Chapter 1 Complex Numbers, Functions, and Operators

1-1 Complex Numbers and Complex Functions

Complex number z: z=a+ib=r/@=re’=rcosf+irsind, where 6 is denoted by
arg(z) in the interval [-n,n] and r=|z]=Va? + bZ?.
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Note: re'=re and e
Conjugate complex of z: 7 =a—ib = r£—@=re’’=rcosf-irsind,

where r=| Z |=Va? + b? =[z| but arg(Z )= -0= -arg(z)
fm
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Theorem zeR<«<z=7Z,zis pureimaginary< z =-2

Theorem Re(z):%:a, Im(Z):%:b

Theorem Ev:zw, Z+W=E+\7v, |Z|2:Z-E
(Proof) z=a+bi, w=c+di, z+W=(a+c)—(b+d)i=z+w

Zw = (a + bt)(c + di) = (ac — bd) + (ad + bc)t = (ac — bd) — (ad + bc)i
Zw=a+bi-c+di=(a—bi)(c—di) = (ac — bd) — (ad + bc)i,

. . EV: ZW
|2P= a*+b*=17-7 but 2=(a+bi)’=a’-b*+2abi#z’
Theorem  |zw|=[z|[w],  arg(zw)=arg(x)+arg(w),  [|g/wl=lzl/lw]  if w0,

arg(z/w)=arg(z)-arg(w)
(Proof) z=a+bi=rie", w=c+di=r.e"?, |zw|=rir:=|z||w|, arg(zw)=0+¢p=arg(z)+arg(w)

arg(z/w)=6-p=arg(z)-arg(w)

Theorem W’ =z=a+ib=rz6

& W:\/Fé(g+n7r) = \/Fcos(g+n7z)+i\/Fsin(§+n7r)



Theorem z-w=R_(zw) :%(Ew+ zw) =| z || w| cos ¢

ZXW= |m(2w):%(2w—sz) = z|| w|sin ¢
|

Analytic function f{z): f(z) and f(z) are continuous and bounded at a certain point.

Theorem For an analytic complex function f{(z)=f(x+iy)=u(x,y)+iv(x,y), we have

f'(z)zmza_uﬂa\’:@_'au
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Cauchy-Riemann Equations to test whether f(z)=f(x+iy)=u(x,y)+iv(x,p) is analytic:

au_ov
: : : : ox oy
SfR)=f(x+iy)=u(x,y)+iv(x,p) is analytic &
au__ v
oy OX
Eg. Is f(z)=1/z is an analytic function?
(Sol) fi(z -1 — o as z—0.
z
1 1 X i .
If 220, o= = ——=————— y 5 =u(x,y)Hiv(x,y)
Z X+iy X°4+y° X4y

ou_ -x*+y* ov

N (v2 L u\2 Ay
N ox (X“+y°)° oy
ou _ —2xy

, Cauchy-Riemann Equations are fulfilled.

oy (C+y)t
.. If z=0, f(z)=1/z is not analytic. But it is analytic except z=0.

Eg. Is f(x,y)=x+y+i(-x+y) an analytical function?
ou . ov ou _ ov

(Sol) u(x,y)=x+y, v(x,y)=-=xt+y= vl 1= 5 , 8_y =1= o .". fix,p) 1s analytic.

Eg. Is f(x,y)=x’+iy* an analytic function?

ou ov
, | ==2x#—==2y
u(x,y)=x OX oy . . ,
(Sol.) = , .. flx,y) is not analytic.

oy X



Eg. Is f(x,y)=x’-iy* an analytic function? [2009 &S A2 24T HEEAE]

ou ov
u(x,y) = x* &:ZX;t@:—Zy
(Sol.) ’ = , .. flx,y) is not analytic.
v, y)=-y* | _4_ NV
oy OX

ou ov
ux,y)=x>-y*-2 &:ZXZE
(Soly JUVYI=X =Y meY .. fley) is analytic.
V(X, y) = 2Xy + 2X 5_U=_2y_2=_@

Eg. An analytic function f{z)=u(x,y)+iv(x,y) has a real part u(x,y)=x*-y*. Find out
its imaginary part v(x,y).

ou ov

(Sol.) u(x,y)=x*->= ou v = v(x,y)=2xytc.
o oy=——2"
oy y OX

Eg. An analytic function f(z)=u(x,)+iv(x,y) has a real part u(x,y)=3xy*-x’. Find
out its imaginary part v(x,y)=? [2005 R} K EFH]

g_u =3y® -3x* = v

(Sol) u(x,y)=3x*-x> = X , - v(x,y)=V-3xhtc.
a_u — 6xy — _@
oy OX

Eg. Show that f{z)=z’ is an analytic function.
(Proof) f(2) = f(x+iy)=(x+iy)® = (x> =3xy*) +i(Bx*y — y°) =u(x, y) +iv(X, y)
M _ N oou_

3x* -3y’ =—,
oy oy

—6Xy = —% , Cauchy-Riemann Equations are fulfilled.

