Chapter 2 Integration in the Complex Plane

2-1 Complex Line Integrals and Some Integral Theorems

For smooth curve C: z=z(¢) for a=t=b, then j f(z)dz = Jj f(z(t))-z'(t)dt

Special case 1  C: |z-zo|=r < z(f)=z0+re", dz=z (f)dt=ire'*dt, and 0 <t <2«
Special case 2 C: |z|=r < z(t)=re", dz=z ({)dt=ire"'dt, and 0=t =2x
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Eg. Find § Laz, ¢ lz|=1.
Z
Cc

= it
(Sol) [zl=1 > z=elt, 0=1=2m, 2 (0= ie", § L = T dt =2
) 2 e

Eg. Evaluate i , C: |z-3i|=1 .

2 z-3 3

1 . 1. dz 2z 10 i

Sol). z(H)=3i+= ", z'(H)== ie", = .—e"dt =27
(So). 2(=3i+ 5 €%, 2 (075 iz—Bi k L
3

Eg. Evaluate §Edz , C: |z|=1.

(Sol.) z(y=e", z=¢™, z'(t)=ie", fazdz = joz”e*" -ie"dt = 27i

Eg. Evaluate §[Z - R, (2)]dz, C: |z]=2.
C

(Sol.) |z|=2 = z(f)=2e', z (£)= i2e"

R, (2) :%(HE) :%(Ze“ +2e™), z-R,(2) :%(z—E) :%(Ze“ —2e™)

fIz-R.@Ndz= [ "[2(t) - R (z(0)] - 2" ()t

C

(2 it ity it s i (2T a2t _ ;
=], (" —e) 2 dt_zujo (%" —1)dt = —4ni



Eg. Evaluate ¢[z° +7 (z)]d= , where C is the square with 0, -27, 2-2/, and 2.
- m q

¢

(Sol.) §[:2 +I_(2)ldz _[0—2(—r2 +1)id1 +le [( —2i)* —2]dr +l[_uz[(2 +it)? +t)ids

= ([ £ 2Y2AlL ..; 2
H| (¢ +0)dHi| ——+— H| — —2it” — 6t
2 3 20 3
3 2\ 3
, to t°)0 10
+i[4r+2ir'——+— ; = —4
3 21201312
Im
A
0 2
Re

Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D,
Cis a simple closed curve in D, then § f(z)dz=0.
c

Eg. Evaluate §1 dz, C: |z-2|-1.
. L

(Sol.) f(z)=i is analytic except z=0. No poles are within C, .". f E =0
YA z

C

Eg. Evaluate § 2dz 7 [1991 XK +RFT)

|z]=1 Z -

5 is analytic except z==2. No poles are within C, .". if =
2" -4 il —4

(Sol.) fiz)=

Eg. Evaluate  { z dz, C: |z-8il=1.

o7 sin(z)(z - 2i)°

(Sol.) f(z)= ;3 is analytic except z=2i, nmw (n=0, =1, 2, ...)
sin(z)(z—2i)

No poles are within C, .". f f(z2)dz=0



Cauchy’s integral formulae Let f{(z) be analytic in a simply-connected region D,

f(z
and let C be a simple curve enclosing zo in D, then f (2) dz =2zi * f(z0) and
-1,

c

§ f(z)dz _ 24 FOD (7).
(z—-12,)" (n=1)!
e?dz
Eg. Evaluate > [1991 XK KA
lZ=3 =
—2m' . ¥ =2miet
=3 £

Eg. Evaluate §e—3dz , C: |z]=3.
A
(elz)"

e” . .
(SO]) §Z—3d2 = W‘Z =—Ir

Eg. Given f Edz =24 and if f(Z; dz = 4 - If let f(z)=a+bz, find a and b.
c z

[20055 K EEHH]
(Sol.) 27i=2xi + f(0)=2rai and 4xi=2xi - f(0)=2xbi, .. a=1 and b=2.

s 6 26
Eg. Evatuate {2 q; ang §S"0 g if c: z—f‘=5>o.
e 7~ (7 6
6 %
s ., ¢sin®(2) . (7 A
(Sol.) Let f{z)=sin’(z) and n=3, §—dz=2m-sm ==,
e ;" 6) 32
6
. . .
Dy 27 vy, =20
C( 7[) 2' Zo=g 16
Z_i
6
Eg. Let zo be within C, find f and yn=2
z—z0 - (2—-12,)"
dz
(Sol.) Let fiz)=1, _2m and § — =
. (2-17,)
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2sin(z°

Eg. Evaluate j: (2-1)° ) dz, Cis a closed curve not passing 1.
Z —

2sin(z?)

