Chapter 3 Complex Sequences and Series

3-1 Sequence and Series

LKLY Ly

Sequence {zn}: zo, z1, 22, 23, ..., Zn, ...
Series: Y 7, =Z,+Z +Z,+- -+, + 21-34-55 I
n=0

Absolute convergence: Z| z, | converges. (In this case, Zzn converges also.)

n=0 n=0
Eg. is an absolutel convergent series because
& Z (n N 1) Y .
Z| 1101 and > (=) 2:1—l+1—i+—--- are both
(n+ l) 4 9 16 =+l 4 9 16
convergent.

Conditional convergence: Z:Zn converges but Z| z, | diverges.
n=0 n=0

(D", 1,1
2n+1 3 5

0 _1 n
Eg. z ; ) 1 is conditionally convergent because Z
= 2N+

. 0 (_1)n 1
is convergent but =1+—
& Z;' el 1t3

11 -
+—+—=+--- isdivergent.
S 7

Radius of convergence for Zan (z—12,)" : There exists R (possibly R=) such that
n=0
the series converges absolutely if |z-zo|<R and diverges if |z-zo[>R.

n+l
a,.(z-z a,
(PI‘OOf) | n+1( O)n |<1:>|Z Z |< | |
|an(z_zo) | |an+1|
. a .
Define R = lim|—", so the proof is complete.
n—o0 an+l
2 n"
Eg. Find the radius of convergence for —I z-i)".
n=0 n
n+l
(n+1i (Z_i)n+1 " 1 .
(Sol.y |-(N+L) _( i j(z—i)<1
‘ iy "

. 1
|Z—||<(1+— —etasn—>o, .. R=¢"
n
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3-2 Complex Taylor’s Series & Laurent’s Series

Taylor’s series: f(z)= z- f ™ (z,)(z—2,)" . In case z0=0, it is called Maclaurin’s
:0
series.

2 2
Eg. Find the Maclaurin’s expansion 0fj(z)=—J.Ze’W dw.
Jz %

(SOI) e—w2 —1—w2 +( —W ) (_W2)3 . (_W2)4 N (_W2)5 N

2! 3 4 5!
4 6 8 10 2n
:1—W2+——W—+W———+---+(—1)n
20 3 4 5!
. ) 3 5 Z2n+1
J'erW:z——+ — 44+ (=1)"
3 5.2 2n+1)n!

3 5 2n+1
f(z):i[Z_Z__F z _+...+(_1)nz—+...J

Laurent’s series:

S n a—z a—l 2
2= Y a(z-z)" =+ + +a, +a,(z-2,)+a,(z—2,)% +-- ,
10 aa-2) = P B rae-z) a2
where a,, = l_ff f(W)n T dw, and C: |z-zo|=p, r1<p<r
(W_Zo)+

z—-sinz
23

Eg. Find the Laurent’s series of f(z)= about z0=0, indicate the type of

singularity and the region of convergence of the series. [[E /X ELT]

z-sinz 1 22 ¢ 7
Sol) f(2)= =—lz-|z-"—4"—-" ...
(Sol) 1(2) = z® 23{ [ 3 5 7 H

|8y | _[(D" 27| JleDmt 2|
la,| | @n+3)|/| (@n+1 |

7? < (2n+3)(2n + 2) = z<R—0
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Basic formulae:

i?1¢r+r2$r3+r4.|—.r5+r6$r7+I’8-T-+---
1+r
. 1 bY (b)Y (bY (bY
Lb:_.[“[_}r(—j {_j +H +} >
. 1 b a a) \a a a
= a
a— 1 2 3 4
v 1|y (aj{ﬂj +(Ej (EJ +... [, |a|<]b|
1 a b b b b b
X 1. (b)Y (bY (b)Y (b) ]
B e
1 1+— L J
_J  a
a+b . r 2 3 4 n
b1 1_(9}@ _(ej +(§) .|, Jal<]b
2 b {b)\b) b)) (b |

