Chapter 2 Integration in the Complex Plane

2-1 Complex Line Integrals and Some Integral Theorems
For smooth curve C: z=z(¢) for a=¢t=b, then '[ f(z)dz = Jt: f(z(t))-z'(t)dt

Special case 1  C: |z-zo|=r < z(t)=zotre", dz=z (t)dt=ire'dt, and 0=t =2r
Special case 2 C: |z|=r <> z(f)=re", dz=z ()dt=iredt, and 0=t =2rx
Im Im

A A

st |z-Zol=r
&
AR
Re \ /

1
Eg. Find §—dz, C: lz=1

p z
(Sol.) zi=1 & z=e', 0=t =<2m, 2 (1)= ie", § 2% = j 2”idt — 27

dz 1
Eg. Evaluate $——, C: |z-3i]=—.
5 §z =3i [e-341 3

C

(SOI).Z(l):?)l"i‘%eit,Z’(l):%ieit,§ dz :J.ZH 1 .leitdtZZﬂ‘i
Z

Eg. Evaluate ﬁdz, C: |z=1.

c

(Sol.) z(ty=€", z=e™,z'(f)=ie ifzdz __f e -ie'dt =

Eg. Evaluate §[Z - R, (2)]dz, C: |z|=2.
C
(Sol.) |z|=2 < z(£)=2€", z (t)= i2¢"

R.(2) =%(z+£) :%(Ze" +2e™), 2-R.(2) =%(z—£) :%(Ze” —2e™)

flz-R.(@1dz = [ [2() - R. (2] - 7 (Bt

27[2

i —it it 2it
) 2( —e ). 2ie dt_zlj (%" —1)dt = —4ri
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Eg. Evaluate 55[:2 +1,,(2)]d= , where C is the square with 0, -2, 2-2/, and 2.

¢

(Sol.) §[:2 +1 (2))dz = J.O—z(—rz +1)id1 +lf:[(r—2i)2 —2](7'[+H_02[(2 +it)? +t]idf

e ( £ 22l W 2
H| (7 +0)diHi| ——+— H| — —2it” — 6t
2 .\ 3 2 )0 \ 3
3 PR 3
» 1 140 r° 0
il 4+ 2it" ——+— : =—4
3 221132
Im
Re
-2 22

Eg. Evaluate IC z°dz, where z=x+iy is a complex number, in each of the following

cases. (a) C is the straight line joining the points 0(0,0) and P(1,2). (b) C is the
straight line from 0(0,0) to A(1,0) and then from A(1,0) to P(1,2). (¢) C is the
parabolic path y=2x2. [2023 & A BHEE]

(Sol) (1) [ 2%z =[] (t+2it)* (1 +2i)dt = (1+20)* - | tct =

}.’ A
-11-2i
3

24, (L2 2. o . 1. 8i —-11-2i
II) Icz dz_Iot dt+L(1+|t) ~|dt_§+2|—4—§_ 2

~11-2i oo

1 L2 i 1 . .
(I10) Iczzdz = jo (t+2it?) -(L+4it)dt = jo (t2 — 20t* +8it® —16it°)dt =

~~9
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Cauchy’s integral theorem Let f(z) be analytic in a simply-connected domain D,
Cis a simple closed curve in D, then j: f(z)dz=0.

c

Eg. Evaluate §ldz, C: |z-2=1.
. L

(Sol.) f(z)=1 1s analytic except z=0. No poles are within C, .". § E =0
z L 2
Eg. Evaluate if szz 7 [1991 X A+ ARFT]
lz|=1 -
(Sol) fiz2)=—; 1 is analytic except z=+2. No poles are within C, .". § Zdz 2 =0
" — 7° —

|z|=1

Eg. Evaluate j: z dz, C: |z-8i|=1.

o sin(z)(z - 2i)°
N
sin( z)(z — 2i)°

No poles are within C, .". § f(z)dz=0

(Sol.) f(z)= is analytic except z=2i, nm (n=0, 1, £2, ...)

Cauchy’s integral formulae Let f{z) be analytic in a simply-connected region D,

and let C be a simple curve enclosing zo in D, then { i) dz =2mi * f(z0) and
c 272
{ fadz _ 28 peny),
(2—-17,)" (n-1)!
e?dz
Eg. Evaluate —ry [1991 A2 A+ ARFT]
lzZ=3 =
eZz
(Sol.) § =2mi * e*?=2mie*
sl =2

iz
Eg. Evaluate §e—3dz, C: |z|=3.
z

c

(Sol.) ii—sdz=i2ﬂ-%

|29=0

Eg. Given §Cﬂdz =2 and : f (21;2 dz = 4 . If let f(z)=a+bz, find a and b.
Z Z—

[20057% K BB
(Sol.) 27i=27i - f0)=2xai and 47i=2xi - f(0)=2xbi, .". a=1 and b=2.
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a6 6

Eg. Evaluate §Mdz and §L(Z)3dz if C:

T
cz-"- o7

6 6

z—f‘:5>o.
6

- 6 -
(Sol.) Let fiz)=sin"(z) and n=3, § " @ 47 — 24 .Sins(zjzﬂj
I x 6) 32
6

sin6(2)3 dz :%.[sin6(z)]” _ 2

( ,z) wr 16
Z_i
6

6
dz dz
Eg. Let 2 be within C, find § and §——, n=2.
C

-1, (z— Zo)
1 Al dz . dz
(Sol.) Let fiz)=1, f*(z0)=0=> § =27 and §—— =0
Z—1, c (Z - ZO)
H 2
Eg. Evaluate § Z(SL(lz)A)dz , Cis a closed curve not passing 1.
¢ \Z—
H 2 H 2
(Sol.) If C does not enclose 1, ZSL(]_Z)R is analytic within C, .". §2(3|n(12)4) dz=0
— A Z —_

2sin(z?)  f(z)
z-1)"  (z-1)

If C encloses 1, let f(z) = 2sin(z?) =

— > =4, n-1=3
f @ (2) =—-24zsin(z?) -162° cos(z?)
§25in(22) 27

: I P
T dz_?[—24sm(1)—16003(1)] = 3[ 24sin(1) —16 cos(1)]

Gaussian mean-value theorem Let f{z) be analytic within |[z-a|=r, then
2z .
jo f(a+re”)do =2nfla).

Eg. Evaluate jznsin 212 4+ 26"]d0.
0 6
(Sol.) a:%, r=2, and analytic within |z- % =2,

o [Tsin? [ + 26 d6=2n - sin’( T )=ni2.
0 6 6



Argument principle Let f{z) be a meromorphic function inside and on some
f'(z

(@),
f(2)

where N and P are the numbers of zeros and poles of f{(z) within C, respectively.

ff'((zz)) dz for C: |z|=r if (a) fz)=sin(nz), (b) f(z)=cos(nz), and (c)

1
closed contour C, and f{(z) has no zeros or poles on C, then P § Z=N-P,

Eg. Evaluate §

f(z)=tan(nz)..
(Sol) § mdzzzm'(N-P)

f(2)
(@) There are 7 zeros: £3, £2, £-1, 0 but no poles within C,
@
- e dz=27i(7-0)=147i

(b) There are 6 zeros: £2.5, £1.5, +0.5 but no poles within C,
f'(z
§—( )dz=2ni(6-0):12m'
f(2)
(b) There are 7 zeros: £3, +£2, -1, 0 but 6 poles: £2.5, £1.5, 0.5 within C,
0@
. §md2—2nz(7-6)—2m
(z2+1)2

mdz if lz)=————== and C: |z|=4.

1
Eg. Evaluate %if () 21221203

1 ;')
Sol.) N=4 and P=6, — ¢ ——>dz=4-6=-2.
(Sol.) N=4 and P=6, 2m‘§ f(2)

Poisson’s integral formulae for a circle Let f{z) be analytic within |z|=R and
flré=u(r,0)+iv(r,0), then

i 1 2= (R =r?)f(Re")
fre) 272"[0 R? —2Rrcos(d —¢) +r

(R*-r*)v(R,¢)
—2Rrcos(0 —¢) +r

(R —r*)u(R,¢)
R” —2Rr cos(d — ¢) +r?

1 2
2 d¢a”(ra0)= %J‘O d¢a

1 (2 :
and v(r,0)= ZJ'O = ~dg for z=re” within |z|=R.

RZ _ r2
? _2Rrcos(6—¢)+r°

2r
Eg. Show that jo - dg=2r.

b

(Proof) Let fire”)=1 S _[2” RE-1”
’/‘e —_ =
27 R*—2Rrcos(@—¢)+r?

d¢=2m.

J‘Z” RZ_rZ
0 R%—-2Rrcos(d—¢)+r?



- @o0sd : = a%? cin(si
Eg. Evaluate _[2 e cos(sin ) dg an r e sin(sin ¢) dg.
0 5—-4cos(6 - ¢) 0 5—4cos(6-¢)

(Sol.) Let R=2, r=1 and f{rei®)=e®"* =050 +isind—gcoso [cos(sind) + isin(sind)],
.1 (223e** cos(sin @)
" 27 5_4cos(0-¢)

1 rzr 3e** sin(sin ¢)

2% 5-4c0s(6 - ¢)

dg=ec0cos(sind)

and d¢ =e°°%sin(sind).