2 )d =0
(-1

i§23|n(z

(Sol.) If C does not enclose 1, -1
Z —

is analytic within C, .".

2sin(z?)  f(2)

If C encloses 1, let f(z) =2sin(z?) = = ,
@ ) (z-1* (z-D*

n=4, n-1=3

f @ (z) =-24zsin(z*) -16z° cos(z?)

§23|n(z

) 4z = 271 _oasin() - _ A oasing) -
-1 dz ![245|n(1) 16cos@)] 3[ 24sin(1) —16cos@)]

Gaussian mean-value theorem Let f{z) be analytic within |z-a|=r, then
[7 t@+re)do=2nfta).
Eg. Evaluate J.Ohsin 2 [% +2e'’]do.
/4 C T
(Sol.) a= % r=2, and analytic within |z- ry =2,

| “sin?[Z 4 2e1dO=2x - sin’( = y=n/2.
0 6 6

Argument principle Let f(z) be a meromorphic function inside and on some

z
closed contour C, and f{(z) has no zeros or poles on C, then if f((z)) Z=N-P,
where NV and P are the numbers of zeros and poles of f(z) within C, respectively.

f'(2)
f(2)

Eg. Evaluate if dz for C: |z]=n if (a) A(z)=sin(nz), (b) f(z)=cos(nz), and (c)

f(z)=tan(nz)

f'(z)

(Sol) § =

(@) There are 7 zeros: £3, £2, -1, 0 but no poles within C,

Ll
f(2)

(b) There are 6 zeros: +2.5, 1.5, £0.5 but no poles within C,

dz=27xi(N-P)

dz =27i(7-0)=14xi

{ ff((z)) dz=2ri(6-0)=127i

(b) There are 7 zeros: £3, £2, +-1, 0 but 6 poles: +2.5, +1.5, +0.5 within C,

. iff(())dz —07i(7-6)=27i



(2)
f(2)

Sol.) N=4 and P=6, —
(Sol.) an me

+1
dz if fig)= §Z+ N 32)3 and C: [z|=4.

f'(2)
f(z2)

Eg. Evaluat 1§
. Lvaluate ——
g 27

dz =4-6=-2.

Poisson’s integral formulae for a circle Let f(z) be analytic within |z]|=R and
[ré®y=u(r,0)+iv(r,0), then
1 r (R*—r?)f(Re"
fren- L[ R REY)
2r 0 R —2chos(0—¢)+r
~*)V(R,¢)
R2—2chos(0 @) +r?

de, u(r,0)= if” (R =r*)u(R, )

dg,
270 R® —2Rrcos(@—¢) +r’ /

and v(r,0)= —J- d¢ for z=re'’ within lz|=R.

o R2 _rZ
Eg. Show that J. d¢ =2n.
0 R®—2Rrcos@—¢)+r’

(Proof) Let f{re’?)=1 L r” RE-17 d¢
re')y=1=— ,
27" R*—2Rrcos(@-¢)+r?

r” R2 _y2

dg=2m.
0 R?-2Rrcos@—-¢)+r? $=2m

d¢ and dg.

Eg. Evaluate J.ZE e™ cos(sing) J' 2x € sin(sing)
° 5-4cos@@-¢) 0 5—4cos@-¢)
(Sol.) Let R=2, r=1 andf(rei(’)=eew=e“’59+i5ine=ecose [cos(sin@) + isin(sind)],
1 273e"* cos(sing)
27 % 5-4cos@-¢)
2% 5-4cos@ - ¢)

J‘Z” pcoss COS(Sin¢) d¢:2_7recos(9
0 5_4cos@ - ¢) 3
- @C0s¢ oi H
and J-z e“*? sin(sin @) d¢:2_7recosa
o 5_-4cos(@-¢) 3

dgp=e°s9cos(sind)

d¢ =e°%sin(sind).

cos(sind)

sin(sin @)

Poisson’s integral formulae on the upper half plane Let f{z) be analytic for y=0
on the z-plane and f(z)=u(x,y)+iv(x,y), then

f(t) _ Y uto) _ Y V(t0)
e B B e L™
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2-2 Laurent’s Theorem & the Residue Theorem

J(principal part)

a, a, , 2,
(Z—Z) (Z—Zo)2 (z-12,)

+a,+a(z2—2,)+a,(z2—2,)° +--

It f(z)= ian(z —2,)

1 (analytic parf)

1 f(z
Laurent’s theorem a_ = _§%
Z c (Z - ZO)

1
Residue: a , = —§ f(z)dz
27+,
Residue theorem Let f{z) be analytic in D except z1, 22, ..., zn and C encloses z1,

22, ..., zn Within D. Then we have § f(z)dz =2n Z Res(f) and
c [

1 ) dmfl

lim ——
(m=D'=z dz

In case of m=1, Res(f)= IimA[(Z -z;)- f(2)].

