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Chapter 3 Complex Sequences and Series 

3-1 Sequence and Series 

Sequence {zn}:  z0, z1, z2, z3, …, zn, … 

Series: 
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Radius of convergence for 
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the series converges absolutely if |z-z0|<R and diverges if |z-z0|>R. 
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http://faculty.pccu.edu.tw/~meng/Music%20From%20The%20Fibonacci%20Sequence.mp4
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3-2 Complex Taylor’s Series & Laurent’s Series 

Taylor’s series: f(z)=
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. In case z0=0, it is called Maclaurin’s 

series. 

Eg. Find the Maclaurin’s expansion of f(z)= dwe
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Laurent’s series: 

f(z)= 
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, and C: |z-z0|=ρ, r1<ρ<r2 

 

Eg. Find the Laurent’s series of f(z)=
3
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 about z0=0, indicate the type of 

singularity and the region of convergence of the series. [清大電研] 
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Basic formulae:  

2 3 4 5 6 7 8
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Eg. Expand f(z)=
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 by Laurent’s series in case: (a) |z|<1, (b) 1<|z|<2, (c) 

|z|>2, (d) |z-1|>1, and (e) 0<|z-2|<1. 
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Eg.  Find the Laurent’s series of f(z)=
2

2

1z 
 for (a) |z-1|<1 and (b) |z-1|>1. 
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Eg.  Find the Laurent’s series of f(z)=
23

1
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 for 1<|z|<2. [1991 台大機研] 
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Eg. (a)
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Eg.  Find the Laurent’s series of f(z)=
jzz
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Eg. (a) Find the Laurent’s series of f(z)=
3

)2cos()sin(

z

zz 
 about z0=0. (b) Evaluate 
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(b) There is only one pole 0 within |z-1|=2 and the residue at z0=0 is 0. 
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3-3 Summation of Series by the Residue Theorem 

Theorem Let z1, …, zm be the poles of f(z), then )]()[cot(Re)(
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Eg. Evaluate 
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3-4 Infinite products 
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Eg. Determine the domain D of convergence for 
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Note: sin(z)= 
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Appendices 

 

1. Apply Weierstrass’ theorem to prove 
63

1

2

1
1

2

22
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2. A weird proof of 1+2+3+4+5+6+……=
−1

12
 

S1=1-1+1-1+1-1+1-1+-…… 

S1+S1=(1-1+1-1+1-1+1-1+1-……) 

      + (1-1+1-1+1-1+1-1+-……)=1, ⸫ S1=
1

2
 

S2=1-2+3-4+5-6+7-8+-…… 

S2+S2=(1-2+3-4+5-6+7-8+9-……) 

     + ( 1- 2+3-4+5-6+7-8+-……)= 1-1+1-1+1-1+1-1+-……=
1

2
, ⸫ S2=

1

4
 

S=1+2+3+4+5+6+…… 

S-S2=(1+2+3+4+5+6+7+8……) 

-(1- 2+3- 4+5- 6+7-8+-……)=4+8+12+16+……=4S, ⸫ S=-S2/3=
−1

12
 

 

http://faculty.pccu.edu.tw/~meng/Compute%20zeta(2).mp4

