 2% adIm). Bl =24r(rad|m)
¢ 3x10° 3
L_Zi=Z, _(25+)25)-50

CZ,+Z, (25+,25)+50

=0.44720.6487, I', =0

zZv, | | |
(a) V(z)= ﬁeﬂﬁz [1+ Fe—ﬂﬁ(l—z)] — S[e—]ZIZZ/3 n 0.447ej(22/3—0.152)ﬂ']

0 g

(b) V., =V (0)=5(1+0.447¢/*"*") =7.06£ -8.43°(V)
(c) V, =V(3.6) =5[e**" +0.447¢'**" | = 4.47/ - 45.5°(V)

2
Vil g =L (247 12 95— 0.20007)
Z, 23536

@ S:1+|F|:1+o.447:2.62’ p L
1-|1]  1-0.447 2




Eg. A sinusoidal voltage generator V,=110sin(®w?) and internal impedance
Z,=50Q is connected to a quarter-wave lossless line having a characteristic
impedance Z,=50Q that is terminated in a purely reactive load Z;=/50Q. (a)
Obtain the voltage and current phasor expressions V(z’) and 1(z’). (b) Write the
instantaneous voltage and current expressions V(z’,f) and 1(z’,f).

(Sol) (@) V, =110/, I'=

_ - zZ -7
2,=2 _50j=50_ r o o _g o2
Z,+Z, 50j+50 Z,+Z, 4

N4 o o o o
(c) V(Z'):—Z 1; e (1+Te) = j55(e™* — je™'),

0 g

I(z')=———e . (1-Te )y =—j1.1(e " + je'™)
Zy+Z

g
P=V(z'=0,0)I(z'=0,) = 60.5c0osQaxt), P, = %LT Pdt =

(b) V(z',t)=Im[V(z")e’”] = 55[sin(wt — fz') — cos(awt + )]
I(',t) = Im[I(z")e’” ] = —1.1[sin(wt — Bz") + cos(wt + fz')]

Eg. A sinusoidal voltage generator with V,=0.1 £0° (V) and internal impedance

Zy,=Z, is connected to a lossless transmission line having a characteristic

impedance Zy=50Q. The line is / meters long and is terminated in a load

resistance Z1=25Q. Find (a) Vi, I;, VL%‘[H—«J rL * JL%%}X‘“ , and Ip; (b) the

standing-wave radio on the line; and (c) the average power delivered to the load.
Z, -7 1 r oo Z,-Z, 0.1

) 1 .
Sol)(a) T==t— =0 — | = =0, V.=V(E'=0)=—U—-=e**
(Sol) (@) Z,+Z, 37 ¢ Z,+Z, ’ ( ) 2( 3 )

I, =1(z'=1()= 01 (1+ e 2

100 573

0.1 1
Vo—py(r=0)= 2 emq L L
L (z'=0) 5 ( 3) 30°

0.1 1
I o=lz=0y= 2L o L
L=E=0)=ge T ) =oage

1+|F| 1 s
(b) §=-710=2.(9) P, = Rell,],*]=222x10°W

-Ir]



Eg. Consider a lossless transmission line of characteristic impedance Ry. A
time-harmonic voltage source of an amplitude V', and an internal impedance
R;=R, is connected to the input terminals of the line, which is terminated with a
load impedance Z; =R +jXy. Let Pi,c be the average incident power associated
with the wave traveling in the +z direction. (a) Find the expression for Pj,. in
terms of V', and R,. (b) Find the expression for the average power Py, delivered
to the load in terms of V, and the reflection coefficient I. (c¢) Express the ratio
Py/Piy in terms of the standing-wave ratio S.

‘ ‘ ‘ ‘ 4
Sol.) V(z)=V,e ™™ +Vy e, I(z)= L(V*e’fﬂz —Vye™y), V, (z=0)=V =%,
0 0 R 0 0 inc 0 2

0

+ Vg
L (z=0)=1; =

+ 2 2
(@) P, =Re[l; (I;)*]= V. ==
inc 2 0 0 2R0 8RO
1 1 + —jp - Pz +* Pz —* _—jpz 1 +]? -2
(®) p =5Re[V(z)I*(z)]=2R0 Re[(Vy e ™ + Ve )V, e +V,"e »M]:E{VO -
V+2 VZ
L B
R, 8R,

S-l,_ 48
S+1 (S+1)?