Eg. Expandf(z)z; by Laurent’s series in case: (a) |z|<1, (b) 1<|z|<2, (¢)
(z-D)(2-2)
|2[>2, (d) |z-1[>1, and (e) 0<[z-2|<I.
z z 1 2
(Sol.) f(z)= =— = -
(z-D(2-2) (z-D(z-2) z-1 z-2
2
@ |zkl= 1>E
) 1. 3., 7., 15,
i:i:(—l)(l+z+zz+zs+-~) EIEI f(Z)Z—EZ—ZZ _gz _EZ -
= =1-z-2*-72"-7*-...
-2 2 1 z (z2) (2}
?:?:Z:“T[EJ @
2
1
(b) 1<zk2 :>1>|—, 1>U
z
1 1 1, 1.1 1
- = == 1+7+72+73+ ...... 2
2t Z(l—%) ( ’ ’ j, f(z):---+—3+—2+%+1+—+—+---
= —7+i2+—+
Z 7 z
-2 1 z (2} (2}
sl )
2
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g

(c) |z|>2:>%<1:>1> 1

|
1 11 1
— = ==—|1+=+=+
-1 1 z[ 2 ) 1 3 7 15
{1-3) @)=
1 1 1 Z z
=S+ b+
= A z z z ) ,
2 2 1 2 2 (2V (2
z
__2_ 4.8
Tz 27
(d)|z—l|>1:| 1|<1
Z_
-2 -2 2 1 2 4 - .2 2 2 _
ﬁ:(z_1)—1=_z'1_i:_ﬁ'[“(z_l) R S e
z-1
o 2 _ -1 2 2 2
z-1 z-2 z-1 (z-1)* (z-1°® (z-1°
(e) 0<z-2k1= ! !

z—1=1+(z—2) =1-(z2-2)+(z2-2)"-(z-2)" +—---

f(z)= zil_zEZ —232+1—(z—2)+(z—2)2—(2—2)3+(z—2)4—+---
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Eg. Find the Laurent’ 1/<1 and (b) |z-1>1.

2 1 _1._1. -
-1 z-1 z+1 z-1 2+(z-))

(Sol) f(z)=

() |z—ﬂ<1:>E§H<1

-1
-1 2 B z-1 z-1, z-1, z2-1,
R e e e e

f@) = -2+ D - -+

2 2 2

|z2-1]>2

(b) p—q>L3{2>P_u>l

Case L: If |z-1>2=1>—,

1
1 (@) 12 2.,
2+(z—1)_1_Jr 2 (z—ﬁ 1 z—1+(z—ﬁ (z—l z-1

(z-1)

1 2
t@) =T~ -+ =)

1 2 2
= . — +
z—l[z—l (z—ﬁ (z—l z-1

Case 2: If 2>|z—1|>1::>1>|—zz_EI

2+(z-1) 1+

-1
G QU Gy e G

f@) - -T2+ D - D 4
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Eg. Find the Laurent’s series of f(z)=—;

————— for 1<|z|<2. [1991 &AM
Z2°—-3z2+2
1 -1 1

Sol. = +
( )22—32+2 z-1 z-2

1<|z|<2:>1>1 nE N N _—1-{1+—+i2+--1
4 z-1 z ;1 z z 2
z
_ _ 2
:>1>m’ L:_li__l 1+£+Z_+...
z-2 2,2 2| 2 4
2

1 e’
. (A) ——— for 1<|z|<3 about zo=0, (b
& O 07 3 B ut 20=0, (b)

for |z-1/>0 about zo=1.
(2-1)° |z-1] 0
Find their respective Laurent’s series. [1991 32 KX E{E]

1 1
1 2.2
(So )(a)(z—l)(z—3) z-1 z-3
11 21
1<|Z|<3:>l<1, 2 2. 1 :_2.|:1+1+i2+...:|
2| z-1 z 4 1y z 7 z
@-=)
z
1 1
A _ 2
1<|z|<3:>1>m, 2 2 1 _11+£+Z_+
z-3 3 z 6 3 9
(1—5)
2
= f(z):_l 1+i2+i3+... _1 1+£+Z_+...
2\z 1z z 6 3 9
z a1 _1)\2 )3
1 LS L T P W C I G
(z-1)° (z-1)° (z-) 2! 3

e 1 . 1 +1+(z—1) ]
(z-)° (z-1) 2o 3
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SLH2) for 1<z-ji<2. [2013 HLLIERH]
7° + |z

