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https://www.youtube.com/watch?v=VoGqQgvfnMo
http://faculty.pccu.edu.tw/~meng/2023.06.16%20帶學生參訪交大光電.mp4
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Stratton-Chu formulas for calculating EM Fields of antennas: (by L. J. Chu)

E(F) = IIJ.[—jw/lGj+£V'G -J. XV'G]dV'+ﬁ[—ja),uG(én xH)+(@4, -E)V'G+ (@, x E)x V'G]dS'
v £ S

H (F) = jﬂ[ jweGT + L VG+Jva]dV+ﬁ[Jng(a xE)+ (4, -H)V'G+ (4, x H) x V'G]dS'

— jkr
where G = 2 is Green’s function in the free space.
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Chapter 1 Electromagnetic Field Theory

1-1 Electric Fields and Electric Dipoles
Gauss’s law : [f][sg'd§=%=émpd"' N ,[_UV Zay __HI v SV.EZL

and eo= 1 x107° (F/m) in the free space.
367

£ \
/ ¥ X
/ / \
| |
\ i /
\ / >y
\ /7
\\ 7
\\ ///
(a) Point charge at the origin. (b) Point charge not at the origin.
R - »_ H. ) R,_ R"
For g at R', field point at R=E-= qiRR — = q(RA Rj and g =——.
4 |R-R'|?  4m |R-R'[ R- R\
= . 2 1 R R
E due to a system of discrete charges: E = Z i )
k
\olume source p= E = —m. a m pR
Surface source ps= E ——_U a dS' Line source p1= E ——_[a —dr
4 A ﬁ —
Eg. Show that Coulomb’s law F = ar q1q22 = %a.R ,where 4, =—, R :‘R‘.
4R AmeR® "R’
.. = c 4o O 2 c_ A 0, R
Proof) .- F=q,E and E-dS=—=4m°E, E=a =
(Proof) % i P "4mR?  4mR°

E 221 (]1q22
4R



Eg. Determine the electric field intensity of an infinitely long line charge of a
uniform density pi in air.
(Sol.)

fEds=[ ["Erdgdz=2mLE

omlE=PL E_a A

& " 27,1
Eg. Determine the electric field intensity of an infinite planar charge with a
uniform surface charge density ps.

(Sol) {E-dS=-2ES=2EA, 2EA=22

€y
AN
7P z>0
= E = 2‘90
= ps < 0 Infinite unifor
280 surface charge, ps

Eg. A line charge of uniform density pi in free space forms a semicircle of radius
b. Determine the magnitude and direction of the electric field
intensity at the center of the semicircle. [5%5]

M( dg)
47z b’

0

-sing, D

(Sol.) dE, =

el
27 \b

E=§/ :—)A/—I S|n¢d¢_—

Eg. Determine the electric field caused by spherical cloud of electrons with a
volume charge density p=-po for 0<R<b (both po and b are positive) and p=0
for R>b. [ K EFYIEEFR]

(Sol.)
(@ R>b
4 = Q A b*
Q= b Bt e = Ay
0 0
(b) O<R<Db

-

E—a. E. dS=a.dS. § E-dS=E[dS=E4zR?
R R S s

Q= mpd"——/?ode—— — ,E_—Ag‘JR

€0




Eg. A total charge Q is put on a thin spherical shell of radius b. Determine the
electrical field intensity at an arbitrary point inside the shell. [& AZERF]

(Sol.)

ol Q dE = Ps (dsl_dSZJ

- 47zb2 ! 47280 rlz rzz
ds ds
dQ=—"cosa=—>cosa dE= Ps (dQ _ 4o j:o
r, r, 4, \ COSa  COSx

Electric dipole: A pair of equal but opposite charges with separation.

N

- a -> d —> a d2
R__ 73: R__ . R—_ 73/2: R2_R'd+_73/2
[R=21"=IR=-2)-(R=2)] [ 7]
R-d 3Rd
~R3M-—1%¥2=RM+2
[ RZ] [ 2 Rz]
i a—s -3 3&8
R+—["=R _=
[Reo P=REM-2 ]
S d - d
E ) R _)_>_) - _>._)—> -
=E= ] 23_ 23: qs deR_d_ 133R2PR—P
Are . a . g 4R R 4R R
R-—| |R+—
2
( P:zp:paRcose—aasinej R-p = pcosd j
=E= p3(aRZCos¢9+agsin6’j
4R

Eg. At what value of @ does the electric field intensity of a z-directed dipole have
no z-component.