PL__ 2 _ 4
(c)P——l 0" =1-(

inc



Case 1 For a pure resistive load: 7, =R,
V(z')=V, -cosfz'+jI,R, -sin '

V()| =V, -yJcos® fz+(R, / R, )’ sin® &'

I(z')=1, 'COSﬂZ""J'R_Z'SmﬂZ' |I(z')| =1, .\/cos2 Bz +(R, / R,))’ sin® fz'
1+ S—1

S=—r—, [[|==—=1.T=0&S=1 when Z, = Z) (matched load)
1-|r S+1

2. I'=-1 < 8= when Z1 =0 (short-circuit), 3. ['=1 <> S§=-c0 when Z; =0 (open-circuit)

' _ e |W2') for R > Ry
|Vmax & |1min occurs at 01" - ZﬂZ max —2n7w [.ﬂ:'] for R < Ry
/
A e ') for Ry > Ry
|Vmin & |Imax| occurs at 01— - 2ﬁZ'min = —(27’1 + 1)72' |Mz") for Ry < Ry
B v 4
. ni
If R, >R, =T>0=0, =0, 2, ="~ n=0123..
£ B . _nd
If R, <R, =T<0=06,.=-n, Foin =

If R, =oo:>z'max=%

Eg. The standing-wave radio S on a transmission line is an easily measurable
quality. Show how the value of a terminating resistance on a lossless line of

known characteristic impedance R, can be determined by measuring S.

(Sol)If R, >R,, 6. =0, [V,,.| occursat fz'=0 and |V,,,| occursatfz'= % ,
R R V 1 R

|Vmax :VL’ Vmin :VL_Oa Imin :ILa Imax :IL_La | — :| = =8S=-—L or
RL RO |Vm1n |1min RO

R, =S8R, .

If R, <R,, 6 =—x, |V_,| occursat fz'=0, and |Vmax occurs at fz'= %
R R I/max Imax R

|Vmin :VL’ |VmaX :VL_O’ |Imax :IL’ |Imin :IL_L' | =§S=-" or
RL RO |Vmin |Imin RL

R
R =2



Case 2 For a lossless transmission line, and arbitrary load:
R, + jR,tan Bl

b~ 7Z1=R, . s Zm Tlm=N2
/\/ \ R, + jR, tan B¢
/N FindZ=?
B S-1 , e
2 ! : 1. |F | =——0o7 ,2. At Or=2pz -, V(2’) is a minimum.
—, i S+1
R T e 3
oo | 2 L+
| 5 3. zi=Ri+ix. =R, - | |e _R 1+T

0 1—|1“|ej‘9r - E

Eg. Consider a lossless transmission line. (a) Determine the line’s characteristic
resistance so that it will have a minimum possible standing-wave ratio for a load
impedance 40+730(€2). (b) Find this minimum standing-wave radio and the
corresponding voltage reflection coefficient. (¢) Find the location of the voltage
minimum nearest to the load.

(Sol.)

- Z,—R,|_[40—R,+ 30| _ (40—R0)2+302]l/2 g 1 as . =5()Q:»\r\=l
Z, +R,| |40+ R, + 30| (40+R,)>+30>" " 1-[T" dR, ‘ 3
5o, r=ZiR 21030 1) g0 1) 2y %
’ Z,+R, 90+j30 3 37 270 2
S L
28 27 8 2 8 8

Eg. SWR on a lossless 50Q2 terminated line terminated in an unknown load
impedance is 3. The distance between successive minimum is 20cm. And the first

minimum is located at Scm from the load. Determine I, Z;,, /,, and R .
2
(Sol.) % =02=>1=04m, f= 7” =57

|r|=ﬂ=o.5, z,=005=1¢, :i—zm'zo.ISm
3+1 2

01‘ = 2,BZm 'z =-057, ['= |l-*|ej¢9r =(0.5¢ /%57 = _é

1+(_j) R+ j50tan /¢

R, =50, Z, =50-—— 2 =30— j40=50. -2/ m
J 50+ jR tan p/

1_(_5) m m

=R =?= 16.7(Q)

m



Eg. A lossy transmission line with characteristic impedance Z, is terminated in
an arbitrary load impedance Z;. (a) Express the standing-wave radio S on the
line in terms of Zy and Zy.. (b) Find the impedance looking toward the load at the
location of a voltage maximum. (c¢) Find the impedance looking toward the load
at a location of a voltage minimum.