Res(f)= [(z—z;)" - f(2)], where m is the order of a pole z=;;.

Eg. Find the residues of j(z)=ﬁ.

(Sol.) At z=1, m=1, R(les(f):liml[(z—l)-il]zl
7. Z_

z

Eg. Find the residues off(z)zm-

(Sol.) At =1, m=1, R?s(f)zlziﬂ[(z—l)-m]zl

Atz 2, Res() =2t De ' <z+1)§(z—1)]:(iz_—l)l;ziz__f_%
Eg. Find the residues of f(z)=m.

(Sol.)

Atz=1, m=2, Res(f)—ﬁh —[( —1)2. (Z+1)21(Z_1)2]:‘(§(:;})| -
Atz=1,m=2, Res(f)= ﬁh —[( 1)? (Z+1)21(Z_1)2]:—(§(f1;3)|2_1:%
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72 -2z
(z+1)%(z2 +4)

72 -2z 72 -2z

Eg. Find the residues of f(z)=

Atz=-1, m=2,
Res(f) = L"m 1[(2_'_1)2. 222_222 ]:(22—2)(22+24)_(222_22)(22)|
* (2-Dtotdz (z+1)°(2° +4) (2% +4) .
14
25
2* -2z 7+i

Atz=2im=1, Res(h) = Il =2 e 2@ 2

2* -2z 7-i
(z-2))z+2i)(z+1)? 25

Atz=-2i, m=1, Res(f)= lim [(z+2i)-

Eg. Find the residues of f(@:M .

m-1
(Sol.) It is difficult to compute the residue at 0 by Res(f)= 1! lim jm[(z -7,)"- f(2)].
g m-1):227 0z

a, ay

+
(Z - Zo)2 (Z - Zo)

We utilize f(z)= > a,(z-2,)" =+ +3,+a,(2-25)+
n=—w0

o) cot(z) csoth(z) _ cos(z)cosh(z)

z z° sin(z)sinh(z)

2
Eg. Evaluate { ;—jdz , C: [z-1]=1. [1991 35 ARMEEH]

(Sol.) There is only one pole 1 within C.

c

2 _1]=I2|g11 1 ———dz=2ni - 1 =2mi

. 22 +1 2% +1 ozt +1
Res(f)=lim[(z-1)- =1, .\ fz =

c
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cos(z)

Eg. Evaluate { )dz for (a) C: |z]= ,(b) C: |z-1|——,(c) C: [z]=2. [1991 &

' 2%(z-1
A
(Sol.)
(a) There is only one pole 0 within C.
Resi(f)- 1 [ ~ cos(z) - ~(z-1)sin(z) - cos(z)| . ﬁf COS@) 4,y
(2 1)IZ 0dz z 2(z-1) (z-1)° . 2°(z-1)
(b) There is only one pole 1 within C.
Res(f)— cos(z) cos(z) S
es(f)=lm[(z-1)- _1)] =cos(1), :szz(z_l)dz 2mi - cos(1)
(c) There are two poles 0 and 1 within C. § C(()S(Z) D dz =2mi - [-1+cos(1)]
2°(Z—

L(_Z) and evaluate §Mdz , C: |z-i|=2.
i3 ( _ |)3

c

Eg. Find the residue of f(z)=

_ _ 1 . i S Sin@) -l 1.
(Sol.) m=3, R?S(f)_(g_l)!lz"ﬂ 7 [(z-1) (z—i)3] 2S|n(|) 2|3|nh(1)

sin(z) ., . 1.. i
. §(Z_i)z dz—Zm[ 2|smh(1)] zsinh(1)

Eg. Evaluate {tanzdz, C: [z|=2. [1993 s LLIZERF]

(Sol.) There are two poles +m/2 within C.

zsin(z)—%sin(z)

Res(f)—llm[(z——) tan(z)]= I|m[(z ”) sm(z)]_
17 7 0s(z) Hg cos(z)

sin(z) + zcos(z) — %cos(z)

=lim - =-1
22 —sin(z)

zsin(z) Esin(z)
Res(f)— lim [(z +—) tan(z)]= lim [(z + ) sm(z)]_ i 2
— _ 0s(z) Ccos(z)

2

sin(z) +zcos(z) + Ecos(z)
= lim — =1
22 —sin(z)

§tan 2dz =2mi - [(-1)+(-1)]= -4ni
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sin(z
#dz C is any piecewise-smooth curve enclosing 0, 2i,

Eg. Evaluate § ( 2
2°(Z" +

and —2i.