(Sol.) E:4 pR3 (z;r2cose+afgsin¢9), E:aArcose—a;sine
e

0

No z-component=>2c0sé-cos@ —sin@-sind =0 = tan” @ = 2 =6=54.7° or 125.3°



1-2 Static Electric Potentials

-

E=-WV :>v2—v1=—:EdT and VAV =—p/e

Electric potential due to a point charge:

R A A 7

VS . H . 7w
© 47ZE‘R 47ZE‘R // //"_\ Py \\
/ / y
V, =V_ -V =i(i_i) ! S O
21 = Vp, T Vp ! \ / J
475‘ 2 \\ \\ // /

. ; . s B /

Electric potentlal due to discrete charges: % 7

b 32
\\\ ///
T am kZ;|R R

Electric potential due to an electric dipole:
_9 1 1
Are (R+ Rf)
If d<<R, we have

-1
is R—gcose ~ R1(1+icose
R 2 2R

+

-1
and i; R+9cose ~R? 1—icose
R 2 2R

b A

qdcos¢ > = p-ag
V = , =qd =V =
4=R? P=1 AR? V)
— A av A 8V p A A
=E=-V=-a,——a,—=—"—(a, 2cosfd+a,sin@
ROR Y ROO 47z5R3( R »Sin0)

Scalar electric potential due to various charge distributions:

_ 1 P
Volume source p=V = Em‘vlﬁdv .

_ 1 pS 1
Surface source ps=V = Eﬂs-ﬁds
Line source pi=V = iJ'ﬂdl'

e ¢ R
Note: 1. Visascalar, but E is a vector.

2. E=—WV isvalid only in the static EM field.



Eg. Obtain a formula for electrical field intensity along the axis of a uniform line
charge of length L. The uniform line-charge density is pi. [(5%]

L —+——¢p(0, 0, 2)
(Sol) R=z-17, z>E
v P J-L/Z dz _ P Z+(L/2), Z>£
brg S22 -7 Ams, | z2-(L12) 2 :
- A A _'/_ i3 L2
e-_V_5 At 51 Z>— 0 +
dz " 4|2 - (L/2) | 2 kil

Eg. A finite line charge of length L carrying uniform line charge density pi is

coincident with the x-axis. Determine V and E in the plane bisecting the line
charge.

Lr2 pdx P sz 2 L
Sol.) V = = In — | +y"+—=1|=In
( ) I_L/24728‘0 [XZ + y2 27280 { [ (2 y 2 y

and E:—W:§/ P L/2
270y | J(L12) +y?

Eg. A charge is distributed uniformly over an LxL square plate. Determine V
and E ata point on the axis perpendicular to the plate and through its center.

2
(Sol) p, =%, y2 > y2 427, V=L IUZH (L) +y2+zz+;}—ln,/y2+zz}dy

ZMO -L/2 2
_ : i} _ 2 i}
2(;] +2° +; (IZ_]
= QL2 Eln : —ztan™ :
e
’ of L) +2-L 2|2 L) 122
i 2 2_ i 2




Eg. A positive point charge Q is at the center of a spherical conducting shell of an

inner radius Ri and an outer radius Ro. Determine E and V as functions of the

radial distance R. [[5%]

(Sol) R>R, {{EdS = E4nR? Q% -2 v ["er=-2
s & 47 R © 47 R

Ri<R<R,, E=0, V =V __Q
R=R, 4m,R

R<Ri, E-_Q V=—_[EdR+C= Q .c
A7z R R

c. Q1 1) _,,_ Q1 1 1
4m,\R, R 4m,\R R, R

Eg. Obtain a formula for the electric field intensity on the axis of a circular disk
of radius b that carries uniform surface charge density ps. [5%5]

(Sol.) ds'=r'dr'dg’, R=+/z?+r"

- p;zgo oanb(Zz+rr- dr'dg’ '03 [z +b? )1 z|]