Eg. Show that f{z)=|z|*= zz is not analytic at any point z£0.
(Proof) f(2)= f(x+iy)=x*>+y*> =u(x,y)+iv(x,y) =Vv(x,y) =0
ou ov ou

—=2x#— if x20, —=2y#—— if y#0= t anal t 220
ox oy ! o yr-—o Y A(z) is not analytic a



Eg. Is f(z)=£ an analytic function?

a—:l %:—l

X

(Sol) f(z)=f(x+iy)=x—-iy=u(Xx,y)+iv(Xx,y), ,
N _g_ N
oy OX

.". f(z) is not analytic.

Check f'(i)= ElmM rim 2= () Eimz—ﬂ

Z—i Z—| z—i Z—| -1 7 — |
(@) if =i, @ is real, L _ZATI_17¢ 4 e g B s real,
Z-1 a-1 a-1
2+l _poiH =1=/"(i) does not exist! .". f(z)=2z isnot analytic

-1 B+i-i

1-2 Elementary Complex Functions
For z=x+iy, where x,yeR

Exponential function: e=e"[cos(y)+isin(y)]
Theorem |éf|= e*
Theorem e*=e” < z=w+2nmi, where n is an integer.

Eg. Find ¢ for (a) z = _%’ (b) z=3+ %i . [1990 3B AR

(Sol) (a) ei“” = cos(%) —i sin(%) _1o

=

(b) 77 g -[cos(%) +isin( %)] =ie®

Eg. Solve ¢*=1—i/3. [1991 &AL

-iZ In2-i%+i2nz
(Sol) e?=1-i\/3=2e 3= 3 :>4z=|n2+i(2n7r—%j

:>z:1 In2+i(2n7r—£j
4 3

Eg. (-i)’=? and (-1)*=?
(Sol.) -1=€", In(-1)=iz and -i= €™, In(-i)=-in/2,
(_i)i _ eil!n(—i) _ ei(—i;r/Z) _ e%

(_l)2i — e2i€n(fl) — e2i(i7r) — e72ﬂ



Eg. Compute (1+i)'=? [2004 & KB
(Sol) 1+i=vZe's, In(1+)=224 %

1n(2) im

+1

(1+l)1 1_e(1 z)ln(1+1)_e(1 D

In(2) 71:]+ yi4 1n(2) 11: 11: 1n(2)

el V2 26k (cos [~ ] + sinf - )

2

Eg. Compute (1-2i)°¢". [2005 SR K E -]
(Sol.) 1-2i=\5 g @ | (1-2§)%¥ =(\/5)? g9t (@),

Eg. Compute (i)' 2=? [2017 €Ft KB TEL A]
(Sol.) () 2i=e 120, j=¢’z, In(i)=Z, (1-2i)In(i)=n+Z, . (i) Zi=e 120 ™ 5 =jer
Eg. Compute (3+4i)”3 =? [2016 SREAE T8 Al

(3+410)

. —1 4
(Sol) 3+4i)P=e" 5, 3+4i=5¢ 1M Q) In(3+4i)=In(5)+i tan™1(9)

1 InGrea)  In(s) itan™'@)  In(s) tan~*(3) an1(3)
(3+4i)"=e 3 =e 3 -e 3 =e 3 -|[cos — +Lsm(—)]

iz e—iz
2i

= sin( x) cosh(y) + i cos(x) sinh( y)

. . . . 1 i Zi(x+
Trigonometric functions: sin(z) = = [ _ g (¢W)]

—iz

+e

eiz
cos(z) =

%[e“”‘y) +e '] = cos(x) cosh(y) —isin( x)sinh( y)

Theorem sin(iy)=isinh(y) and cos(iy)=cosh(y).