- cos¢ 1
_[2 e’ cos(sin ¢) q ¢:2_ﬂecose cos(sin 6)
0 5—4cos(6—¢) 3
27

. COS¢ i I
2 % sin(sin @) dg =" 6% sin(sin O)
0 5—4cos(d — @) 3

and

Poisson’s integral formulae on the upper half plane Let f{z) be analytic for y=0
on the z-plane and f(z)=u(x,y)+iv(x,y), then
yer f) Y u@o)
st _uen
T

y o V(t0)
—— == dt, and ==| ———dt.
et e Lyt e LS
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2-2 Laurent’s Theorem & the Residue Theorem

_\(principal part)

a_, a, N a,
(Z_Zo) (Z_Zo)2 (Z_Zo)

+a, +a,(2-2))+a,(z—-2,)* +---

It f(@)=Ya,(2-2,)" =+

— (analytic part)
1 f(2)
e P

Laurent’s theorem a, = — I
27 % (2-1,)

Residue: a , = Ziif f(z)dz
m C

Residue theorem Let f{z) be analytic in D except z1, 22, ..., Zn and C encloses z1,

n
22 +++5 Z2n Within D. Then we have :f f(z)dz =27 Z Res(f) and
c E

m-1
( _1)| d m-1
In case of m=1, Re s(f)= IimA[(Z -z;)-f(2)].

Res(f)= [(z—z.)"- f(2)], where m is the order of a pole z=z;.
z )

Eg. Find the residues of f(z)=ﬁ.

(Sol.) At z=1, m=1, R?s(f)zlirq[(z—l)-il]ﬂ
7 7 —

Eg. Find the residues Off(z)—m

_ O SR |
(Sol.) Atz=1, m=1, R?S(f)—llel[(z D (Z—l)(Z+1)2]
) 1 d .,z (2-D-72 _
At z=1, m=2, Res(f)= e _1)|" [(Z+1) (z+1)2(z—1)] (2-1)? |
1
4
Eg. Find the residues of f(z)=m-
(Sol.)
i 1 d. 1 _—2(z+1)| _ 1
AL, Res(D) =t 2160 e 1= e
~ _ 1 d 1 __2(2_1)| =1
Atz=1,m=2, Res(f)= 2- 1)|hm [( b’ (z+1)2(z—1)2]_ (z-0" |, 4
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72 -2z
(z+D2(22+4)°

Eg. Find the residues of f(z)=

7P-22 _ 7222z
SO 2 v ) (2 Di (2 2)(z-20)
At z=-1, m=2,

_ 1 d 7% -2z (22-2)(2* +4)- (" -2z (22)|
Res(f) 2- 1) [( b (z+2%(* )] (2° +4)° -

2? - 21 7+
(z-2i)(z+2i)(z+1)?" 25

2? - 21 e
(z—2i)(z+2i)(z+1)2" 25

At z=2i, m=1, Rze_ s(f)= Iirr;[(z —2i)-

Atz=-2i,m=1, Res(f)= lim [(z-+2i)-

Eg. Find the residues of f(@:%csom(z) .

m-1
(Sol.) It is difficult to compute the residue at 0 by Rze s(f)= 1) Iim o [(z-2,)" f(2)].
We utilize f(z):ian(z—zo)“:--~+ o B +a,+a,(z—2z5)+--
N=-o0 (Z_Zo)2 (Z_Zo)
_cot(z)coth(z) _ cos(z)cosh(z)
f(Z)_ 3 T3 - .
z z” sin( z) sinh( z)
2 4 2 4 4
1_L+L_+... 1+L+L+... 1_i+
U2 a 20 4 ) 11
z° z—£+— z+§+--- 25—2—9+— R
3! 3 90
N
RSS(/)_ 45

Eg. Evaluate s |z-11=1. [1991 X ARMEFT]

(Sol.) There is only one pole 1 within C.
. 241 2% +1
Res(f)=Ilim[(z-1)- =lim =1, ..
1 ( ) z—>l[( ) _l] -1 741 iz -1

dz=2mi - 1 =2mi
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Eg. Evaluate { €0S(2)_ 47 for (a) C: [z= ,(b) C: |z-1|——,(c) C: [Z=2. [1991 &

V2721
REEHH
(Sol.)
(a) There is only one pole 0 within C.

Res(f)—Llimi[zz- cos(z) - —(z-D)sin(z) - cos(z)| _1, §Mdz .

(2-1)!10dz 7°(z-1) (z-1)° - 2%(z-1)
(b) There is only one pole 1 within C.
_ cos(z) cos(z) . ..
Res(f)=lm[(z-1)- e _1)] =cos(1), izz(z D dz =2mi - cos(1)
(c) There are two poles 0 and 1 within C. § C(ZS(Z)) dz =2mi - [-1+cos(1)]

%_2)3 and evaluate §

c

SINC2) 47, ¢ paeif=2.
_ )3

Eg. Find the residue of f(z) =

B 1 o 3,
(Sol.) m=3, Rt;S(f)—W [(Z ) (z-1)

o (Si”( _Z))z dz = 27 -(—Eisinh(l)j - zsinh(2)
Z—1

sin( 2)3] _ _71sin(i) - _%isinh(l)

Eg. Evaluate § tan zdz, C: |z|=2. [1993 thLl[EBHH]

(Sol.) There are two poles +r/2 within C.

zsin( z) —%sin(z)

Re S(f)—|lm [(z__) tan(z)]—||m [(2——) sm(z)]

im
z - 2 cos(z) - cos(z)

sin(z) + zcos(z) — z cos(z)
= lim 2 =1

22 —sin(z)

zsin(z) + %sin( 2)

Res(f)= lim [(z + ) tan(z)]= lim [(z ) sm( Z)] im
X -7 T cos(z) 2>t cos(z)
sin(z) + zcos(z) + %cos(z)

= lim - =-1
22 —sin(z)

§ tan zdz=2nmi - [(-1)+(-1)]= -4ni
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SIn( z
#dz C is any piecewise-smooth curve enclosing 0, 2i,

Eg. Evaluate § ( 2
Z (2" +

and —2i.