_ —20z'
(Sol) (@) || = Z,-Z, g 14T _ 2, +Z,|+|Z, Zo|e_M
Z,+Z, 1-0 |z, +Z,|-|Z, - Z,|e
(b) 0. —2f. '=-2nmw = el e V' Z g Em L Z(z =7 .1+|F|e’20fzmax' _ Z,

D le[re S (")
(C) 01- - 2ﬁzmin '= _(21’1 + 1)7[ - ejﬂr . e_zpmin' — _e—2azmin'
1- |F|€_2az"‘i“' Z,

Z(z,,)V=Z, - =
Caia') = 20 L+ [Tl S(z,,")

5-3 Introduction to Smith Chart

The Complete Smith Chart
Black Magic Design

%
& ¥
SNt

o
S “"“‘:::"'13::‘ CRKEE
X g&‘%&‘«.&‘f’::::«%%naﬁ

IR ORI T
’.‘:‘»% K ’m’?’, #n-“

LT
L S

7 - . Z /R -1 z -1 1+T  1+|Tle/™
:L—R0:|l—1e16r = L RO :ZL =Fr +]Fl :>ZL = + = | | I =7’+])C
Z, +R, Z, /R +1 z, +1 1-T  1-|r|e’*
1-T7-T7 2T,
> r=——-

= 3 3 N x:—_ 2 >
(l_rr) +Fl (1 Fr) +Ft

(T =) T2 = ()2 cirele, (T =192 +(T, =192 = (1) xecirele
1+r 1+r X X



60°

ll.)r:l 5
N\ r=0s5/ ;

Several salient properties of the r-circles:

1.
2.
3.

4,

The centers of all r-circles lie on the I';-axis.

The =0 circle, having a unity radius and centered at the origin, is the largest.

The r-circles become progressively smaller as » increases from 0 toward oo,
ending at the (I',=1, I';=0) point for open-circuit.

All r-circles pass through the (I'/=1, I';=0) point.

Salient properties of the x-circles:

1.

The centers of all x-circles lie on the I';=1 line, those for x>0 (inductive reactance)
lie above the I';—axis, and those for x<0 (capacitive reactance) lie below the
I'—axis.

The x=0 circle becomes the I',—axis.

3. The x-circle becomes progressively smaller as |x| increases from 0 toward oo,
ending at the (I';,=1, I';=0) point for open-circuit.

4. All x-circles pass through the (I';=1, I';=0) point.

Summary

1. All |T'J—circles are centered at the origin, and their radii vary uniformly from 0 to
1.

2. The angle, measured from the positive real axis, of the line drawn from the origin
through the point representing z;, equals Or.

3. The value of the r-circle passing through the intersection of the |I'|—circle and the

positive-real axis equals the standing-wave radio S.



Application of Smith Chart in lossless transmission line:

V(z" 1+ e /2* Z.(z) 1+Te /™ 1+[[]e”
Z.(z") = =z —1, z,(z")=— = ——— = — when
/() 1(z") ol rerm)> 26 Z, 1-Te? 1-|[e”
p=0.-20

keep || constant and subtract (rotate in the clockwise direction) an angle
4z L . - . :

=2p'= = from Or. This will locate the point for |['|¢’®, which determine Z;.

Increasing z’ <> wavelength toward generator in the clockwise direction

A change of half a wavelength in the line length Az'=§ < A change of

2B(Az')=2x in¢.

Eg. Use the Smith chart to find the input impedance of a section of a 50Q lossless

transmission line that is (0.1 wavelength long and is terminated in a short-circuit.
(Sol.) Given z, =0, R, =50(2), z'=0.14
1. Enter the Smith chart at the intersection of =0 and x=0 (point P_ on the

sc

extreme left of chart; see Fig.)