___sin(z)/z e[ B .
(Sol.) f(z)_z(z+2i)(z—2i) , IZI_rD)[SIn(Z)/Z]—l, .. flz) has a removable

singularity at 0=m of the pole z=0 in f{z) is 1. Res(f) =limz #(Z)zl

>0 7°(z°+4) 4
sin(z) in(2i) = - sinh(2)

2% (z+2i)(z - 2i) 16 16

sin(z)

2%(z+2i)(z - 2i) " 16

Res(f) = lim (z - 2i) - —

R_gis(f) = ZIiﬁr112i(z+2i)- sin(2i) ——%smh(Z)

J1 1 . 1 . a a .
i f(z)dz = ZM[Z—Esmh(Z) —Esmh(Z)} = E—Zsmh(Z)

1

Eg. Evaluate §z e’ dz, C: |z]=3. [2013 P LIEBHH]

c

(Sol.) Let t=1/z, z=1/t, dz= -du/2, C: |t|=1/3

1 1 3,4t
2% (f) € _dt —g!
§—dz:§ (— ):§ 3 dt. There is only one pole 0 within C.
2% +1 c(})aJrl t 12 (t° +1)
t
1

1. e! Lozt

Roes(f)_iltl [ m] -1, . f23+1d2—2m (-1)= -2z

Eg. Evaluate { es S0z, C: =2, 2015 S 2]
A A

(Sol.) cos(z) has two zeros at z=+m/2 within |z|=2.

et ze™” —%e* e ‘-z +%e*Z x
Res f)=Ilim z—— lim =lim =—e 2
() s [( ) s(z)] % €08(2) 7" —sin(z)
2 2 2 2
-7 T -7 -7 -7 T A
et ze’'+-e e’-ze’'-"e I
Res(f)—llm[(z+—) 1= lim 2__=lim 2 =?
-z -7 cos(z) 257 cos(z) 257 —sin(z)

-z

e
' icos(z)

dz =2zi-(e2-e 2)
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1
eZ
z+1

Eg. Evaluate §

C

dz, C: [z[=0.5. [2014 FrRERFERRLE - £BEE T4

(Sol.) Let t=1/z, z=1/t, dz= -d1/2, C: [t|=2

t

:fe—dz:jT € -(_dt)=§ ¢ dt . There are two poles 0 and -1 within C.
z+1 1 t? - t(t+1)

t t

e . —€
t(t+1)]:_1’ R—?S(f):tlm[(t”)'t(nl)

]=¢",

Rcoes(f) = Itm[t-

1

3e;

. z o 1
. §Z3+1dz_2m(1+e )

c
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2-3 Evaluation of Real Integrals

/”\” Case 1 I:” K[cos8,sing]dg
Choose C: [z|=1, z=e"
ki1 :sinezl_(z—lj,
N L
>
\/ e cosazl(z+lj, do=
2 7 1Z

— :r” K[cosd,sin8]d@ =§K{i(z+1ji(z—1ﬂ%
0 - |2 z) 2 z)] iz

Eg. Evaluate _[02”5:—80 .
—9oCO0s

f dZ/iZ _§ 2idz _ 2idz
= = 7 ; 1
5-— 3cos9 e 3. 1[ 1} ) 372 -102+3 32-He-9

(Sol.) j

z

There is only one pole % within |z]=1.

.[Oz”d—ezgﬂi.R?s(f)zzﬂi.|iml(z_1).12—':2,zi.ﬂ:£_
Eg. Evaluate J.Z” do —.
0 3-2co0s@+sind
(Sol.)
J-zzr ﬁf dz/iz _§ 2dz
0 3_ Zcos¢9+sm9 ’ _2'1(Z+1j+1(z_1j ) (1-2i)z°% + 6iz—1-2i
2 z) 2 z

2dz
°(1—2i)(z—25")[z—(2—i)]

There is only one pole % within |z]=1.

rﬂ dé

0 3-2co0s@+sind

=27 -Res(f) =2z - lim {(z~ 2; ly. > Ei }=27ri-(%)=7r.
5 7 (1—2i)(z—T)[z—(2—i)]
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Eg. Show that j do =" do if a>1b|.
a+bsing Y a+bcosé ./ 2 _p2
dz/iz 2dz 2dz
e BT T e =i
a+bsm0 b, 1[2_1j < bz’ +2iaz—-b  *b(z-12,)(z-2,)
2i z

Poles: 7, :é(—aﬂ/a2 —bz) is within C: |z]=1, but z, :%(—a— a’ —bz) is not.

. 2 2 1 2 b 1
Res(f)=Ilim(z-z)- == == —
4 17, 1 b(Z—Zl)(Z—Zz) b z, -1, b 2i\/a2—b2 i\/az_bz
2z dé . 1 27
° a+bsing ivaz—b? a?-b?