Eg. Find the Laurent’s series of f(z)=

52+2j_ 3 2

(Sol) 227° 4=
2°+jz I+ 1
r i 211
lz-j|<2=z j|<|2j|:>—|2j| <1,
3 3 3 1 3 Z— | Z— | Z— |
== == = ey
z2+] 2j+(z-j) 2j 1+(Z_J) 2] 2] 2] 2]
2j
1<z|= L <1
[z— ]|
2 2 2 1 2 j j
;:'+(z—')= i) ' =(Z—')'[1_zi'+(zi')2_(zi')3+ ]
J D@=) ) ] ] J J
Z—]
52+2j_3 -] 1)y 2-] 2 J J o\ J o3
== "l =_"1- + — + -]+ J1- + — +—
7tz 2j[ 2i (2j) (Zj) ] (Z—j)[ | (z—j) (z—j) ]

sin(z) - cos(2z)
Z3

§ f (z)dz, where Cis a circle |z-1|=2. [2012 S ERFERELH ~ £ BB T-4H]

C

Eg. (a) Find the Laurent’s series of f{(z)=

about z0=0. (b) Evaluate

(Sol) (a) f(2)= sin(z) - cos(2z) _ sin(3z) +sin(—z) _ sin(3z) —sin(z)
. 73 273 573

:is|:(32_(32)3+(32)5_(3z)7+_...J_(Z_£+£_i+_...):|
3 5! 7! 3 5 7

1 26z° 2427° _ 1 13 12177
=—|2z- + —+—- +
27 3l 5l

(b) There is only one pole 0 within |z-1|=2 and the residue at zo=0 is 0.

. § f (z)dz =2i-0=0.

C
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3-3 Summation of Series by the Residue Theorem

Theorem Let z1, ..., zm be the poles of f{z), then Z f(n)= —ﬂ'z Re s[cot(nz) - f(2)]

N=—0o0

and > (-1)" f(n) = —ﬂz Res{csc(az)- f (2)].

Eg. Evaluate 1—%+%—% —---. [1991 JEREHT)
1111 1 < (~1)™ = (~1)"
Sol) I-—4+=—-—+———+—--= =(-1)-
(Sol) 3 5 7 9 11 §2n—1 ( )EZn—l
Z Z( 1) z(_l) - +l—l+1—1 +(—1+1—1+£—+ j
—=.2n-1 =2n-1 7 5 3 3 5 7

111 1 1 = (=Dt 1& ()"« csc(nz)
>l-—+ -t =+ = =—— =—Res| ———*
2, 2Z 2 T 2z-1

:%R&as csc(7r12) _g"ml csc;;z ( _lj oz
2 71— — 4.2 7—= 4
2
) 0 (_1)n+l 1 1 1 .
.« . Z = —_+___+_.__:_
o 2n-1 3 5 7 4
Eg. Evaluate ! 5 iz+i2+i2+
nfl(2 _l) 3 5 7
l 0 1 © 1
Sol
(Sob) Z :Z(Zn —1)? ;(Zn—l)z
1

32 52 72 “(@n-)* 2 1 |(2z-1?
2
_ "7 Res cot(zz) _ =7 im 1d | cot(nz) x[z—lj
8 1 (Z_g)z 8 :,11ldz (Z_g)z 2
2 2

&2 L1011 7?
=— (- csco(—)=— 4=
8 - (m)-ese’( 2~ ;(2n I TEAR OO 8
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1 1

1
Eg. Evaluate 1- 57 + OIY

1 1 1 = (-
SR S

Sol) 1-—+——
( Y ) 22 32 42 ~ n

& (-D)" (1) o) O I
n2 Z Z _( +42 32+22 1)

1 1 1
+ -1+ -=+— =2
( 22 32 42 ; n2 n=1 n2 n=-o
1 1 1 & (- 1& )" 7« CSC(ﬂ):|
Sl b= -= =—Res
22 3¢ 4 HZ:;‘ n’ 2,1:2,00 n> 20 z°
csc(mz) 1 1 111
z? 2%sin(zz) 7378 T 61
J— 3! +—...
o 2
. Res csc(;zz) _T _ (7|7
0 z? —~ 6 12
Eg. Evaluate 1+?+3—2+---.
=1 > 1 Vg cot(zz)
( Z‘nz Z;n 2 0[ z* j
n=0
7’ +774Z4 .
cot(nz) _ cos(mz) _ 2 4 1l =1 .
z? z2° sin( zz) ) 7%z° 71" 31
G T