E&b—z(zz+b2)4/2] z>0

Eo-w- _ Azgo .
oz Ps b+z(z +b) ] z<0
250

Eg. Make a two-dimensional sketch of the equipotential lines and the electric
field lines for an electric dipole.
(Sol.)

qd cosé

47zgoR

For an electric dipole, V = =constant= R =c,~/c0os@

dl = kE , where Kk is a constant.

a, AR +a, Rd0 +a, Rsin Odg = k(aAR E.+a,E, +a, E¢j

dR _Rd¢ Rsingdg dR _ Rdg
E. E, E, ' 2cosd sind

, R=c.sin’0
y



u=0.5:0.5:3;
c=exp(-u/2);
xc=(c."2+1)./(c.~2-1);
r=2*c./(c."2-1);
phi=linspace(0,2*pi,200);
X=cos(phi')*r;
Y=sin(phi')*r;
XC=ones(size(phi'))*xc;
plot(X,Y+XC,'r");
text(0,1,\leftarrow p+');
hold on
plot(X,Y-XC,'r");
text(0,-1,\leftarrow p-");
th=(20:20:160)*pi/180;
c=cot(th);
r=sqrt(1+c.*c);
X=cos(phi')*r;
Y=sin(phi')*r;
C=ones(size(phi))*c;
plot(X+C,Y,'b");
plot(c,0,'Vv");

xline(0,")

yline(0,'-")
title(‘equipotential lines(red line) and the electric field lines(blue line) for an electric
dipole");

10




1-3 Magnetic Fields

Magnetic field: H = B = B_ M (A/m), where uo=4nx10" in the free space.
H o Hy
: L= Ml pdfxag
Magnetic flux density: B =—
’ / 4r § R’

C

I
Il
o

Ampere’s law of H : §H-d|‘:| = Vx

ivx§=5+5m=j+wm or Vx(—-M)=1J,
H, 0
HzE—M :>§I:|-drzl,and |_5>=u0(H+I\7I)=,uO(1+Zm)I:|=,uOurI:I,
Ho
where yr=1+;(m:i
Ho

Gauss’s law of B: V-EzO@ﬁg-d§=O
S

© V.B=0, 3A fulfills B=VxA
VxB=uJ =VxVxA=V(V-A)-V’A

Choose V-A=0=>VZA= —,uj (Note: V%V = — 2 s scalar Poisson’s equation)

&

Ve A:ﬁjvﬂ%dv' (Wim)

Magnetic flux: |® = H B-dS = H (VxA)-dS = if A-dl (Wb)

. _ di'xa I'xR
Biot-Savart’s law: B =’u—|§ ><2 R =’u—|§d| 2R
A R A R

2
di

o d .l .. = = =
A=l =dv=L29— ) 0 Vx(fG) = fVx G+ (V) xG),
47zIVHR 47 2. R <(16) <G +(V)xG)

. B=VxA=Vx ’u—lfﬂ :'UI§V><(d|)='m§{1de|'+(vl)xdl}=ﬂl§d|xaR
4z ¢ R 4r 2. R™ 4z°|R R 4r 2.

c



[veilag a2 ol
Note: ox oy o , and then dB (
4r

dl' = Rdx'+ydy'+2dz'= V xdl'=0

dr'xéR) _u_ldr'xﬁ
R? 4r R®

Eg. A direct current | flows in a straight wire of length 2L. Find the magnetic

flux density B ata point located at a distance r from the wire in the bisecting
plane.

(Sol.) dI'xR = 2dz’x(a,r — 22') = 4,rdz’, R= (2% +r?)

B_a &IIL rdz' _3 LolL
k@ T e

Eg. Find the magnetic flux density at the center of a square loop, with side w
carrying a direct current I.

(Sol.) ng, r=Y in this case,

W
M’E _22ﬁ,wal

Eg. Find the magnetic flux density at a point on the axis of a circular loop of
radius b that a direct current I.

(Sol.) di'=4,bdg’, R=2z2-4 b, R=(z? +b?)"?

dI'x R =4, bzdg'+2b’d¢’

= A /Jo'
.Incase of z=0, B=17
2(z% +b?)¥? 2b

_ ~ & bz + 20 Ib?

BZ&IIZ 7 g9 =2 -
4r (2% +b?)¥

Eg. Determine the magnetic flux density at a point on the axis of a solenoid with

radius b and length L, and with a current in its N turns of closely wound coil.