27 dt Y
Eg. Evaluate jo o O+ DS’ () [2011 B AERT

and sin?(¢)= —1_“):(20

(a®?+b?)+(a?-b?)cos(2t)
> .

dt =J‘2ﬂ 2dt
a’cos’(t) +b?sin?(t) © (a®+b?)+(a*—b?)cos(t)
=J-47r de
o (a®+b%)+(a® —b*)cos(@)

" The above integrand has a period of 2,

cos(2t)+1
2

(Sol.) "." cos*()=

b

", a*cos?(f)+b*sin’(1)=

Let 6=2t, '[)2”

47 d0 _ 27 d(9
,[ 2 2 2 2 =2 2 2 2 h2
° (a“+b%)+(@ —-b“)cos@ * (a“+b°)+(a°-b )cos(&)
T d@ 27 d6’
24 p2>02-12, usi 2 if ¢>d|.
. . " c+dsing -[0 c+dcosé ,/ 2_ g2 e

Set c=a’+b* and d=a*-b*>, we have
IZH dt =I47f de
0 a”cos’(t)+b?sin?(t) © (a®+b%)+(a*—-b*)cos@)
J‘ZII de =2. 27[ 272'
o (a®+b?)+(a®-b*)cos@)  /(a’+b?)? —(a% —b?)’ ab
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Eg. Show that E”e“’sg -cos(@ +sin#)dg = J'Ohe“’s“’ -sin(@ +sin#)de =0.

(Proof) Let C: |z]=1= z(0) ="’ =cos@+isin@, .. f(z)=e’ is analytic within C.

§ede _0= J‘OZﬂecoseJrisianeie _ J~027riecosg PIGEUORT:
c

= iJ:” e**?{[cos(@ + sin O) +i[sin(6 + sin B)]}d &

=Jozaecos9.{_sin(9+sin6’)+icos(¢9+sin0)}d9’ . Re(---)=Im(-+-)=0

~~20


http://faculty.pccu.edu.tw/~meng/339011159_1319389261942167_6152456704472816499_n.mp4
http://faculty.pccu.edu.tw/~meng/339129419_740898147579105_5854869243323128889_n.mp4

Case2 [ f(x)de=" p(x)dx or [ P {Cosax}dx

= q(x) [sinax
Choose C as a sem1-c1rcle w1th infinite radius enclosing
the upper half-plane. Poles: zi, z2, ..., za are in the upper

half-plane, Z1,Z2,:+,Zn are in the lower half-plane.
Assume deg(q) > deg(p)+2, then

[ F00dx=lim § f (2)dz = 27i Res(f)

Eg. Evaluate Jm # [1991 5 [IEEHHF)
o (X2 —2x+2)?
(Sol.) Poles: 1+i (upper half-plane), 1-i (lower half-plane)

z L d ot z
el e e N T
LIPS S W ~ ()] — 22z - (1-i)] ’

2,0z [z -(1-1)] [z-@1-0)] "
[— XX oiRes[ L ]=2mi+ (T )=
= (X®—2X+2) Wo(z2°-22+1)) 4

Eg. Evaluate [ dx.
N Lo x? + 64
(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane)
Res(f) = lim(z—8i)-———— = [ _dx=24.—=Z.

8i 258 (z+8i)(z-8i) 161 “*>x°+64 16i 8
Eg. Evaluate | 1

A3 i a4
(Sol.) Poles: e*, e * (upper half-plane), € *, e * (lower half-plane)
et | i

Res(f)= m[2-C J=lm[-]=—+ _=ltewme_1 N2 2 ,
el s 1+2Z es 4z 4(ei%) 4 41 2 2

W(f)_%:le9,11-/4:1[@_@}, [ =2m'[1-(—iﬁ)}=ﬂ.
(g%j 4 4l 2 2 x* +1 4 2
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= COS(X)

Eg. Evaluate ——dx.
= X +1
iz iz -1
—i)-%zZyzi-—_zyze‘l
(z=1)(z+1) 2i
" I COS(X) dx=7ze* and N ST(X) dx=0
= X% +1 = X" +1
o0 COSX o0 sin x
Eg. Evaluate X
& [ (xX* +4)(x° +9) L. (x* +4)(x° +9)