___sin(z)/z e [ _ .
(Sol.) f(z)_z(z+2i)(z—2i)’ . IZIEn)O[Sln(Z)/Z]—l, .. flz) has a removable

singularity at 0=m of the pole z=0 in f{z) is 1. Res(f)—llm Z- —Slng 2) :E
=0 7 (z +4) 4
sin( z)
2% (z+ 2i)(z - 2i) 16
sin( z)
2% (z+2i)(z - 2i) 16

Rzeis(f) =!in;i(z—2i) (2|)_—%smh( 2)

RS_S( f)= ZIin_wzi(z +2i)- sin(2i) = —%smh( 2)

§ f(z)dz = Zm[% —%smh( 2) ——smh( 2)} = E —Zsmh( 2)

1
ez

Eg. Evaluate f
z*

c

dz C: |z]=3. [2013 S L1IBHH]

(Sol.) Let t=1/z, z=1/t, dz= -d/2, C: |t|=1/3

. 1 (})3et
z _ _ At
£E dz={-t ( dt) € __dt. There is only one pole 0 within C.
3 2
2° +1 s t C 12 (t° +1)
°(¥) +1
1
e Zer dz =2zi-(-1)= -2
Resf _—I| —— 1=-1,.. $ == dz=27xi(-1)= -27i
() Odt[ t( 1)] fz3+1 e i

Eg. Evaluate §C§S(Z) dz, C: [z]=2. [2015 &BEA 25

c

(Sol.) cos(z) has two zeros at z=+n/2 within |z|=2.

J ze”-Le e’—zet+ e z
Res(f)=lim[(z-2)- 1=lim 2 =|im 2 =g
z 1% 2" cos(z) 27 €0s(2) . —sin(z)
-7 VA -z A -7 T A
e ze +Ee e’ —ze —Ee x
Res f)= I|m[(z+ ) 1= lim = lim . =e?
- (H= . cos(z) 27 cos(z) 252 —sin(z)

-7

g if  dz=2zi-(e?-e ?)
- C0S(2)
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Eg. Evaluate =0.5. [2014 FREHFERRLH - £ BB T4H]

c

(Sol.) Let =1/z, z=1/t, dz= -dt/#*, C: |t|=2

t

—dt —e o
—dz = dt . There are two poles 0 and -1 within C.
* 2+1 § 1 t2 ) :ft(t+1) P
“()+1
Res(f) I|m[t i 1=-1, Res(f) I|m[(t+1) —¢ ]=¢"
t(t+1) t(t+1) ’

. z’e —o 1
. { = +1olz_zm (-1+eY)

c

Eg. Evaluate CJ.D MdZ C: |z-i|=1.4. [2024 ERE A EBTEEE]

In(z +1) In(z+1) In(2)

(Sol.) gS =27i-(z—i)- 7-In(/2- e4)_ Z

(z+i)(z- |)Z . 2 4
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2-3 Evaluation of Real Integrals

Im 2 .
A Case 1 J.O K[cos &,sin 8]1d6
Choose C: |z|=1, z=¢"
k=1 :sinezi_(z—lj,
: 2 z

ik A |
\_/ Be cosH:%[z+%j, de:%

=1= r” K[cos#,sin 8]d6 = § KF(Z +1ji(z —lﬂ . %
0 |2 z) 2 z)] iz

Eg. Evaluate J.Z”d—e.
0 5-3cosd
dz/iz 2idz 2idz
(sol [[* 5 3005(9_§ 1/ T T
*5-3. ( j c 3z~ (-9
z 3
There is only one pole g within |z|=1.
J'OZ”d—9=27zi-R?s(f):27zi-lim1(z—1)-12—|:27zi-2—:3:%.
5-3coséd : = 3(z _é)(z _3) _
Eg. Evaluate .[2” do —.
0 3-2cos@+sin b
(Sol.)
jzn § dz/iz _§ 2dz
0 3- 2c030+3|n9 ’ 1( 1) 1( 1) * (1-2i)z” +6iz —1- 2i
-2\ Z+— |+ |Z2——
2 z) 2i z
_ 2dz
c . 21 .
(1—2|)(2—T)[z—(2—|)]
There is only one pole % within |z|=1.
J‘Zﬂ do
0 3-2cosd+sinb
. - 2-1i 2 o1
=2m~|‘«’2§is(f)=2m- I|nz1_i{(z— ) i }=2m-(z):7r.
5 5 (1-2i)(z- T)[z -(2-1)]
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do 27 de

a+bsm9 0 a+bcos€ ,/ 2 _p2

Eg. Show that I if a>|b|.

dz/iz 2dz 2dz
P — — =
(Proof) J a+bsm9 :f b l(z_lj ifb22+2iaz—b ib(z—zl)(z—zz)
2i z
Poles: z, :é(—a+\/a2 —b2) is within C: |z|=1, but z, :é(—a—\/az —b2) is not.
. 2 2 1 2 b 1

Res(f)=Ilm(z-z,)- =— =— =

4 2on ' b(z-z)(z-z,) b z,-z, b 2i\/a2 —b? i\/az —b?