5 2
(Sol) df = ol (Nyg,
2(z-2')% +b]?
—B>_J-Ld—B'_ﬂoN| L-z N z ~ M, NI z B z-L
0 2L [(L—z)2+b2]1/2 Jz% +b? 2L \/22+b2 \/(z—L)2+b2



Ampere’s law of B: Vx B= ,uj < §§ -dl = gl , where u=uo in the free space.

Eg. An infinitely long, straight conductor with a circular cross section of radius b
carries a steady current I. Determine the magnetic flux density both inside and
outside the conductor. [RGB FT]

(Sol.)

(@) Inside the conductor, r<b: ‘ }

- - 207 7Z'r2 Mo, - ,uOI‘I
;le-dlzj'o Brd¢=27er=yo(%)l=,m(B) I—>B=a¢2

ﬂbz

(b) Outside the conductor: fE -dl =22B = ol = B = a, gll
Vit
C2
Eg. Along line carrying a current | folds back with semicircular bend of radius b.
Determine magnetic flux density at the center point P of the bend. [[5%]

(Sol.)

1

5. np R o A;uol o 5 th
B=B, +B, , where 81:2-z4ﬂb, B,=12 20

1

Eg. Determine the magnetic flux density inside an infinitely long solenoid with
air core having n closely wound turns per unit length and carrying a current I.
(Sol.) BL=gonLl => B = uonl i

Eg. Determine the magnetic flux density inside a closely wound toroidal coil with
an air core having N turns and carrying a current I. The toroid has a mean
radius b, and the radius of each turn is a.

(Sol.) §§.di = 2718 = 16N

P NN
0, elsewhere . j

aB=4a , b—a<r<b+a




Eg. In certain experiments it is desirable to have a region of constant magnetic
flux density. This can be created in an off-center cylindrical cavity. The uniform

axial current density is J =23 . Find the magnitude and direction of B in the
cylindrical cavity whose axis is displaced from that of the conducting part by a

distance d. [&KEH - BB - HREH]
(Sol) J=23, {B-di=g,l

. x1 yl
If no hole exists, 2. B, = u a2 = B _Hoh gy 2
1 Pg1 o/t #1 2
B Ko X
yl 2 1
TRy
g . r. x2 2
For - J in the hole portion, Bs —_Hele 5 2
2 #yd
By, =-— 5 X,

At y, =y, and x, =x,+d =B, =B, +B,,=0,and

Mo
B, =B, +B,, == d



1-4 Electromagnetic Forces

Lorentz force equation: F =q(E +Vx B)

- —

Electric force: F, = qE . Magnetic force: F, =qvxB

Magnetic force dueto B and I:
Fm:quB:dFm:dq%xE:d—quxE:Id?xB, Fm=|§d?xl§
dt dt 2

Eg. Determine the force per unit length between two infinitely long parallel
conducting wires carrying currents I1 and 12 in the same direction. The wires are

separated by a distance d. [[FAERT] 4

(Sol) F,'=1,(2xB,), LY
_ N7 A BN i
B = R = Rl g A

Eg. The bar AA’, serves as a conducting path for the current I in two very long
parallel lines. The lines have a radius b and are spaced at a distance d apart. Find
the direction and the magnitude of the magnetic force on the bar. [H2LLI¥73EFR]
(Sol.)

;S LL LI :

-




Scalar electric potential function: V = im‘de'
4m 7' R

Vector magnetic potential function: A= ﬂ'midv
497 R

Retarded potentials:

VRY= 47128 IV” a _RR/V) dv, ARt)= ﬁw@dv.


http://faculty.pccu.edu.tw/~meng/e-paper.wmv

1-5 Faraday’s Law and Magnetic Dipoles

Faraday’s law: V><E_—(%It§ or ifE df——ﬂ— dS

’ VxE:—ﬁz—é(VxA):Vx(E+%):O
ot ot
gvfufils E+ P - oy E-_yv_ A
ot ot
oA
Note: In static field: E =-VV, but in time-varying field: E_—VV—a

Emf: V:ifE-dT.Magneticflux: @zﬁé-dS §E-d2:—ja—-d§:>V:——
S S

C

Motional emf: V'=§(vxB)-dl (Volt)