2

. coi(z)\__7_ 1 _(_x\(_=\_7"
“RSS( . j‘ =2 [2M 3) 6

Eg. Evaluate l+i+—4+
2" 3

1 1& 1 R cot(nz)
Sol) Y= ==% = __%
(Sob) 2 e=5 2 =5 (z"j
n=0
s 7r424_+
co(m) __cos(m) _ 2 4 1lxnl 2L
z* z2* sin( 7z) 4( 732%  7%2° J r1° 31 45z
2% mz - —+
3! 51
3 0 4
. Res(cot(jzz)j:_ﬂ_jzizz(_z]_ |7
53\ 45 =y 2 )\ "a5) 90
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Eg. Evaluate (a) Z =7 (b)z

n_,oon +a’ _1n +a’

~7- [Re s( cgt(;zzz ) + Re_s( Cgt(ﬂzz ﬂ
a (z°+a -\ z°+a

. { cot(n_al) . COt(—7Z:aI)} _ meot(zai) _ 7 7 soth(ar).
2ai —2al ai a

(b) i > i 21 +—+Z —22 izgcoth(aw)

“n*+a® &n’+a’ “n® +a’ ~n’+a’
1|7 arcoth(ar) -1
= =| =coth(ar)-—= |= .
nzlln2+a Z[a (ar) az} 2a’
2_2
(1_a o)
2
ar —ar ar- 3_3 _1
a;r-e € -1 (aﬂ'—a” +—-)
-1 1. arcoth(ar)-1 1 g7 _gar : 6
> = ==lm ) = lim - = —1lim g
= n 2 a—0 a 2 a—0 a 2 a0 a
a272'2
1. @+ 3 +--)-1 .
=—lim 5 =—
2 a0 a 6
Eg. Evaluate )’ 21 =? [1999 &R ABIH|
—=n +1
(Sol.) a=1,
< 1 1 = 1 = 1 1
——— =—|xcoth(x)-1], =1+ =—|rcoth(z)+1
nzzl“n2+12 2[ (m)-1] nzz(;n2+1 nzzl“n2+12 2[ ()+1]
3-4 Infinite products
Theorem If Ha (#0) converges, then lima, =1.
n=1 n—o0
N . ) . N N-1
(Proof) Let p, =11an, 1=lim py /lim lezL@w(Han Hanj lim a,,

Theorem H(1+ a,) converges if and only if ZIog(1+ a,) converges.

n=1 n=1

Theorem H(1+ a,) is absolutely convergent if and only if Zan is absolutely

n=1 n=1
convergent.
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2

0 n
Eg. Determine the domain D of convergence for H[(l+ 1] . Z”} .
n=1 n

(1+1j z"
n

>1

(Sol.) H{(l+ 1) Z”] diverges if ¢im
n=1

n n—oo

ime"-z"|>1=|z>e™, H{(1+Ej z”} diverges
N—o0 n

n=1

D={z:|z]<e™} for convergence.

Weierstrass’ theorem Let f{z) be analytic. All zeros a1, a2, a3, ..., an, ... are single

and 0<|ai1|<|az|<|as|< ..., ¢im|a, |= oo, then f{z)= f (0)e” @/'© -H[(l— z/a, "™ ]
n—oo K=l

Eg. Show that cos(z)=|1- 2 1- 2" }{1— 2" }
& Show that (Z){ <n/z>2}{ o2y | Gr2)

(Proof) Zeros of Cos(z):i%, i%[, is?ﬁ,"'

cos(0) =1, z[cos(z)]’/cos(z)‘zz0 =0, e?a .Y =1

cos(z)={1—(ﬂ;;)z]{1_(3;ﬁ}.

Note: sin(z)= 2{1—2_22][1_ 2 2]{1_ 2’ 2}
7f (27) (37)
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Appendices

2
1. Apply Weierstrass’ theorem to prove 1+ 2% + 3% 4= % .

Euhf

S~ (-3l

2. A weird proof of 142+3+4+5+6+......=—

Si=1-1+1-1+1-1+1-1+-......
Si+S1=(1-1+1-1+1-1+1-1+1-...... )

+ (1-1+1-1+1-1+1-1+-...... =1, . Si=
S$r=1-2+3-4+5-6+7-8+-......
Sr+82=(1-2+3-4+5-6+7-8+9-...... )

+ (1- 243-445-6+7-8+-...... )= 1-1+1-1+1-1+1-1+-...... = 8=
S=1+2+43+4+5+6+......
S-So=(1+2+43+4+5+6+7+8...... )

-(1- 243- 445- 6+7-8+-...... )=4+8+12+16+...... =4S, .. =S/ 321—21
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