J<27r de _ 27z| ) 1 _ 27
o a+hbsin O ivaz—b? +Ja?-—b?
Eg. Evaluate | 5,,1 d_gz . [2024 BB
—1+sin° @
z dé Z  2deo = d¢

Sol. 2 =|2 =

(Sol) I 1+S|n 6 I—Zl+ 1—cos(20) J.”3—cos(20) J-ﬂ3—cos(¢)
2
:J-O d¢ +J-7r d¢ =J-2zz d¢ +J~7z d¢ :J~27r d¢ :l
-=3—cos(¢) 70 3—cos(¢) ‘7 3—cos(@p) ° 3—cos(4) ‘° 3—cos(4) 2
27 dt -
Eg. Evaluate | TRt 2! A EHH
_cos(2t)+1 1—cos(2t)

(Sol.) “." cos(?) and sin*(f)=

3

2
(a?+b?)+(a?-b?)cos(2t)
5 .

", a*cos}()+b*sin’(f)=

- dt [ 2dt
0 acos’(t)+bsin?(t) Y (a®+b?)+(a®—b?)cos(2t)
=J~47z do

o (a®+Db?)+(a*—b*)cos(d)

." The above integrand has a period of 2m,

Let 6=21,

J4ﬁ do =2J‘27r de

0 (a®+b%)+(a*-b*)cos(@) P (a®+b*)+(a*—-b*)cos(h)
2 do :J'Zﬁ do _ 2

o c+dsingd % c+dcos® [c? _g?

if ¢>|d].

a*+b*>a?-b?, using

Set c=a*+b? and d=a>-b*, we have
J-er dt =J‘4ﬂ' dg
0 a’cos’(t)+b?sin’(t) * (a®+b%)+(a®—b?)cos(d)
o (a®+b?)+(a®-b?)cos(d)  .J(a’ +b%)?—(a? —b?)? “ab
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Eg. Show that I02”e°°50 -c0s(@ +sin 9)d6 = I02”e°°59 -sin(@ +sin 8)d6 = 0.

(Proof) Let C: |zZ]=1= z(0) =€’ =cos@ +isin @, .". f(z)=e’ is analytic within C.

erdZ =0= Iozﬂecose+isin0dei9 _ J'02” jcosd gi0+sind)q g
c

=i joz”eww{[cos(e +5in 0) +i[sin( @ + sin O)}dO

:L27zec059 {=sin( & +sin &) +icos(6 +sin 8)}dO, .. Re(:--)=Im(--+)=0



http://faculty.pccu.edu.tw/~meng/339011159_1319389261942167_6152456704472816499_n.mp4
http://faculty.pccu.edu.tw/~meng/339129419_740898147579105_5854869243323128889_n.mp4

Case2 [ f(dx=[" p( )dx or [ () {Cosax}dx

= q(x) |sin ax

Choose C as a semi-circle with infinite radius enclosing
the upper half-plane. Poles: zi, z2, ..., zn are in the upper

half-plane, Z1,Z2,-*+,Zn are in the lower half-plane.
Assume deg(q) > deg(p)+2, then

jz f (x)dx = Liﬂlf f(2)dz = ZmZ Res(f)

Eg. Evaluate ro % (19915 ([ |EERT]
e (X2 —2X +

(Sol.) Poles: 1+i (upper half—plane) 1-i (lower half-plane)

z 1 z
S Z—
Lii [(22—22+2) 71 (2- 1)IH dz “{[ iy [z—(1+i)]2-[z—(1—i)]2}
_jim g{ 2 2}=[z—(1—|)] —22_[24—(1—|)]| i
2z [z - (1—i)] [z-(1-i)] .
© xadx . z =i
. =924 .-Re§[———— _1=2mi - (—)271'/2.
Iw(x2—2x+2)2 L+ [(22—22+1)2] 4
Eg. Evaluate jw L x.
- x% 4 64
(Sol.) (a) Poles: 8i (upper half-plane), -8i (lower half-plane)
Res(f) = im (2—8) ———— = ["_* _dx=2n. =2
i 28 (z+8i)(z-81) 161 *=x“+64 161 8
Eg. Evaluate | EEAR TR AL
A 34 6 74
(Sol.) Poles: e*, e * (upper half-plane), e * , e * (lower half-plane)
'7” _ i
Res(f)_hm[ —]=lim [ 13]: 1 Szlefsm/‘t:l N2 2 ’
zae4 1+Z zae%r 4Z 4(el%j 4 4 2 2