2. Move along the perimeter of the chart (|F = 1)| by 0.1 “wavelengths toward

generator” in a clockwise direction to P;.
At Pi,readr=0 and x=0.725,0r z, = j0.725, Z, =50(j0.725) = j36.3(Q2).

Eg. A lossless transmission line of length 0.434)A and characteristic impedance
10022 is terminated in an impedance 260+;180(€2). Find (a) the voltage reflection
coefficient, (b) the standing-wave radio, (¢) the input impedance, and (d) the
location of a voltage maximum on the line.
(Sol.) (a) Given [=0.434), Ry=100Q, Z1=260+7180

1. Enter the Smith chart at zy =Z; /R¢=2.6+j1.8 (point P, in Fig.)

2. With the center at the origin, draw a circle of radius OP, = |F| =0.60.

(OP..=1)
3. Draw the straight line OP, and extend it to P,  on the periphery. Read

0.22 on “wavelengths toward generator” scale. 6. = 21° ,

I =|[e’* =0.60£21°.

(b) The |F| =0.60 circle intersects with the positive-real axis OP,. at r=5=4.


http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Chung.swf
http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Chung.swf

(c¢) To find the input impedance:
1. Move P, at 0.220 by a total of 0.434 “wavelengths toward generator,” first to

0.500 and then further to 0.154 to P .

2. Join O and P;’ by a straight line which intersects the |F| =0.60 circle at Ps.
3. Read =0.69 and x=1.2 at P3. Z, = R,z, =100(0.69 + ;j1.2) =69 + j120(Q2).
(d) In going from P, to Pj3, the |F| =0.60 circle intersects the positive-real axis

OP, at Py, where the voltage is a maximum. Thus a voltage maximum

appears at (0.250-0.220) 4 or 0.030 4 from the load.

It aesisrance cf

s Tance comegtns (-G ] 10N



http://faculty.pccu.edu.tw/~meng/SmithChart-Chang.swf�

Application of Smith Chart in lossy transmission line

1+Fe—2az' -e—Zjﬂz' 1+|1"|e—2az' 'ej¢
z. = — = ——
Y 1=Te eV 1—|F|e 2t plf

". We can not simply move close the |I'|-circle; auxiliary calculation is necessary for

the e2% factor.

Eg. The input impedance of a short-circuited lossy transmission line of length 2m
and characteristic impedance 75CQ (approximately real) is 45+j225(€Q). (a) Find a
and S of the line. (b) Determine the input impedance if the short-circuit is
replaced by a load impedance Z= 67.5-j45(€2).

(Sol.) (a) Enter z, =(45+ j225)/75=0.60+ j3.0 in the chart as P, in Fig.

Draw a straight line from the origin O through PitoPy.

Measure OP,/OP'=0.89=¢?% o= (—)——ln(l 124) = 0.029(Np / m)
200 °0.89

Record that the arc P _F' is 0.20 “wavelengths toward generator”. //A=0.20,

200 =4nl/A=087. f= 028; Oj” =0.27(rad | m).

(b) To find the input impedance for:
l.Enter z, =Z,/Z, =(67.5— j45)/75=10.9 - j0.6 on the Smith chart as P,.
2. Draw a straight line from O through P, to P,’ where the “wavelengths toward

generator” reading is 0.364.

3. Draw a |F| —circle centered at O with radius OP, .

4. Move P,’ along the perimeter by 0.2 “wavelengths toward generator” to P;’ at
0.364+0.20=0.564 or 0.064.

5. Joint P53’ and O by a straight line, intersecting the |F| —circle at Ps.

6. Mark on line OP; a point P; such that O_P,/0_P3 =e?" =0.89.

7.At P, read z, =0.64+ j0.27. Z, =75(0.64+ j0.27) = 48.0+ j20.3(Q)
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5-4 Transmission-line Impedance Matching

Impedance matching by A/4-transformer: Ry ’=/R R,

Matching Foanl Irmpedances without L,

Lmi: § o= L, shen 'ﬁ ¢ 3 J?"
Ealtirg E & Z20A, = =7 lmrZ=
el £, = (ERPES -t r—
| L= ey -
T ELT T TF
Optical Duarter-ifave Translormer: — Im TR
" n = e 2% = 3Rk
[} iy -
L i T e R T L
= Apchoatons: costed camene lmees, gl

e DPECER R R Ca e e e A,

higE-poreer Laseas, wic
Irv i By Pral, Smakues a1 Le

MORE QUARTER-WAVE TRANSFORMERS

Wavagudds Transiormers:
T, T with g 00 '