C

_ _ E _ _ _
F,=qVxB=-—"=VxB=-E_ :>V':—§E .
q c

Eg. A metal bar slides over a pair of conducting rails in a uniform magnetic field

B =2B, with a constant velocity v. (a) Determine the open-circuit voltage Vo that

appears across terminals 1 and 2. (b) Assuming that a resistance R is connected
between the two terminals, find the electric power dissipated in R. [32 K &EIFR]

(Sol). (@) v, =V, -V, = [ (vx1B,)-(§dl) = ~vB,h

B,h)’ —
(b)P_IR(O)R%(W) o oo f 0
2—0@ ©| ® ©B

l — - X

Eg. The circuit in Fig. is situated in a magnetic

field B =23cos6710"t —%nx) uT. Assuming R=15Q, find the current i. [

AT ;
0.6 7. 2 - . o ¥
(Sol) @ = [ "3cosErx10 =5 2010 - (0.20%) % ; ® gl

V=— d—cf = 45[cos(57 x10"t — % 70.6) —cos(5710°1)] ,

i = ;’—R —1.76sin(5710"t — 0.277)



Eg. A conducting sliding bar oscillates over two parallel conducting rails in a
sinusoidally varying magnetic field B = 25cos(wt) T. The position of the sliding
bar is given by x=0.35(1-coswt), and the rails are terminated in a resistance R=0.2
Q). Find i.

(Sol.) ® =5cosat-0.2(0.7 — x), x=0.35(1-coswt), ! L
;r o] [} o} ®
—_idg Olfm) o ulle w 3
R dt i — S

=i =1.75wsinat - (1+ 2coswt)

Eg. The Faraday disk generator consists of a circular metal disk rotating with a

constant angular velocity ® in a uniform and constant magnetic field of flux

density B =7B, that is parallel to the axis of rotation. Brush contacts are the

open-circuit voltage of the generator if the radius of the disk is b.

B,b?
2

(Sol.) V, =§(vxB)-dl = j34[(a¢ra)) x 1B, ]- (4, dr) = wBojbO rdr = V)

Magnetic dipole moment:

m =ZIS = Zm, where S is the area of the loop that carries | and m=IS.
\ector potential of a magnetic dipole:

mx a ~ ~ m
LT % XZR,where B:V><A:/'l°3
4R 4

A= (4. 2c0s0+4, sin 0)

nAvV ___,
> m,

Magnetization vector: |\7|=|imk:1—v (A/m), where m, is the
AV —0

magnetic dipole moment of an atom.

R

:«?\=i;fvfjv'xmdv—i‘;fvfjwm‘”' ([IfwF dv=-ffFxas)

M V'xM C oMy M xa) |,
ol ave s

". Magnetization volume current density: jm =VxM| (A/m?)

Magnetization surface current density: |J,. =M xa,| (A/m)




Equivalent Magnetization Charge Densities:

M- é”dS 71” (VM)d (Note: v —_1 ﬁﬁ:‘ o m [v- P)

" an! Az,

—

Define the magnetization surface charge density as |p,,=M-4,| and the

magnetization volume charge density as |, =-V-M

Eg. A ferromagnetic sphere of radius b is uniformly magnetized with a

magnetization M =2M,. (a) Determine the equivalent magnetization current

densities jm and Jms. (b) Determine the magnetic flux density at the center of

the sphere. [& X ET]

(Sol.) (a) J, —VxM =0, Jms =(dg cosf -a,sind)M, xa, =a,M_ sing

o3, bAO)DSINO)° 1M

°s5in’ 0dg, B =1
2) :

(b) dB=

2
=7—uM,.
3ﬂo 0

Eg. Determine the magnetic flux density on the axis of a uniformly magnetized
circular cylinder of a magnetic material. The cylinder has a radius b, length L

and axial magnetization M =M, . [& XK

Consider an infinitely long solenoid with n turns per unit length around to create a

magnetic field; a voltage V1:—ndq%t is induced unit length, which opposes the

current change. Power P1=-Vil per unit length must be supplied to overcome this
induced voltage in order to increase the current to I. The work per unit volume

required to produce a final magnetic flux density Br is Wi= Jff HdB .