S(f)—;—le—%/“_l Q_ﬂ r’ dx :zm{l.(_iﬁ)}:&
_4[ ‘3%)3_4 4l 2 2 | extia 4 2
e



= COS(X)

Eg. Evaluate ——dx.
= X*+1
elz ) eiz o |z ) -1 .
(Sol. — =27i-Res(5—) =271 lim(z-1) ————=27i-—=7¢e
+1 iz +1 i (z—1)(z+1) 2i
cos(x) dx— 76t and sm(x)d 0
- x*+1 o x> +1
= COSX 0 sin X
Eg. Evaluate X
s J. (X2 + 4)(x? +9) . (< + 4)(x2 +9)

(Sol.) Poles: 2i, 3i (upper half-plane), -2i, -3i (lower half-plane)
iz -2 -3

& _E __¢€
M= g T T R =5

L AP S 1A
—o (X2 +4)(x* +9) 20i 30i) 5\ 2 3

jjw COs X dx” e’ e” .ro sin x dx = 0
= (x2 +4)(x? +9) 5 2 3 ) T (x*+4)(x*+9)

2

X
Eg. Evaluate IO de

2
(Sol.) L (2)(—1)2dX:1 ﬁdx Poles: i (upper half-plane), -i (lower
X<+ X+
z? z° :
half-plane). f(z) = = ,mof (z—-1i)?
plane). F(2)= e 7 = (i oiz o 7Y

1 z° 22(z +1)* = 22%(z +1) —8i + 4i i
o g P

dz (Z+i)*(z i)’ (z+i)° 16 4

lim

7> (2 _’]_)ld

e X° 27 i T

P e[
o (x°+1) 2 4 4

|z=i

Eg. Evaluate J.: Xxszin( X) dx. [1991 XK E(ZFT] (Ans. ) z

>
COS@) 4, 220 11991 BRI
X +Db b>0

Eg. Evaluate I

Eg. Evaluate Jm W(Zx)dx , a>0. [2015 FREERFERELH - BT TF4H]

= X'+

~~23



Case3j. f(x)dx= I p( )dx or I L] {Cosax}dx

= q(x) |sin ax
Some poles of ¢(z) are located on the real axis.

Choose C as a semi-circle with infinite radius enclosing
the upper half-plane, but excluding the poles on the real
axis. Let zk (1<k<n) be the pole on the upper half-plane
and agj (1<j<m) be the simple pole on the real axis. Then

we have j‘” f(x)dx =27 > Res(f)+7-> Res(f).
‘°° k=1 % =1 @

Eg. Evaluate Iw ﬁdx. [20033Z KBS
O X(XT —4X+

1 1
2(z* —47+5) z[z—QR+)][z—(2-i)]
0 (on the real axis), 2+i (upper half-plane), 2-i (lower half-plane)
° 1

(Sol.) fiz)= has 3 poles:

—————dx=2mi * Res(f)+mni * Res(f
Lo X(x* —4x +5) 2+$ ) ( )
=2ni * lim [[z-(2+1)]- _1 —]+mi - Iim[Z-;]
12+i Mz-2+D)][z-(2-1)] 0 7(z® =4z +5)
_ 2 A_n(2- |)+7zl 27z
2+i)-2i 5 5 5 5
Eg. Evaluate r’ . R012EHEK 2B IUE)
= %3 +1
ﬂ 57
(Sol.) Poles: e® (upper half-plane), -1 (on the real axis), € 3 (lower half-plane)
s | i
Res(f) = lim [%]: lim [ 12]: 1 g zle—ZM/S _1 _l_ﬁ ,
R S
1 1 = dXx , 1| =3
Res(f) = ==, = 1-iv3) |+ =—
Il
71X
_cos() sin( ")
Eg. Evaluate I 2" dx and I 2 (x.
o x—2 © X—2
i i— 2 ‘
=z-e'” = -m,
_cos(—) sm( X)
" J' 2 dx=0 and J. dx=-7
= X=2

~~24



Eg. Evaluate IZ%

(Sol.) Poles: 1 and -1 (on the real axis),
e e" e” . _e” _—cos(l)+isin(1)

ey Margey T
e ¢ e” i € 1€ cos(l) +isin(1)
R(les[(z +1)(z—1):I IZIT1[(z +1)(z-1) (z=1] IZITl[z +1] 2 2
j ’ Ldz —7i -{Re s[L] +Re s[L]}:;zi [isin(D)]
- (z+1)(z-1) 4 (z+1D)(z-2) 1 (z+D(z-))
=—zsin(1)
[ _C0S) gy~ sin(1) and [ __sin(x)
e (x+D(x -1 — (X +1)(x=1)
Another method:
. _leiz Eeiz
i _ 2 N
(z+D)(z-1) z+1 z-1
eiz . eiz o 21 o
Rﬁs[z +1] —le_rﬂl[Z 1 (z +1)]—Z|I_r)T_ll[e ]=cos(1) — isin(1)
_Eeiz .
2" = M Regfqo_in LT
f @D dz 2 R_e;s[Z +1] . cos(1) > sin(1)
Res[ Zei_zl] - |Z@1[Zei_z1 -(z-D]=lim[e"]=cos(1) + isin(1)
Eeiz . .
if%dz =% . Rtla s[ Ze—l] Z%T cos(1) — gsin(l)

iz

§e—dz
~(z+1)(z-1)