F omEXF

Multi-sbap Transiblons:

avegUEes an he B e Y 1o e
ninpn spacess wl npart | i

e e Ve
- A
Example, 1:268 Transformer: 3
Far®i = 2 X, = 1 chee, T, = 258 obra, and L = {1 = 3587 5 = 15 olura
Farkd = £ 2 @ 1 = 1871 @ 4 ofens, 2, = B, 2, = {16 = SEGFE = 04

Far®i= B X, = (1=l t =3, 5, =d, jrestars B 16, 13, 24 and 129 b}

| | I J'J: e
e B2 b B S .
EXPOMENTIAL TRAMSITIONS AMD HORMS

Looustic Transformers, Exponential Horns:

Wie uge M o 2L seodons, whens L s the kength af the transformer
It [T £ SO0 THE 5000 10 S5edd an esponental shape

Bocoustic Examples:
French bom. tumpsl. kidepeakers:

% I—— i il T
2 Sy o |

i High pranzure, high
i impedance end | Howh b waLm

- -3 s Say — = d -39 = |5 meten
T Mg gy = =200 1 55 = 200 HE
~Hoasic Dd s brsion Ene

Eg. A signal generator is to feed equal power through a lossless air transmission
line of characteristic impedance 50€Q2 to two separate resistive loads, 64Q and
25Q. Quarter-wave transformers are used to match the loads to the 50€2 line. (a)
Determine the required characteristic impedances of the quarter-wave lines. (b)

Find the standing-wave radios on the matching line sections.

Riy =644

R = 50411

(Sol) (a) R, =R, =2R, =100(Q).

' ' ‘\‘“-I
Ry =R, R, =+/100x64 =80(Q), R, =[R,R,, =+100x25 =50(Q)

(b) Matching section No. 1:

R, —R, - 1+|C ,
r=Ru= R 04780 _ 44y g 2 O _tro11_, o
R, +R, 64+80 1-r,| 1-0.11

Matching section No. 2:
R, —Ry, 25-50 1+|0,] 14033

T, = 1.99

"R, +R, 25+50

=033, % TR 1-033
} .



Application of Smith Chart in obtaining admittance:

Z
Y, =1/2,, ZL:R_L:RY =L,Where y,=Y,1Y,=Y,/G,=R,)Y, =y+ jb
0 ofr Vi

Eg. Find the input admittance of an open-circuited line of characteristic
impedance 3002 and length 0.04A.

(Sol.) 1. For an open-circuited line we start from the point P, on the extreme right of
the impedance Smith chart, at 0.25 in Fig.

2. Move along the perimeter of the chart by 0.04 “wavelengths toward generator” to
P; (at 0.29).

3. Draw a straight line from P3 through O, intersecting at P; " on the opposite side.

4 ReadatP3": y, =0+ 026, Y, = 3%O(o + j0.26) = j0.87mS .

1

Wavelengths
toward gech

(0.04)P3
I
(0.00) (0.25)
P.r(' 0 Pm:'

P1(0.29)



Application of Smith Chart in single-stub matching:

1 *
Y=Y, +Y, =Y, :R— = 1=y, +y, where yg=Ro Vg, ys=RoY
0

" 14jbs=yB, .". ys=jbs and [p is required to cancel the imaginary part.

Using the Smith chart as an admittance chart, we proceed as y follows for
single-stub matching:
1. Enter the point representing the normalized load admittance.
2. Draw the |['|-circle for y;, which will intersect the g=1 circle at two points. At
these points, yg1=1+7bp; and yp,=1+jbp,. Both are possible solutions.
3. Determine load-section lengths d; and d, from the angles between the point
representing yp and the points representing y; and yg;.
Determine stub length /g; and /g, from the angles between the short-circuit point on
the extreme right of the chart to the points representing —jbg; and —jbg,, respectively.
Eg. Single-Stub Matching:

154 Matching Networks and Signal Flow Graphs Chap. 2

Zin

Z =501 Z =501
(a) (b)
€2
feeo— -—i
o,
F Z,=50 0 50 4
2N
(c) {4
Figure (a) A matching network using microstrip lines; (b) an alternative draw-

ing; (¢) schematic using two-wire transmission lines.