(Sol.) Poles: 2i, 3i (upper half-plane), -2i, -3i (lower half-plane)

iz -2 -3
€

e —
f(z)—m, Rzeis(f)—Z—Oi, Rgs(f)— i

. ——— S . ) (N
= (X2 +4)(x* +9) 20i 30i) 5\ 2 3

0 COSX wle? e o sin x
:I 2 2 X=—l———F | I 5 > dx=0
= (X°+4)(x" +9) 502 3 = (X° +4)(x° +9)

2

Eg. Evaluate _[ -

0 (x*+1)*
(Sol.) ij—zdx = lr X—de . Poles: i (upper half-plane), -i (lower
0 (x* +1)° o (X2 +1)°
72 72 .
half-plane). f(z) = 11 (Z ) mof (z—1)
fim L (Z— )2 z° _2z(z+i)* -22°(z+i) _ -8i+4i_ i
i (2-1)! dz d (z+1)*(z-i)? (z+i)* i 16 4
TRV
C o (x24+1)? 2\ 4) 4
. -2
Eg. Evaluate J.: stm();) dx. [1991 A KE(SFT] (Ans. ) ~
X° +
0 >
Eg. Evaluate [ icz’s—ﬁj?dx, Z;(()) (1991 & AHERA]

-
Eg. Evaluate |’ %(‘Zx)dx, a>0. 2015 th ERRERELT - AT T4

- X'+
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case 3 [ 10odx=]" PO 4 or [ PG {Cosax}dx

q(x) = q(x) [sinax
Some poles of ¢(z) are located on the real axis.

Choose C as a semi-circle with infinite radius enclosing
the upper half-plane, but excluding the poles on the real
axis. Let zx (1<k<n) be the pole on the upper half-plane
and a;j (1 <j<m) be the simple pole on the real axis. Then

f (x)dx =27-> Res(f)+7-> Res(f).
PR .

00
we have I

Eg. Evaluate [* 1 dx.- 2003 KBS

—= X(x* — 4x +5)
1 B 1

2(z2—4z+5) Z[z—-@2+)][z-(2-)]

0 (on the real axis), 2+i (upper half-plane), 2-i (lower half-plane)

(Sol.) fiz)= has 3 poles:

© 1 . N

I o e O RSt Res()

i+ lim (2 @241 ! S

S P CIY, PR G, L ey
27t A_z@2-0),m_27

@2+)2 5 5 5 5

. 202EBR R ETRIE]

Eg. Evaluate jw
= x* +1

57
(Sol.) Poles: e3 (upper half-plane), -1 (on the real axis), € 3 (lower half-plane)

iz

=N

3 _ :
Res(f)= lim 2251 = lim [ Lot _leeas 1 1.3 ,
e? 753 2*+1 zae%! 3z° 3(8”'/3)2 3 3 2 2
1 1 e~ dx 1 : 1| 7vJ3
Res(f)= ==, =27 | = (~1=i/3) |+ 4| = |=—2
gs(h) 3(-1° 3 J.wx3+1 [ ( )} {} 3
_ cos(_-) _sin(=)
Eg. Evaluate J. ; dx and .[ 22 dx .
—0 X_ —00 X_
27 =z = -7,
_cos(- sm( X)
. I 2 dx=0 and j 2 dx= -7.
= X—2 -2
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Eg. Evaluate Ji%

(Sol.) Poles: 1 and -1 (on the real axis),

e” i e” _ o €% e’ —cos@)+isin()
Rl e ey ¢TI T 2
e” :. e” e e” . _e'_cos()+isin(l)
R?S[(zjtl)(z—l)] IZITl[(z+1)(z—1) R 1[z+1:I 2 2
j” e -{Res[Lh Res[L]}zni Tisin(®)]
- (z+1)(z-1) 1 (z+1)(z-2 1 (z+D(z-)
=—7zsin(l)
" rL(X)dx— —zsin(l) and j &dx:o
- (x+1)(x-1) = (Xx+1)(x-1)
Another method:
1 iz 1 iz
iz ——€ —€

e 2
(z+D)(z-1) z+1 z-1

iz iz

e e e o
R?ls[z+1]—zlml[z+1-(z +1)]—ZIle[e ]=cos(1) — isin(1)
1
§ dz——— Re s[>
-1 Z
Re s[z‘*_l]zlzim1 [Z — (2~ D) =lim[e" ]=cos(1) + isin(1)
Eeiz
§2—dz=ﬂ Res
1 z-1 2 1t

if(z +1)(z - 1)

=—i7ncos(1) — gsin(1)+ i;”cos(l) — gsin(l)

=—msin(1)
" rL(X)dx— —zsin(l) and j &dx:o
- (x+1)(x-1) = (Xx+1)(x-1)
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Eg. Evaluate j:de. [1993 33 AFERGERF ~ 2003 thSLEET « 2008 A B
JELRE]
(Sol.)