:_i;"cos(l) - gsin(1)+ %Tcos(l) - %sin(l)

=—msin(1)
J-w L(X)dX =—zsin(1) and J.w _sin(x)
= (x+1)(x-1) = (x+1)(x-1)



Eg. Evaluate J.:wdx . [1993 XA FEECHT ~ 2003 UL BEEFT ~ 2008 i A EHT

L

(Sol.)

Complex-plane integration method:

cos(X)
X

dx is a real part of an integral

j sin de is an imaginary part and I

f e— dz . There exists only one pole 0 on the real axis.
z

By formula Jm f(x)dX:27zi~ZReS(f)+7zi-ZReS(f), where zk (1<k<n) is the
e PR [

pole on the upper half-plane and g;j (1 <j<m) is the pole on the real axis.

= §e—dz=7zi~Res[e—]=7zi-ei°=7ri, ro cos(x) dx=0 and J’w sin(x) dx=
¢ £ 0 z = X - X

= SiN( X) Vs
= | —=dx=—.
IO X 2

Laplace transform method:

By formula L{ t(t)} J. F(u)du,

[0

(s SIN(t) e e 1 PN
t }—J'Oe -Tdt—L L[SIn(t)]ds_Lmds_tan (5),

Set s=0. J- sm(x)d i3

Fourier Transform method:

. . 1,|x]|<1
Consider a rectangular function f{x)= ,
0,[x|)1

3[f (x)]:J'le““’XdXZZSL(w) :ﬂx)zs—l{m} _ 1 = 2sin D iy

-1 W w 27

. : o SiN( X Vs
is an even function = J:) (x) dx = E )
X

j sin Xd _ sin(x)
x

~~26



ta 2
cos(2ax) — cos(2bx) dx and J-O sin 2(x) dx.

2

Eg. Evaluate I N

o X
|2az _e|2bz i2az _ei2bz
(Sol.) Pole: 0 (on the real axis), if—dz =ni-Res[———1]
YA 0 Z

e|Zaz _e|2bz 1 d e|2az _eisz ) ) .

Res[——— ~ =lm —— — ZZ X — i2ae|2az _ i2be|2bz =i2(a-b
¢l z° | 0 (2 -1)! dz z° [ oo =20)
ii2az _ei2bz

. ré

dz=ri- 2(a-b)=2(h-a)r— r cos(2ax)—2 cos(2bx) dx =2(b-a)x

yA X

c

cos(2ax) — cos(2bx)
x? d
And 1-cos(2x)=1-[1-2sin*(x)]=2sin*(x).

fa 2 fa 2
. j Sl 2(X) dx=r and I s ) Z(X) dx ==
—o0 X 0 X 2

Let b=1, a=0= j“;

x= j“;l_%f(zx) dx=2(1-0)=27

o0 sin( x)
Eg. Evaluate Lo G DOC - 2% +])

(Sol.) Poles: 1 and -1 (on the real axis),

dx. [2013 o ERHEIRRAE - A BEET-4H]

Res[ e = lim [ e’ - (z+1) =i e” ]_izcos(l)—isin(l)
1 (z+D)(z-D%7 1 (z+1)(z-1)7 1 (z-1)° 4 4
Re S[ eiz ]:lhm [ |z (Z 1) ] eiz ] i(z+1)eiz _eiz _
1 (z+D(z-1)% 1 Az (z+1)(z- 1)? im dz z+1 (z+1)?
[-2sin(1) —cos(1)] +i[2cos(1) —sin(1)]
4
» eiz _ eiz eiz
. @anz—n? Ry Ry P
i COSD) ~isin(D) | [-2sin(1) — cos(D)] + i[2c0s(1) ~sin(1)]
4 4
__ —2sin(D) +i[2cos() - 2sin(1)] __ ~isin(1) —[cos(1) ~sin(1)]
4 2
ro sin( x) dx = — zzsin(1)
o (X+1)(x? —2x +1) 2
Ioo cos(x) dx = — rr[cos(1) —sin(1)]
— (X +1)(x* —=2x +1) 2
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2
o 1= x|
w

0 i n 0 7\ A 4\
Case 4 I sin(x) dx or I G(x")dx
% |cos(x") 0

/4

: 2 . i .
Choose C as a sector with angle — enclosing only one pole at € " or a sector with
n

V4 .
angle on enclosing no poles.