Eg. A 50Q transmission line is connected to a load impedance Z; = 35-j47.5(Q).

Find the position and length of a short-circuited stub required to match the line.
(Sol.) Given R, =50(QY), Z, =35—-j47.5(Q0), z, =Z, /R, =0.70-;j0.95

1. Enter z, onthe Smith chartas F,.Draw a |F| —circle centered at O with radius OF, .

2. Draw a straight line from P, through O to P', on the perimeter, intersecting the |F| —circle at
P, , which represents y, . Note 0.109 at P', on the “wavelengths toward generator” scale.
3. Two points of intersection of the |r| —circle with the g=1 circle.

At P oy =14+ j12=1+ jby, . At P,: yy, =1—-jl1.2=1+ jb,,;
4. Solutions for the position of the stubs:
For P, (from P', to P';): d, =(0.168-0.109)4 =0.0594
For P, (from P', to P')): d, =(0.332-0.109)4 =0.2231
For P, (from P, to P",, whichrepresents — jb, =—jl.2):
£, =(0.361-0.250)4 =0.1114
For P, (from P_ to P",, whichrepresents — jb,, = jl1.2):
l 5, =(0.139+0.250)4 = 0.3894



http://faculty.pccu.edu.tw/~meng/SmithChart-Wen.gif�
http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Jaw.swf
http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Jaw.swf
http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Jaw.swf
http://faculty.pccu.edu.tw/%7Emeng/SmithChart-Jaw.swf

5-5 Introduction to S-parameters

Ky . _ AT . . L
-parameters: [S ] = for analyzing the high-frequency circuits.

2122

Input port Output port
ay(x) ay(¢4) as(€2) a(x)
S 4T 3 ~— Two-port - -~ 5
iR s — network e o T
by(x) bi(¢4) ba(€2) ba(x)
Port 1 Port 2
Xy = { 1 X? = fz
Figure Incident and reflected waves in a two-port network.
1

W (x)+ 2,0(x)], blx) = ——[V(x)- Z,1(x)]

242, 242,
bl(ll): S11a1(11)+ Sna, (lz)a bz(lz):Szlal(ll)+S22a2(lz)

L L o
b 10y

Define a(x)=

by(1,)
, S — 2\"2
a,(1,)=0 21 a, (ll )

a,(l, =0
5.8, 2()

|

[\S)
~

S8}

N—"

S

S22 -

a(l)=0 > and S, =

New S-parameters obtained by shifting reference planes:

s - Reference planes ————_

— > ~ ___H"‘-x
» 0y = B » Y O =Pz %
[ = - ——
| | | |
- — l%-— - l — - l
r . o RS
ay(0) ai(£4) |T Two-port : a(f) | a,(0)
by(0) by(€y) | network | bo(€3) b>(0)
e " T -
| |
| | |
Port 1’ Port 1 Port 2 Port 2
Xy=0 X1 =4 Xo = X2=0
Figure Model for shifting reference planes.

b, (l1 ) =b (0)6191 ’ al(l1 ) =aq, (0)e—1<91 . b, (12 ) =b, (0)8192 s a,(1,)=a,(0)e "

{b1 (O)} Sne_jwl Slze_j(gl+92) _al (O)}
= = , , . , where
b2 (0) Szle‘l(‘gl""gz ) S22€_J292 a, (O)

§'8"

|:S|11 S|12 :| B |:S11e—j201 Slze—j(91+92):| |:S11 S12 T I:S'H ej2¢91 S'lz ej(91+92)
- and

(6,40 20
S, eJ( -+ z)Sv22 /2%

-j(6,+6,) -j26,
S,.e S,e

S21S22_

|



T-parameters:
|:b1 (ll

and |:SIISIZi| —
8515

:ﬂ|’—‘ :H |:H

a1(11)

HT“TIJ.
) Tlezz_

“n W

%)
=