Complex-plane integration method:

J. sin x ——"dx is an imaginary part and I cos(x )dx is a real part of an integral
X

§ e_ dz . There exists only one pole 0 on the real axis.
z

By formula [ f(x)dx=27i-> Res(f)+zi-D> Res(f), where z (1<k<n) is the
- P [

pole on the upper half-plane and aj (1 <j<m) is the pole on the real axis.

:>§e—dz=7zi-Res[e—]=7zi-ei°=7ti, r%dx%and rdeZ
© Z 0"z - X =X

= SiN(X) T
dx =—.
:>.[0 X 2

Laplace transform method:

By formula L{ (t):l—J. F(u)du,

sin(t) o o Sin(t) 0 o 1 1, % 1
L[T}: jo e -Tdt: j L[sin(t)]ds = Lsz—ﬂds:tan (), =%—tan (s)

sm(x) Vs

dx =%
2

Set s=0, I

Fourier Transform method:

, . 1,[x|<1
Consider a rectangular function f{x)= ,
0,x[)1

3[f ()] I oo dy _ 2sin(w) - S {28“’1(0} 1 ZSina)ei“’Xda),

-1 1) 0] 27z w
sin X i ) ) © SiN(X V4
J. —d = SH;(X) is an even function = _[0 (x) dx = PR
X
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cos2ax) —cos@bX) . ,n4q rosinz(x) dx
0 2 ’

2

Eg. Evaluate Jm

L X
i2az i2bz i2az i2bz
(Sol.) Pole: 0 (on the real axis), j:e & 47=4i-Re s[%]
Cc Z 0 Z
elZaz _elzbz i2az __ Li2bz . . . . .
Re s[~————]=lim 1 dj..¢ 2e =[i2ae™* —i2be®*] |  =i2(a-b)
0 (2 -1)1 dz z =0
) e||2az _ eIZbZ cos(2ax) - COS(ZbX) dx =2(b-a)7r

dz=ni- i2(a-b)=2(b-a)r = j ” .

yA X

c

cos(2ax) —cos(2bx)
x? d
And 1-cos(2x)=1-[1-2sin*(x)]=2sin*(x).
fa2 HJ
J- 3 2(X) dx =rx and I s &) 2(X) dx==
oo X 0 2

Let b=1,a=0=> [ X = j“;l_c)‘:ﬂ dx=2(1-0)7=27

o sin(x)
Eg. Evaluate LO (x +1)(x2 “ox+])

(Sol.) Poles: 1 and -1 (on the real axis),

dx. [2013 P EEREIRRAE ~ ARE T4

Re s e” - lim] e” - (z+1) = lim( e” ]:izcosa)—isin(l)
1 (z+D)(z-D)* 1 (z+D)(z-1)? Z l(z ) 4
R [ e|z ]__ [ |z (Z 1) ]_ eiz] i(2+1)eiz_eiz:
(z+D(z-1)*" 1 bz (z+D)(z- )2 idz z+1 (z+1)?
[-2sin(1) —cos@)]+i[2cos@) —sin(1)]
4
- eiz . eiz eiz
. (z+1)(z-1)° Gz = '{R—els[(z +1)(z—1)2]+ Rl?S[(z +1)(z—1)2]}
— cosQ) ;isin(l) N [-2sin(D) —cos@)]: i[2cos@) —sin(1)] )
. 2sin(2) +i[2cos@) — 2sin(1)] . isin(l) —[cos@) —sin(1)]
4 2
ro sin(x) dx=_ zsin(l)
o (X +1) (X2 —2x +1) 2
joo cos(x) dx="_ z[cos@) —sin(1)]
—o (X+1)(x* —2x+1) 2
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» |sin(x" o
Case 4 | ) Lk or [ G(x")dx wl
 |cos(x") 0 R AR
&
. 2r .
Choose C as a sector with angle — enclosing only one pole at
n
i . V4 . #
e " orasector with angle — enclosing no poles. o
7
Eg. Evaluate 5 %3
0 1+x"
: 2z 3 i
(Sol.) Choose C as a sector with angle — enclosing only one pole at e " .
n
dz : i— ) 1 27 2m i
§ —=27m-Res(f) =27 lim (:—e" = [T e —E®
1+ z ,% :% \ 1+ z nz z=en n
¢ e e .
el [R X
074 x"
2K . ié
— jRe™ d@ ,
AsR—ow, |" ————0("." n>1)
¢ I+R'e”
J-m dx dx  2m i~
0 1+x" 01X n
iz E
:»J'Jc dx __e' “2@__ 1 m__ n
0 1+4+x" 22 n £ o (
—e " e” e sin —
\ n)