Eg. Evaluate

—, n>1.
0 1+x
x

: 2z 3 =
(Sol.) Choose C as a sector with angle — enclosing only one pole at e " .
n

dz ‘
=27 R =27 - (im (:
f1+:" E’S(f) = 'I:

2 iRe“do
o 1+R"e™

X Z
J.x dc _ e" -2m 1 T _  n
014+ x" ’,Z_X n i -i— N 2 T
_? n e n —e n Slll(_}
\ »
2i
X
Eg. Evaluate I = . (Ans.) S — [2024 &R A BB
° 1+x 56sin()
56

\/27r :

Eg. Show that J: sin(x?)dx = Lx cos(x?)dx = e

) 4 .
(Proof) Choose C as a sector with angle — enclosing no poles.

4
g R s ® axire . 0 wa s B
ﬁe’:'d: =O=J.0 e""d\'ﬁ—jfe’x"' .iRe'® d9+J.Re'R" e *dR

m X X
(3 iRe™ p i - ? (cos2B+i 2 (7 R 2in26 ? e0e2
As R—ow, |(]4 e®* iR’ dl9=1Rfe’“°°’“" = ”Je"d(9=1R|0‘e RAN20 SR80 100,

oy il e
= 2 ., 2 | V2 21 | g2 2 27 .
I [cos(x®) +isin(x”)]dx]= | [J_ - Lo e ®dr = \/_ —t LK. i
2 _l 2 2 ) 2 2 2 2

J.: cos(.\':)d.\' = I: sin(x*)dx =

szr
4



x" +q,,(x)

s [" X
'f Case 5 I G(e")dx , where G(.\')=L
3 o
¥ T: A Choose C as an infinitely-wide rectangle and there is one pole

>  on the imaginary axis.

Eg. Evaluate r de, 0<m<1. [ 1991 & KESHF)

z]l+e* it
(Sol.) Pole: i [ 2014 ERARER]
m: & mx o mRmy —x X idmT -mKX _imy
f g > dz = £ Z ax eTen,f(lj %(/ ; %l(]\l
~1+e° =]+ ¢’ l1+e" ¢ ® ]+e".e'” 2] +¢™ . ¥
> (z—m)e™
=2m-Res(f)-°m lim
=i 4o

m. mz

+m(z—mi)e

=2 - lim _ = 27i(=1)"™" = 27ie! ™"V
e ] e’
7 2 27 2™ ™ 0 g M8, ™My
S 0<m<l, C.Ro », J. '—R—l(h — 0fand I -——ld\ —0
0 1 +e -e 27 l + e
mz i
f e s =9 _nei(m Hr _ ’[ (1 ,a,,,, ) P
l+¢é° 1+¢*
mx .
- J‘I‘ - dy = 27 .e™T . (—l) e T - T
-2 ] 4 ¥ l_eizm,r eim;.' L e-lm:r Sill(lllT[)
2i
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Case 6 Other types T A
© P
Eg. For 0<p<1, I _— =7 [_ o X
0 \(l+ X) Pa 5
(Sol.) "." 0<p<l. .. Polesare0and-1. \ fe
zPdz zP .
§ - 27 Res(f) 2 11m( +1)- =27 -e™? ™ and
=1+ :) z2(z+1)
ff zPdz _J~R x?dx J&v i(Reie)”dGIJ_r(.\'e"")p_ld(.\‘e"z”) j-o i(ge'®)?de
s1+2) s x@+x)] P 1+Re® R 1+ xe'” 27 14 ge'®
27 i(Re™)? d@
* 0<p<l.R—co, .". —_’0
b L "R
0 i(ge’)?do
—00 _—0
§ Lﬁ 1+ ge’®
sy G 2 = ). L 12T\ p-1 n2r o1 — 227217, P s
:>§ 2dz —I X7 dx +I[0 (xe") n:(.\'e N =[1-e ]-xPdx
z(1+2) 0 x(1+x)| F= 1+ xe'™" 0 x(1+x)
J~== x?dx  2m- gy T 7
0 x(1+x) 1-e=®D (e"’” —-e®)/2i sin(pr)
= ¥y Im A\
Eg. For -1<a<l, ——=? [RZAKEEFEWHE
0 (I1+x)° »
Fit ~ 2003 HrIEERT) ¢
(Sol.) —1 is a multiple-order pole. Re

,f 5 =2 Re s(f)=2m- hm—d[(-+1) —)/d= =27 -ae'”™ ™" , and

(1+2)° 1)

§ z%d= _J«R xdx 4_I{E‘T(Re"")"iRe"”(1(9 «(x?7) d(xe™™) IIO (se'®)ice'®de
(1+2)° P+ P°__(+Re¥) R (1+xe?) | p2r__(1+ ge’?)’

2r (Re'?)*iRe” d@ 0

. -1<a<1,R—0, .. j

(1+Re'?)?

ié\a ié
e —0. -, ,[0 (ge'”)'ice’"d@

€ ue %
27 (1+ge')?
s § z25dz . r x%dx i _[0 (xe"™ ) d(xe™" ) r [1=2 D)5
1+ P +x)? (1+ xe™")’ 0 (1+x)*
Jm x'dx _ 2mi-ae™ ma ar
2 ¥ (l+-\’)2 l_e12,f(a+l) ( m _ o -im )/21 Slll((l/'l')