z -7 z -7

e +¢€

: e
Hyperbolic functions: sinh(z) = , cosh(z) =

Logarithm function: log(z) =log|z|+iarg(z)+2nz =log | z|+iarg(z)
= log m +i tan‘{%) = % log(x* + y?) +i tan‘{%j
Inverse trigonometric functions:
sin ™z = kz + (=) E— iLog(z +\/1—7)}, k=04142,..-
cos 'z = 2k +i(-1)* - Log(z +v1-7%), k=04142---, n=12

tanz= kﬂ+iLog[l+lzj k=0+1+2---
2i 1-iz

sinh ™ z = kzi — (-1)* .{Log[iz +1+ 22 ]+%i}

~~s3



cosh™ z = 2kzi + (-1)" - Log [z ++1— 22J

Eg. Show that tan'z= In[ E] [1991 & KENEH]

(Sol.) Let w=tan’'z,

sinw e"—e™ 2 1 e™-1 L, 1l+iz i-z
z=tanw= = : W ow i aw 48 T o T
COoSW 2i e’ +e e +1 1-1z 1+z
) i—z _ i+z
=2iw=/n—=w=tan lz:—In[—]———I [—]——I [—]
i+z i+z

Eg. Find all roots of the equation sin(z)=cosh(4). [2015 FRLERFERELH - 4B
F4H]

iz L-iz 4 4

(Sol.) sin(z)=" —cosh(4) =& ;e S
1° et —jetizm g2 :%+ 2nz —4i
° . . _i—”—|2n;z—4
2° e =—jg" =g 2 =27="+2nr-4i
o z=" 1 ong—4i
2
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1-3 Complex Operators V —i+|i v=I_ ii, and v2 =42

ox oy’ ox oy 02617

Theorem Let F(x,p)= G(z,z) be a complex scalar function, and

A(x,p)=P(xp)+iQ(x,y)= B(z, E) be a complex vector function. Then we have

2

VF = 26(_5’ V-A=2Re (GBJ, VxA=2I ((ZB],a nd V° =4 0
Z

0z oz o207
0 oo _ddr_ 0 0 o _oda, 00z .0 .0
(Proof) —=——+—= %=t 5 —i——i=
X 1ox oz X o ay azay azay oz oz
_0 0 _,0 —=£_-i_ 9 9
VzaxHay Zaz,v_ax I&y ZaZ:VF(xy) 2 {G(z 2)}
o) .o(B) oo .o )
V-A=R, (VA) = (a—Bj—ZRe(azj—R{ax 'ayJ(P Q)} >
08) o (B, [[2_ ;2 Q_ap
VxA=1_(VA) =1_ ( a—Bj—Zlm(azj—lm{(a |ayj(P+ Q)} 5 oy

o 2
V?=V.V=R (VV)= Re(222£j=4 o
0z 0202



2 2
Eg. Solve 88U+8U __ 8

X2 8y2 - Xz N yz *
azu azu _yy_gq9V_ 8 _8
a0z X*+y? 2z

=U(z,2)=2In|z|-In|z|+F,(2)+ F,(2)

Ulx,y)== Z{Enw/xz +y? +itan 1(%)} {znwlxz +y? —i tanl(%ﬂ

+F (x+iy)+ F,(x—iy) = Z[Enw/x2 +y? ]2 + Z{tanl(%ﬂ +F (x+iy) + F,(x—iy)

(Sol.)

2 2
Eg. Solve 8L2J+8U—X —yZ.
OX oy®
02U 62U 0°U z+7 -7 72 + 72
(Sol.) —=VU =4——=x" -y =( ) -(—=) =
ay 0101 2 2i

3= =3

= U(z2,2) :%Jr F.(2) +F, (2)

4 4

Uo7 + R (x+iy) + Ry (x-1y)

oP
G th P d d = _~_|dxd
reen’s theorem § (%, y)dx+Q(x, y)dy = ”( @J xdy
General Green’s theorem §P(z z)dz + Q(z, z)dz = ZIJJ(a—P—@J
0z Oz

Eg. Show that A:%:f .2dz —zdz.
i

(Proof) ﬂ 2dz-2d7 = % . 2i[[ L (-]dxdy= [[dxay= A

Im
Eg. Show that the area of the circle with radius r is 2.

(Proof) A= —95 2dz—2dz = 43 [red (re'?) —re“d (re )] kl=r

(1N
A
2V
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