) i PO 2 . a0 2 . ‘\/2”
Eg. Show that ]o sin(x” )dx =L cos(x*)dx = T

) 4 !
(Proof) Choose C as a sector with angle — enclosing no poles.
4

x j—

§ei::d: =0= J;Re“:d\'+ Fem=.'” .iRe'? dol+ .[:e"?:":

WO

%
-e *dR

c

x

T X
(T Bd? .46 : I (cos2B+i 22 (7 R =in26 i(8+R’ ess2
As R—w, L“ e®* .iRé dt9=1Rfe‘“‘° B ‘”e”'d6=1R|o‘e L0200 100,

» b} 2 e 2 21 : 2 2 [/—
L [cos(x®) +isin(x”)]dx]= | [\/: - ‘/;", 12“‘ dR = { . \/; - J_ . i

Pl 2 ) 2 2 2

\/2/7

j: cos(x? )dx = I: sin(.\’2 Ydx =
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x" +q,,(x)

Choose C as an infinitely-wide rectangle and there is one pole
>  on the imaginary axis.

,f’ Case 5 Jm G(e")dx , where G(.\'FL

——
Ly

Eg. Evaluate [ “—dx,0<m<1. [ 1991 & KH#HF]

e [ 2014 £ R RG]
(Sol.) Pole: iz ki
em: & elm‘ 2% emR -erm,\' ) o emx _eilmn 0 e-mR -elm.\' ]
§ = d= III z dx TI(I_} ﬁ(’. -—Rry’d-"
> 1+’ *]+e l+e" .e° o LHev e rl+e™ e
. 3 ; : _‘ﬂi em:
=2mi-Res(f)=2m- luu%
) 2om l+ e’
mz 0 mi
e +m(z—m)e™ a 2 AT
=27 lim Sl 274i(=)"" = 27ie' ™"
= e’
", mx l’m' ]
5 F ; @ e e 0 7" e |
S 0<m<l, SR> o, I ———idv — 0 Jand I ————tdy-=0)
0 ]4e".e° ]lt+e™ e
mz mx
e . Hm-1)2 ® i €
f——dz=2me ™V = [ (1) ——dx
o B - I+e¢
] J.:. e"L\' gy = 27 ) e,m‘._. . (—l) _ T - T
2] 4 e 1-e'™" e™ —e™  sin(mm)
2i
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Case 6 Other types Tt A\

o xPdx

(Sol.) "." 0<p<l. .". Polesare 0 and -1. Re
=Pd- =P ;
§ =~ =2x-Res(f)=2x-lim(z+1)- =27 -e"™" and
z(1+2) = -1 z2(z+1)
§ zPdz _IR x?dx J‘ZJ i(Re"’)"(1'9'_1_!5(.\'eiz'T)p_ld(.\‘eiZ’T) .'-0 i(ge'®)?de
z(1+2) | x@+x)| o 1+Re® R 1+ xe'” 27 14 ge'®
s ¢ - [27iRe®)? do
- 0<p<l, R—>oo, . |[TARE L 99 _,
b b "R
0 i(ge’®)?do
—055s _—0
; Lﬁ 1+ ge'®
sy S £ - ) L2\ p-1 n2r o1 — p27@-1)7, P J\
:>§ z2dz :J- x7dx +|[0(.\e ) ({fxe N =[1-e ]- x?dx
Z(1+2) |0 x(Q1+x)| f= 1+ xe'" 0 x(1+x)
J-x xPdx 2mi ™ N T N
0 x(1+x) 1-2®D (P — )2 sin(pr)
= yodx Im A\
Eg. For -1<a<1, [‘—— =7 [XABEHE
0 (1+x)° -
Fir ~ 2003 SrREERT] ¢
(Sol.) —1 is a multiple-order pole. Re
2%z > o .oy 1 2 z* . ix(a-1)
§ —=2mi-Res(f)=2a -lim—=d[(z+1)" - ~]/d==27i-ae .and
A+2)° -1 =-1]1 (z+D*
§ Bhds IR x%dx 4_I{Ez (Reé?)iRe” dO) |ps (xe?7 ) d(xe™™) I[O (se'®)ice'’de
1+2)° P+ F° 1+Re?) R (14+xe77) 22 (14 ge'®)?

2 (Re™)"iRe" d6 0
(1+ Re’)?

" -1<a<1, R—~o0, .. j

IO (se'®)ice'®d e "

e—0, .". . =0
’ 28 (I+wse")?

=k

s § z%dz J-cr x“dv jo (xe"™ ) d(xe™" ) J-w [l 5%

A+2)° P A+ F= d+xe™) 0 (1+x)
ro x‘dx _ 2mi-ae™Y ma _ arm
0 (1+x)* 1= (™ —¢™™)/2i sin(an)
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